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it follows that 

Recalling (23), if wl(t)* for t > L ,  the 
inequality (24 )  can be written in the form 

The evaluation of the  term in the right- 
hand side of (25) is very easy if T.t71(s) is of 
the form 

with n>m, xi bis2 strictly Hurwitzian, and 
all the poles p i  simple. Then 

~ T B ,  P n  + -- cotjir -1 
-0 WO 

where w0=2ir/tm, Bc=Bi’Wc(-pi), and 
Bi’ are  the residues of Wl(s) a t  the poles pi .  

I t  is also possible to find a relation simi- 
lar to  (25) if the poles of Wl(s) are  not 
simple. 

The accuracy of the approximation of 
the integral (17) by  the  right-hand side of 
(25 )  depends  on tm since the L1 norm ap- 
proaches the LI norm as t, goes to  zero. 

CoNnusIoNs 
A sufficient condition is derived  here  for 

the boundedness of the responses of a class 
of nonlinear feedback systems to amplitude 
limited signals. This condition depends  on 
the linear part of the system and on the 
range of the derivative of the nonlinear 
characteristic. An upper  bound on the re- 
sponses is then determined. On the  other 
hand, it is possible to find an interval, if it 
exists, in which the  amplitude of the re- 
sponses is within a bound fixed a priori. 
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Stability of a System of Linear 
Differential Equations 

Absfrucf-Conditions for  asymptotic  sta- 
bility of an nth  order linear timeinvariant 
diierential equation of a  particular type with 
matrix coefficients are shown to  be similar 
to  those obtained  through the Routh-Hur- 
witz inequalities, but wherein real  numbers 
and positivity are replaced by the matrix 
coefficients and positive deiiniteness. 

IXTRODUCTION 
Seshu and Reed have mentioned the 

conditions  under which a second-order 
linear time-invariant differential equation 
with real constant  matrix coefficients is 
stable? Ezeilo established stability condi- 
tions  for a system of 7t third-order nonlinear 
differential equations of a particular class? 
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In  this correspondence, conditions for 
asymptotic  stability in the large of nth- 
order  ordinary differential equations with 
time-invariant matrix coefficients are de- 
rived. 

NOTATION 
Let Rm and T+ denote the real Euclidean 

wdimensional space and  the real interval 
O < l <  m, respectively. Consider a system of 
m nth-order differential equations 
X C n )  + BIX(r l )  + B&n-Z) + . . . 

+ Bn-lX(I) + B,X = 0 (1) 

where XERm, X is an m vector, and B;, 
i= l ,  2, - . , n, are m X m  real constant 
matrices. I t  is assumed that (1) satisfies all 
the requirements for uniqueness and exis- 
tence of solution ~ ( t ;  X10, . , X,o; to)  
which corresponds to  the initial state 
( t o ;  Xl0, . , X,O) in the motion space 
RmX T+, where the vectors Xz, Xa, . . - , X,, 
represent the successive time derivatives of 
the vector X I = X .  Equation (1) is a vector 
version for the system of real linear time- 
invariant m nth-order differential equations 

X j ( n )  + lpFk(-l) + * * - m 

k=l 

m (2) + n,g.pk = 0, j = I, . * , m .  
kFl  

Definition 1: The system of differential 
equations (1) is said to  be asymptotically 
stable if the vectors X i ( i = l ,  * , n)4 
as  timet+=.  The vectors Xi-10 imply that 
every  component of Xi,  the 
G=1, - a ,  m)+O as t -m.  

Dejinition 2: The  determinant formed, 
similar to  that of the Routh-Hurwitz de- 
terminant  but with matrix coefficients [Bi]  
of (1) treated in place of real numbers, will 
be called the  matrix Routh-Hurwritz de- 
terminant. 

Thearm 1 
If the  matrix coefficients [Bi] of (1) can 

be simultaneously diagonalized by a non- 
singular transformation, then positive def- 
initeness of all  minors Ai (i= 1, * - , n)  of 
the  matrix Routh-Hunvitz determinant 
are necessary and sufficient criteria  for 
asymptotic  stability of the system of equa- 
tidns(1). 

Proof: Let the matrix [ L ]  diagonalize 
the matrices [B i ]  such that matrices [Ai] 
are diagonal with  the transformation, 

[L]-’[Bi][L] = [A,], i = 1, . * * , A .  
Then  the positive definiteness of the  product 
of matrices 

{ [Bll[B21, . , [Bll), I I i = 1, * * , 78 
is equivalent to  the positive definiteness of 
the product of matrices 

I [All[A*l, * - 7 [A211 
since 

Consider the equation  with diagonal matrix 
coefficients [hi] obtained by a transforma- 
tion [X] = [L]  [ Y] which is  equivalent,  in 
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the sense of Liapunov  transformation, to  the 
given system of equations (1). The modified 
equation is 
I'(n) + AlI'(*l) + . . . + An-lI'(') 

f A , Y  = 0 (3)  

which is a set of differential equations of the 
f o m  
yj(d + lxjyj(trl) + . . . + ( n - 1 ) ~ ;  y j ( l )  

+-x]-)$ = 0, j = 1, . . . , W Z .  
(4) 

Let isi, i= l ,  . . , n, be  the  ith-order 
Routh-Humitz  determinant minor corre- 
sponding to  the single differential equation 
in the  yjth component of the m vector [ Y ] .  
Then  the  determinants Gi, j = 1 ,  - , M ,  
are  the  jjth diagonal elements of the matrix 
Routh-Hunvitz determinant Ai. For the de- 
terminants i8i to  be positive it is necessary 
and sufficient that  the  determinants Ai be 
positive definite Q.E.D. 

I t  may be noted that  the  matrix co- 
efficients [Bi]  may be symmetric or non- 
symmetric. I t  is known that  any two sym- 
metric  matrices can  be simultaneously 
diagonalized if one of them is positive def- 
inite. I t  then follows that  the other coef- 
ficient matrices of (1) must be expressible as 
functions involving positive integer powers 
of these  two matrices. 

The conditions under which a set of non- 
symmetric  matrices can  be simultaneously 
diagonalized are  not known at present. 

Example 

ferential  equations for stability: 
Consider the following system of dif- 

+ [--12 411 [;I 19 8 . 

I t  is known that  the preceding coefficient 
matrices can be diagonalized simultaneously. 
The matrix Routh-Humitz  test shows that 
the given system of equations  satisfy the 
conditions  for asymptotic  stability. 
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Minimum-State Realizations of 
Linear Time-Varying Systems 

Abstract-An algorithm for removing un- 
controllable (unobservable) state  variables 
from time-varying systems is presented. 
The algorithm makes  use of the time-vari- 
able controllability (observability) matrix 
which is augmented with the identity matrix 
and transformed  into Hermite normal form. 
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In this new  set of coordinates, the uncon- 
trollable  (unobservable) state variables are 
easily  identilied and removed. An example 
is given. 

I t  is well kn~wn[~l*[~l   tha t  a  system which 
is uncontrollable and/or unobservable can 
be reduced to a  zero-state  equivalent  system 
of lower dynamic order by removing the un- 
controllable and unobservable modes. This 
problem of reducing the order of a system 
has been considered by Silverman and 
h'Ieadows,111*131 Glass and D'Angel0,[41 and 
others. It is the purpose of this correspon- 
dence to present a very simple procedure for 
removing uncontrollable and unobservable 
state variables of time-variabIe linear sys- 
tems  to yield a  zero-state  equivalent  system 
with the minimum number of state variables. 
In earlier papers,[51*[61 algorithms  for con- 
structing minimum-state realizations of 
time-invariant  systems were presented. 
Some of these  techniques will be applied to 
the time-varying  system problem. 

The system is represented by  the  state 
variable  equations 

k(t)  = A( t )x ( t )  + B(t)u(t)  
y(t) = C(t)x(t). (1) 

Use  will be made of the controllability and 
observability  matrices for the time-varying 
system given previously.~3l~Ii1 These are as 
follou~s: 

QJt)  = [Po(t)iP*(t)i . . * iPn-1(t)I (2) 

where 

Pt+l(t) = - A(t)PAt) + A ( t ) ,  Po(t) = B(t) 
and 

Q o ( t )  = [Ro(OiR~(t)i * * . iRn-l(t)] (3)  

R . 4 )  = A'(t)&(t) + f i d t ) ,  Ro(t) = C" 

where 

and where the prime  indicates  transpose and 
the  dot indicates time derivative. 

An algorithm can now be stated. 

Algorithm I 
Given system (1) where A ( t ) ,  B(t), and 

C(t) are n Xn, ~ z X m ,  and p X s  matrices, re- 
spectively, with possibly time-varying ele- 
ments, and where matrices A (t) ,  B ( t ) ,  and 
C(t) together  with  their  first x - 2 ,  n-1, 
and tz - 1 derivatives, respectively, are con- 
tinuous  functions, then  any uncontrollable 
state variables in the system  may be removcd 
as follows. 

1) Form the controllability  matrix QJt)  
as given in (2). 

2)  Augment Q.(t) with an n X n  identity 
matrix, i.e., 

3) Transform Qc(t) into Hermite normal 
(row-echelon) form ( Q c h ( t ) )  using elementary 
row operations* and  obtain  the transforma- 
tion matrix T,, which must  be nonsingular 
and differentiable, where 

4) Identify the uncontrollable state 
variables of the system, in this new set of 

1 It mas not always be necesjaw to reduce Qc(t) 
completely to Hermite form. but only to  the point 
where the all-zero rows of Q, are identified  (see ex- 
ample). 

coordinates, as those state variables corre- 
sponding to  the all-zero Tom-s  of Qch(t)  where 
row i corresponds to  state variable xi .  Trans- 
form the system ST { A ,  B ,  C} into  the new 
coordinate systems= {A,  8, e} where 

A = (TC-'AT, - Tc-IFC) 
8 = TC-'B (5) 
e = CT,. 

5) For each uncontrollable state variable 
xi as identified jn  step 4), dekte row i and 
columnj from A ,  row i from B ,  and column 
i from C to  obtain  the reduced system 

& = { A , ,  8,, C). 
6) Subsystem 8, is totally controllable2 

and is zero-state  equivalent to S. 
Proof of this algorithm follows directly 

from Theorem 5.1 of Nering,[B] Lemma 1 of 
Silverman and h~Ieadoas,I11 and Corollary 
11.3.15 of Zadah and Desoer,[g] and is pre- 
sented in Alberts~n['~],  but  it will not be 
given here because of space limitations. 

The algorithm for removing unobserv- 
able modes is the  dual of Algorithm I, where 
Qo(t) given in (3) is utilized and where the 
transformation 

[Qa(t) [@oh(t)  ;To'] (6) 
is carried out using elementary row opera- 
tions. The  matrix TO' is the transpose of the 
desired transformation  matrix. 

Example 
The following example, considered pre- 

viou~ly,[~1~[41  illustrates the use of the 
algorithm. Consider system (1) ahere 

0 - t + 1  

(7) 

The controllability  matrix using (2) is 

(8) 

Now, using (4), 
1 1 - t  0 . 1  0 0 

1 l + t  2 . 0  1 0 
0 --t - 1 . 0  0 1 1 

(9) 

I t  is noted that Qcn(t) has rank 2 every- 
where and  that  state variable XZ, in the new 
coordinate  system, is uncontrollable. Also 
note that 

Tc-l 

2 See page 689 of Sil~wman and Meadows[*l for 
the delinition of total controllability. 


