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Abstract

The extent of stress transfer that occurs around broken fibers dictates the longitudinal strength as well as the reliability of the
fiber-reinforced composites. The governing load transfer characteristics of a �32-vol% SiC fiber reinforced Ti-6Al-4V matrix com-
posite (TMC) were investigated by recourse to uniaxial tension and 4-point bend flexure tests. Measured strengths and the variabil-
ity in them are compared with the predictions of different load sharing models. The experimental tensile stress–strain response
indicates to localization in fiber failure and the local load sharing (LLS) model predicts the composite strength more closely than
a global load sharing (GLS) model. The flexure strengths are significantly larger than those predicted using the analytical models but
are similar to that obtained using simulations that incorporate stress gradients and LLS. Broader distribution in flexure strength is
also in agreement with simulation results, indicating that the LLS governs the strength of the TMCs. Implications of this observa-
tion are discussed. The TMCs are compared and contrasted with the Al-matrix composites in terms of their strength variability and
size-scaling.
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1. Introduction

The longitudinal strength and reliability of continu-
ous fiber-reinforced metal matrix composites (MMCs)
are controlled by two factors: (i) the intrinsic strength
characteristics of the fibers, dictated by the flaw distribu-
tion, and (ii) the extent of stress re-distribution that oc-
curs around fiber breaks and its effect on subsequent
fiber fracture [1]. The present article focuses on the latter
problem. When both the fiber-matrix interface and the
matrix itself are strong, the re-distribution of stress
may occur very locally around the break location, over
distances comparable to the fiber spacing. Conversely,
if either the interface or the matrix are sufficiently weak,
the re-distribution may occur equally over a longer
* Tel.: +91 80 2293 3241; fax: +91 80 2360 0472.
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transverse length scale, spanning many a fiber-spacing.
This extreme situation is termed as global load sharing
(GLS). The other extreme, wherein the stress of a bro-
ken fiber is shed only to its immediate neighbors, is
one of strongly local load sharing (LLS). Intermediate
degrees of load sharing can be expected in most MMCs
of commercial interest.

The degree of load sharing plays a central role in the
sequence of fiber breakage during tensile straining and
hence on the composite strength and its variability.
Notably, under GLS conditions, the composite strength
is essentially deterministic, provided that the gauge
length is greater than the characteristic load transfer
length, dc, (defined in Section 2) and the number of fi-
bers within the composite is sufficiently large (P103 to
104) [2]. In contrast, under strongly LLS conditions,
the fiber bundle strength is intrinsically stochastic and
dependent upon the volume of material under stress
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[3]. In both cases, stochastic effects arise when the gauge
length is smaller than dc or when the number of fibers is
small.

The LLS behavior is exemplified by the Al2O3-fiber
reinforced Al alloys (without fiber coatings), described
in [4]. In these systems, the matrix bonds strongly to
the fibers. Moreover, for typical Al alloys (excepting
high purity Al itself), the yield strength of the matrix
is sufficiently high that the stress concentrations around
fiber breaks cannot be completely eliminated by the
attendant plastic straining in the vicinity of the break.
The localized nature of the load sharing manifests in
the volume-dependence of strength, as demonstrated
by tests performed in uniaxial tension as well as 3- and
4-point flexure. Despite the LLS conditions operative
in this system, the variability in the in situ fiber bundle
strength is remarkably small, with a Weibull modulus
of about 50 or, equivalently, a coefficient of variation
of about 2%.

The focus of the present paper is on a system com-
prising SiC fibers in a Ti alloy matrix (TMC). The SiC
fibers are coated with C in order to inhibit chemical
reactions between the fibers and the Ti matrix during
consolidation. The C coatings are weak and promote
interfacial debonding and sliding following fiber failure.
This process is expected to alleviate the stress concentra-
tions associated with the fiber breaks and hence the
TMCs are considered, hitherto, as composites that obey
GLS with a deterministic strength [5]. Preliminary
experiments on a limited set of experiments, that too
on a relatively small specimen volume range, reinforce
this notion [6]. However, predictions made on compos-
ites that obey LLS suggest that for critical assessment
of the load transfer characteristics, experiments on spec-
imens with very large differences in volumes (at least two
to three orders of magnitude difference) have to be con-
ducted [7]. Furthermore, statistically significant number
of experiments for any given specimen volume is neces-
sary to obtain information about the strength variabil-
ity, which in turn can be used to assess the governing
load sharing mechanism.

The main objective of this work is to critically ascer-
tain the load transfer characteristics between fiber and
the matrix in the TMC system and establish whether
the strength follows weakest link scaling laws, particu-
larly in nonuniform loading conditions such as bending.
This is accomplished by comparing and analyzing the
strength and its variability in both uniaxial tension
and 4-point flexure. The experimental measurements
are analyzed in the context of existing models of fiber
bundle failure subject to various load transfer character-
istics, ranging from GLS to strongly LLS. The notable
theoretical developments are attributable to Phoenix
and Raj [8], Curtin [1,2,7,9] and their co-workers. The
key features of the models are highlighted in the subse-
quent section. This is followed by a presentation of the
experimental measurements on the SiC/Ti composite
and the corresponding analysis.
2. Background

Relevant theories of fiber fragmentation and bundle
failure in unidirectionally reinforced MMCs are re-
viewed briefly, with emphasis on differences in behavior
under LLS and GLS conditions. Detailed review of this
topic is given by Curtin [1]. In both the cases, the extent
of load transfer along the fiber length is governed mainly
by the shear strength of the interface, s. In systems with
weak interfaces, s is controlled by the sliding resistance
of the interface; in systems with well bonded interfaces,
in contrast, it is controlled by the shear yield stress of the
matrix, sy. This shear resistance also plays an important
role in determining the extent of stress re-distribution to
neighboring fibers: GLS conditions are favored when s
is sufficiently low. For both GLS and LLS conditions,
the fiber bundle strength is dictated by a characteristic
transfer length, dc, given by [2]

dc ¼
RSc

s
¼ r0RL

1=m
0

s

 !m= mþ1ð Þ

ð1Þ

and a characteristic strength, Sc,

Sc ¼
r0sL0

R

� �1= mþ1ð Þ

; ð2Þ

where R is the fiber radius, m is the Weibull modulus of
the fibers, and r0 is the reference strength corresponding
to a reference length, L0.

GLS assumes that the load lost by a fiber due to its
breakage and slippage is transferred equally to all the
unbroken fibers in the cross-sectional plane of the break.
For a composite whose length is much greater than 2dc
and contains very large number of fibers in the cross-sec-
tion, Curtin [2] obtained analytical solutions for the in
situ bundle strength, rb, as

rb ¼ Sc

2

mþ 2

� �1=ðmþ1Þ mþ 1

mþ 2

� �
: ð3Þ

Assuming an elastic, perfectly-plastic matrix, the post-
yield stress–strain response under isostrain condition,
applicable for stressing of the unidirectional composite
in the fiber direction, can be written as

rðeÞ ¼ fEfe 1� 1

2

Efe
Sc

� �mþ1
 !

þ ð1� f Þry
m; ð4Þ

where f is the fiber volume fraction, ry
m is the matrix

yield stress, and Ef and Em are the elastic modulus of
the fiber and the matrix, respectively. From Eq. (4),
the ultimate strength of the composite, ru

c can be ob-
tained as [1]



Fig. 1. A cross-sectional view of the SiC fiber reinforced TMC.
ru
c ¼ fSc

2

mþ 2

� �1=ðmþ1Þ mþ 1

mþ 2

� �
þ ð1� f Þrm

y : ð5Þ

Note that the ru
c thus obtained is a deterministic quan-

tity and does not scale with the size of the composite.
Pheonix and Raj [8] considered the transverse scale

of stress distribution to be much smaller than the
cross-sectional dimension of the composite (i.e., no
stress gradients within the vicinity of a broken fiber
were considered, instead all the fibers within the bundle
were assumed to carry the additional load shed on
them due to the broken fiber equally) and estimated
the composite strength and its variability using the
chain of bundles concept with weak-link scaling origi-
nally proposed by Gücer and Gurland [10]. Close
approximations of the mean strength, �rb, and Weibull
modulus, mb, of the in situ fiber bundle were obtained
as [8]

�rb ¼ C 1þ 1

mb

� �
Sc l� þ c�

lnðlnNÞ þ lnð4pÞffiffiffiffiffiffiffiffiffiffiffiffi
8 lnN

p �
ffiffiffiffiffiffiffiffiffiffiffiffi
2 lnN

p� �� �
ð6Þ

and

mb ¼
l�

ffiffiffiffiffiffiffiffiffiffiffiffi
2 lnN

p

c�
þ 0:5 lnðlnNÞ þ lnð4pÞ � 4 lnN½ �; ð7Þ

where C(Æ) is the gamma function, l* and c* are the mean
strength and standard deviation of the finite-sized fiber
bundle containing n fibers and N is the dimensionless
composite size. For a given composite of volume V, N
can be obtained by using the relation [1]

N ¼ fV

0:4npR2dc
: ð8Þ

Predicting the strength of a composite that obeys
LLS by analytical means is a considerably more com-
plicated problem, with the key task being the identifi-
cation of the critical cluster of damaged fibers that
leads to instability in the composite component [1].
This requires coupling of statistics with mechanics
and close monitoring of the evolution of the fiber dam-
age under the imposed LLS condition. Computer sim-
ulations of this problem by Zhou and Curtin [9],
discretized and by employing the lattice Green�s func-
tion method with tunable load sharing, led to an ana-
lytical model that connects failure under LLS and GLS
and hence is capable of predicting the strength and its
variability through weak link scaling. Notably,
Ibnabdeljalil and Curtin [7] have shown that at some
critical cluster or ‘‘link’’ size in LLS, the failure prob-
ability under LLS is identical to that obtained under
GLS (i.e., Eqs. (6) and (7)) for the same size n. In
other words, the strength and reliability of composite
governed by LLS with a critical cluster size of nl (of
length equal to 0.4dc) will be exactly the same as that
of a composite governed by GLS with a finite-sized
fiber bundle of size nl. Once this identity is established,
all that remains to be done is the identification of nl
for a given LLS in a particular composite system
and then determine the size-dependent composite
strength and reliability using Eqs. (6)–(8). For very
strong LLS, Ibnabdeljalil and Curtin [7] have found
empirical correlations (on the basis of extensive numer-
ical simulations) between nl and m as

nl ¼ 403m�1:28: ð9Þ
In the following, the results obtained on TMCs are

analyzed within the framework of these models in order
to assess the load sharing characteristics in it.
3. Material and experiments

The material used in this study was a Ti-6Al-4V alloy
reinforced with �32 vol% of unidirectionally aligned
Sigma SiC fibers (fiber radius, R = 50 lm). The panel
consisted of 6 plies of fibers with a total thickness of
1.0 mm. A micrograph of the cross-section through the
composite is shown in Fig. 1. A particularly notable fea-
ture of the microstructure is the uniformity of the fiber
distribution. This leads to the very narrow distribution
in fiber volume fraction.

Uniaxial tensile tests were performed on straight
bars with a 6-mm width and 75 mm gauge length.
Stainless steel tabs were affixed to the specimen ends
using epoxy. Tensile strains were measured using strain
gauges that were bonded to the specimens. Four-point
flexure tests were performed on 6 mm wide specimens.
The loading direction was normal to the plane of the
composite panel. The inner and outer loading spans
were 9 and 27 mm, respectively. Strains were measured
on both the tensile and compressive faces using strain
gauges. In total, 9 tension and 20 flexure tests were
conducted.

The analysis of the strength measurements was
based in part on previous measurements of other
properties of the composite. These include the strength
distribution of the fibers (extracted from the compos-
ite) [11]; the sliding resistance of the interface, mea-
sured by fiber pushout as well as pullout [11,12];
and the residual thermal stresses measured by a matrix



Table 1
Relevant properties of fibers, matrix and composite

Property Value Reference

BP sigma fibers

Radius, R 50 lm
Elastic modulus, Ef 380 GPa [6]
Reference strength, r0 1.47 GPa [6]
Reference length, L0 1 m
Weibull modulus, m 5.3 [6]
Mean strength of Fiber Bundle, l* 0.749Sc

Standard deviation in fiber
bundle strength, c*

0.0297Sc

Ti-6Al-4V alloy matrix

Elastic modulus, Ef 114 GPa [20]
Yield stress, 820 MPa
Yield strain, 0.72%

Composite

Number of fiber rows 6
Fiber volume fraction, f 0.326
Elastic modulus, Ec 200 GPa
Residual strain in the fibers �0.152% [13]
Sliding stress, s

Push-in measurement 130 MPa [5]
Pull-out measurement 60 MPa [11]

Characteristic strength, Sc

s = 130 Mpa 4817 MPa
s = 60 MPa 4261 MPa

Characteristic length, dc
s = 130 MPa 1.8528 mm
s = 60 MPa 3.5509 mm
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Fig. 2. (a) Typical tensile stress, r, vs. strain, e, response of the TMC.
(b) Corresponding instantaneous tangent modulus, dr/de, curve
showing salient features of deformation. Predicted response using the
GLS model is also plotted for comparison.
dissolution technique [13]. The key properties are sum-
marized in Table 1.

The average fiber volume fraction, �f , was measured
in a number of fractured test specimens. The measure-
ments were made by counting the total number of
fibers on the fracture surface, excluding the ones that
had been cut at the edges during machining, and sub-
sequently calculating the area fraction from the fiber
diameter and the relevant cross-sectional area
(6 mm · 1 mm). Results of these measurements show
that the fiber volume fraction distribution is extremely
narrow, with the coefficient of variation of this distri-
bution being �0.3%. This result is consistent with the
observed uniformity in the fiber distribution (Fig. 1).
The average fiber volume fraction, �f is 0.326. Because
of the minimal variation in f, it imparting a statistical
distribution to the measured strength is assumed to
be negligible and hence is ignored in the subsequent
analysis.

Similarly, variability in the matrix strength affecting
the composite strength statistics is ignored in view of
the very low variability in the strength of ductile metals.
Also, the strength of the matrix is assumed to be inde-
pendent of the volume of the material being tested. As
a result of these assumptions, the only parameter that
affects the size scaling and variability of the composite
strength will be the rb.
4. Results

4.1. Stress–strain response

Typical tensile stress, r, and the corresponding
instantaneous tangent modulus, dr/de, variation with
tensile strain, e, are shown in Figs. 2(a) and (b), respec-
tively. The composite starts to deform elastically upon
initial loading with an elastic modulus, Ec = 198 GPa,
a value consistent with that predicted using the rule-
of-mixtures, Ec = fEf + (1 � f)Em. The onset of yielding
occurs at �0.35% and the nonlinear behavior continues
until a strain of �0.55%. Upon further loading, the com-
posite again deforms linearly but with a reduced slope
that is �fEf, indicating that the fibers alone are carrying
all the additional load at this stage of deformation. Pro-
gressive fiber failure, as reflected by a slight decrease in
dr/de, initiates at about 1400 MPa and catastrophic
fracture ensues almost immediately (�1482 MPa).

Typical nominal stress–displacement behavior under
flexure is shown in Fig. 3(a). Measured tensile and
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Fig. 3. (a) Typical load–displacement behavior of the TMC under
flexure. (b) Tensile and compressive strains plotted against the nominal
stress. Inset shows a magnified view of the fiber failure regime.
compressive strains are plotted against nominal stress
(calculated by using Euler–Bernoulli beam theory for
elastic materials) in Fig. 3(b). A couple of differences be-
tween the tensile and flexure responses are noteworthy.
The load carrying capacity of the composite remains sig-
nificant even after the first instability point. This discon-
tinuous yet prolonged load carrying capacity beyond the
first peak is due to initiation, propagation, and arrest of
cracks caused by the bridging action of the fibers [14].
The first peak in the nominal stress, which also happens
to be the maximum stress carried by the specimen, is ta-
ken as the strength of the composite.

The second observation pertains to the strength and
failure strain (strain corresponding to the first peak) of
the composite under flexure. They are considerably
higher (by about �65%) when compared to their respec-
tive values in tension. An extrinsic cause for this anom-
aly is the macroscopic stress redistribution due to the
plastic flow of the matrix starting at the tensile face.
Due to this nonlinear stress–strain response, the nomi-
nal stress calculated on the basis of elastic beam theory
overestimates the true stress acting along the tensile face.
Another reason for the high strength in flexure could be
the high stress gradients effecting the fiber
fragmentation.

Note from Fig. 3(b) that at high stresses (close to the
first peak stress) considerable noise in both the tensile
and compression strain data is seen. Closer examination
(inset of Fig. 3(b)) reveals that it is due to discrete strain
jumps of about 0.16%. (Aside, distinct ‘‘clicking’’
sounds at higher stresses could be heard while conduct-
ing these tests.) Clearly, these strain jumps are a result of
the fiber fragmentation. The following are some of the
observations.

(1) The first strain jump occurs at a nominal stress of
2084 MPa, followed by considerable fiber failure
activity between 2300 and 2350 MPa.

(2) Above the stress level of �2370 MPa, the strain
bursts completely stop and further stress build up
without any softening is seen. This indicates that
the fiber fragmentation in the first row has satu-
rated and the second row of fibers starts experienc-
ing the higher stresses. Furthermore, residual fiber
pull out of the fragmented fibers aids in additional
load carrying capability. This observation clearly
implies that the saturation fragmentation of the
first row of fibers in itself is insufficient to cause
the specimen to fracture.

(3) Relatively muted strain bursts are seen again
above the stress level of 2400 MPa, indicating that
the second row of fibers have started fragmenting.
Since the fragmenting fibers are farther away from
the strain gauge on the tensile face, the amplitude
of the strain bursts is relatively smaller.

4.2. Strength variation

Fig. 4 shows the variation in tensile and flexure
strength of the composite, plotted against the cumula-
tive probability of failure, P, calculated using the
relation

P ¼ ði� 0:5Þ=I ð10Þ

where i is the ascending rank of a particular data point
in the data set of size I. The tensile strength distribution
is very narrow, with a range of only �40 MPa or �2.6%.
The mean strength of the composite, �rc, is 1482 MPa
with a standard deviation of 14.2. The uncertainty in
the standard deviation ð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð9� 1Þ

p
¼ 0:25Þ is

3.6 MPa. The mean tensile failure strain is 1.00% with
a standard deviation of 0.0405%.

The strength distribution in flexure is much broader
(total range is �400 MPa or �16%) than that in tension.
Here, �rc ¼ 2523 MPa with a standard deviation of
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Fig. 4. Variation in tensile and flexure strengths of the composite
plotted against the cumulative probability of failure, P.
97.4 ± 15.8 MPa. Higher strength and broader distribu-
tion of it vis-à-vis tensile test results confirm to the ex-
pected trends of higher strength and larger scatter in
quasi-brittle specimens at smaller volumes. Average va-
lue of the strain to failure on the tensile face of the flex-
ure specimen is 1.6921% with a standard deviation of
0.0646%.

Distribution in rb, obtained by subtracting the matrix
contribution from ru

c , are fitted with Weibull distribu-
tion function,
Table 2
Experimental and predicted tensile strength and its Weibull modulus of the

Number of Links

s (MPa)! 130 60

GLS (n =1) – –
GLS (finite n) 101 53
LLS 525 273
LLS (periodic BC) – –
Experiment –

Table 3
Experimental and predicted in situ bundle strengths and its Weibull modulu

Number of links

s (MPa)! 130 60

GLS (n =1) – –
GLS (finite n) 12 6
LLS 10 5
LLS (simulation) – –
Experiment –
P rð Þ ¼ 1� exp � V
V 0

r
r0

� �mc
� �

; ð11Þ

where V is the specimen volume, V0 is the reference vol-
ume, r0 is the reference strength and mb is the Weibull
modulus of the fiber bundle. Extracted values of mb

are listed in Tables 2 and 3.
5. Discussion

5.1. Uniaxial tension

The axial tensile stress–strain response, rc(e), of a uni-
directional TMC can be modeled using the rule-of-mix-
tures [5,15]

rcðeÞ ¼ frfðeÞ þ ð1� f ÞrmðeÞ; ð12Þ
where rf(e) and rm(e) represent the average axial stresses
in the fiber and the matrix, respectively. The matrix is
assumed to be elastic-perfectly plastic, reasonable for
Ti-alloys. Hence,

rmðeÞ ¼ Eme e 6 eyc ; ð13aÞ

¼ Eme
y
c e P eyc ð13bÞ

with eyc being the composite yield strain. Note that in the
absence of any residual strains, eyc � eym, the uncon-
strained matrix yield strain. However, residual strains
arise upon cooling the composite from the processing
temperature because of the large thermal expansion mis-
TMC

Mean composite strength
(MPa)

Fiber bundle Weibull
modulus

130 60 130 60

1656 1529 1 1
1609 1496 69 65
1585 1474 79 75
1572 1494 129 107

1482 ± 14 68 ± 10
23 ± 4 (failure strain)

s for the 4-point bend tests

Mean in situ fiber bundle
strength (MPa)

Fiber bundle Weibull
modulus

130 60 130 60

3385 2994 1 1
3301 3018 52 46
3362 3031 51 43
5070 4484 35 32

4163 16 ± 1
54 ± 9 (failure strain)



match between the fibers and the matrix [13]. In the as-
processed state, the matrix is under tension whereas the
fibers are in compression. Because of the preexisting ax-
ial tensile residual strains, eRm, in the matrix, its tensile
yield strain decreases by that amount. Thus,

eyc ¼ eym � eRm: ð14Þ
Residual strain in the fibers, measured in this TMC

using the selective etching technique is ��0.15% [13].
Corresponding residual strains in the matrix (calculated)
are �0.27%. From Fig. 2(b), it is seen that eyc � 0:45%.
Therefore, eym � 0:72 which is similar to the typical values
for the yield strain of Ti-4Al-6V alloy of �0.7%. Note
also that the matrix yield strength, ry

m (estimated by
using an Em of 114 GPa) � 820 MPa, is also consistent
with those typically reported for Ti-6Al-4V alloys [15].

The predicted post-yield stress–strain response of the
composite, using Eqs. (3) and (12), is plotted in Fig. 2.
Here, the fiber failure statistics measured by Weber et
al. [5] on fibers extracted from this TMC by dissolving
the matrix away and the fiber sliding resistance mea-
sured using fiber push-out tests (s = 130 MPa) are used.
However, push-out tests tend to overestimate the value s
because of the Poisson expansion of the fibers during the
test. Pull-out tests do not suffer from this drawback and
hence give a better estimate of the value for s since they
represent the stress state in the fiber during a tensile test.
Pull-out tests on a slightly different TMC by Walls and
Zok [11] yield a s of �60 MPa. Predictions made using
this s value are also tabulated.

As seen from Fig. 2(b), the model predictions are
commensurate with the experimental trends. However,
a couple of differences are noteworthy.

• Although the predicted and experimental strengths
appear to be in good agreement, the failure strains
are not in such a good agreement (�10% difference).
One of the reasons for the difference in failure strains
could be a faster localization (or clustering) of fiber
breaks. From Fig. 2(b), a small drop in dr/de just
before fracture is noticeable. Thus far the experimen-
tal trends are commensurate with the GLS model pre-
dictions; indicating a small amount of non-interactive
fiber failure. However, catastrophic fracture ensues
much before the experimental dr/de reduces to 0,
indicating that localization initiates readily in this
composite.

• The model predicts a sharp drop in dr/de at the com-
posite yield point whereas the experimental results
show a gradual transition. This discrepancy arises
because the model assumes the matrix to be elastic-
perfectly plastic and that the residual stresses are dis-
tributed uniformly. However, in reality, the Ti alloys
exhibit a slight hardening behavior [16]. Variation in
the residual stresses as a function of distance away
from the fiber could also lead to a gradual yielding
behavior [17]. Since our primary interest is in the near
fracture regime, which occurs at a much higher stress
level beyond yielding of the composite, we ignore the
gradual transition at yield.

Turning attention to the tensile strength and its var-
iability, experimentally measured mean composite
strength and fiber bundle Weibull modulus are com-
pared with those predicted using different models in
Table 2. For predicting the strength using the GLS
model of Phoneix and Raj [8], a priori knowledge of
the characteristic fiber bundle size, n, is necessary.
Here, we consider n to be equal to the number of fibers
in the tensile specimen cross-section (=240). Note that,
this approach reduces the Phoneix and Raj model, in
effect, to a GLS model corrected for finite bundle sizes.
All the predictions are made using two values of s, 130
and 60 MPa, obtained using push-out and pull-out
techniques.

It is seen from Table 2 that all the predicted mean
strengths using s = 130 MPa are higher than the exper-
imentally measured value. For the case of s = 60 MPa,
Phoneix and Raj model as well as the LLS model predict
a mean strength that is very close to the experimentally
measured strengths. All the predicted mb are very high,
65 and above, suggesting a narrow distribution in the
strength, consistent with the experimental observation.
In particular, both the LLS model and the GLS model
with finite specimen size correction predict an mb that
is close to the experimentally measured value of 68. It
is interesting to note that the Weibull modulus for the
composite failure strain in tension is much smaller,
�23 ± 4. Because of the gradual ‘‘flattening’’ of the
stress–strain curve predicted by the GLS model at its
maximum (see Fig. 2(a)), the distribution in failure stres-
ses will be narrower than that in failure strains. Clearly,
a larger distribution in the latter implies to localization
(as exemplified by the experimental dr/de data in Fig.
2(b)) and hence it is reasonable to conclude that LLS
model is more appropriate for describing the strength
statistics of the TMC.

5.2. Flexure response

The flexure strengths obtained are analyzed to extract
rb, with the following two approaches.

1. Stress partitioning: Linearly partition the applied
bending moment, M, into two components, Mf and
Mm, bending moments pertaining to the fibers and
the matrix respectively. Assuming that the elastic-per-
fectly plastic matrix is fully yielded (reasonable, con-
sidering the fact that the failure strain of the flexure
specimens is �2.5 times the matrix yield strain),
Mm = 1.5ME, where ME is the maximum elastic
moment that the matrix can support and taking the



Fig. 5. (a) Plot of cumulative fiber failures vs. applied fiber bundle
stress (normalized with the characteristic bundle stress, Sc) under 4-
point bending in a LLS simulation. (b) Corresponding evolution of
composite failure showing fiber breaks in top three layers of the
composite that is subjected to increasing 4-point bending stress.
yield stress of the matrix as 820 MPa, the mean in situ
fiber bundle strength (extracted from the average flex-
ure strength of 2520 MPa) is obtained as 5184 MPa.

2. Strain partitioning: Alternatively, assume a linear
strain distribution through the composite thickness
and hence calculate the strain in the first row of the
fibers to be equal to 0.78 times the strain on the ten-
sile face, yielding an in situ bundle strength of
4980 MPa.

For predicting rb using the various models presented
in Section 2, we recognize that in essence the 4-point
bend tests are tantamount to tensile testing of a compos-
ite of length 9 mm (inner span of the flexure specimen)
and 6 mm (width of the specimen) in tension with single
row of fibers in it. Predicted rb and its variability (in
terms of the Weibull modulus) are listed in Table 3.
As seen, both the values of the bundle strengths ex-
tracted from the experimental flexure results through
the simple analyses are very large when compared to
those predicted. This is clearly a consequence of the
inability to analytically model the stress distribution
due to matrix yielding as well as fiber breakage in flexure
loading. Exact analysis of the flexure test results and
comparison of the experimental and predicted stress–
strain behavior is complicated by the following factors.

1. Relatively large size of the fibers vis-à-vis the speci-
men thickness, which leads to a large strain gradient
across the fibers. Also, the small number of fibers
across the specimen thickness (6) renders the applica-
tion of continuum elasto-plastic stress analysis of the
flexure beams difficult.

2. High strength of the matrix and hence significant con-
tribution of it to the overall strength of the compos-
ite. Incorporating plasticity of the matrix at the
same time as stochastic fiber bundle response to
extract the stress state at failure analytically is
difficult.

Foster [18] has performed numerical simulations on
identical geometries to the tensile and 4-point bend flex-
ure tests under LLS conditions, incorporating periodic
boundary conditions (mimicking the tensile samples
with six fibers in the cross-section) as well as stress gra-
dients (mimicking the flexure specimens). The failure cri-
terion for bending was considered to be formation of a
half-plane of broken fibers below the center of the com-
posite. Foster�s predictions, based on 50 simulations of
tensile geometry and 35 simulations of flexure geometry,
are also given in Tables 2 and 3, respectively. It is seen
that from Table 2 that the results of the simulations un-
der LLS and with periodic boundary conditions are sim-
ilar to those predicted using the analytical LLS model.
Foster observed, on the basis of hundreds of simulations
performed on composites with 4 · 26 lattice of fibers
and length equal to 2dc with periodic, semi-free and free
boundaries, that the mean fiber bundle strengths are
well within a standard deviation of one another and
hence concludes that for a given m, the effect of bound-
ary conditions on the fiber bundle strength is statistically
insignificant. This is possibly the reason for the observed
similarity in the simulation and analytical predictions.

Turning attention to the flexure tests, it is seen from
Table 3 that the analytical and simulated LLS results



(the latter incorporating the stress gradients associated
with the flexure) diverge significantly. Furthermore,
the simulation results are in very good agreement with
the experimental results, especially the predicted mc.
Note that the LLS model with a s = 60 MPa also ap-
pears to predict a mc that is reasonably close to the
experimentally observed mc, the latter value unaffected
by the complications in the load redistribution.

A key observation made during the LLS simulation of
the flexure test by Foster [18] is that the composite is
capable of sustaining much more damage even after the
breakage of first layer of fibers. Fig. 5(a) shows the
cumulative fiber failures plotted against the fiber bundle
stress (normalized with the characteristic stress, Sc) in a
typical simulation of the flexure test. Each datum on this
plot represents a fiber break. Fig. 5(b) shows the corre-
sponding evolution of the damage in the top three layers
of the flexure specimens. (Recall that the specimen has 6
fiber rows and hence Fig. 5(b) represents the fiber rows
on the tensile side of the specimen.) As seen from Fig.
5(a), failure of the first row of fibers in the composite
specimen occurs at�0.89Sc with approximately 200 fiber
breaks. In general these simulations are consistent with
the experimental observations of Fig. 2(b). While this
stress itself is much higher than those predicted using
the GLS and LLS models (�0.70Sc), further ‘‘harden-
ing’’ of the composite is seen and it appears that the
stress-fiber break plot flattens out asymptotically until
the fiber breaks have reached the midsection of the spec-
imen (Fig. 5(b)). While the exact failure criterion beyond
this point is difficult to implement, it is clear from Fig.
5(a) that the high stress gradients present in the flexure
specimens leads to considerably higher strength, broadly
corroborating with the experimental results. These simu-
lation results also imply that the LLS model is far better
equipped, albeit requiring simulations of the exact geom-
etry at times, to capture the actual material behavior.

5.3. TMC vs. AMC

The Ti-matrix composite examined in this work is
distinctly different from the �70 vol% Al2O3 fiber rein-
forced Al-matrix composite (AMC) that we have exam-
ined in an earlier paper. In particular, the TMC differs
from the AMC in three important respects as following.

• First, the yield strength of the Ti-alloy represents a
significant fraction (�0.5) of the ultimate tensile
strength (UTS) of the composite. Consequently, the
tensile response of the composite is bilinear, with
the change in slope occurring at roughly one half of
the failure strain. An additional consequence is the
development of non-linearity in the stress distribution
across a flexure specimen following matrix yielding.
Such effects must be taken into consideration in eval-
uating the true tensile stress within the fibers at fail-
ure. In contrast, in the AMC, the yield strength of
the matrix alloy is negligible (<5% of the UTS). Con-
sequently, the tensile response is essentially linear up
to fracture, and, in flexure, the stress distribution
remains linear [4].

• Second, the diameter of the SiC fibers is about an
order of magnitude larger than that of the Al2O3

fibers. The fiber size has two implications. (i) Under
flexural loading of the TMC, substantial strain gradi-
ents occur over distances comparable to the fiber
spacing. Moreover, the fibers closest to the tensile
face experience a strain that is considerably lower
than that in the matrix on the tensile face. In the
AMC, the gradients that occur about a fiber spacing
are negligibly small. (ii) The number of fibers found
in a typical TMC tensile specimen is only �200, com-
pared to �20,000 for a similarly-sized AMC specimen
(the number ratio scaling with the inverse square of
the ratio of fiber diameters). In the TMC flexural
specimens, the effective number of fibers controlling
strength is lower yet (<100). Such small numbers
can cause additional stochastic effects in the fiber
bundle strength.

• Third, fiber coatings similar to that of C coating of
SiC fiber in the TMC have not been utilized exten-
sively in the AMC because of their role in reducing
the transverse strength to extremely low levels. In
the absence of coatings, the AMC interface is strong,
leading to strongly LLS characteristics.

Despite these significant differences, TMCs and
AMCs both obey the LLS model predictions with the
size-scaling of their strength and reliability conforming
to the analytical models developed by Ibnabdeljalil
and Curtin [7]. This is perhaps due to the relatively high
value of s in both the cases, given by the interfacial slid-
ing resistance for the TMC and by the matrix shear yield
stress for the AMC. Another factor could be the large
size of the fibers vis-à-vis the specimen size, leading a
stress concentration analogous to that present at a notch
as per fracture mechanics, leading to failure localization.
However, the spatial as well as the specimen-to-speci-
men variations is fiber volume fraction are the addi-
tional considerations that have to be taken into
consideration for understanding the AMC strength var-
iability [4,19].

5.4. Implications

Experimental results presented in this paper clearly
demonstrate that there is an intrinsic size-scaling to the
strength of the fiber reinforced MMCs. This size-scaling
that arises due to the LLS conditions that prevail in these
composites is particularly important when a large MMC
component�s strength has to be predicted on the basis of
strength data generated using small coupons such as



those used in our flexure tests on TMCs. Comparisons of
the experimental data with predictions made using avail-
able models clearly show that the GLSmodels, while suc-
cessful on occasion, can lead to erroneous predictions.
For example, the GLS model predicts a mean strength
of 1529 MPa for tensile samples used in this study and
hence appears to be in reasonable accordance with the
experimentally measured value of 1482 MPa (only �3%
difference). The observed variability in tensile strength
also appears to show that it is a deterministic quantity.
However, for a component containing 100,000 links (a
connecting rod with a 25-mm diameter and 20 cm
length), the TMC will have 1416 MPa strength (as per
LLC model), and hence the GLS would be over-predict-
ing the strength by �10%. For very small components
sizes, GLS not only underestimates the strength but also
predicts a higher reliability, which can lead to non-con-
servative designs. The GLS model also suffers from the
fact that it overestimates that failure strains, which have
important implications in fracture related properties of
the composite such as its notch sensitivity.

The Phoneix and Raj model, while appears to be as
good as the LLS model in terms of predicting both the
tensile and flexure strengths as well as their variability,
suffers from the implicit drawback that it does not offer
any means to estimate the characteristic bundle size. The
approach we have used in this work to employ this mod-
el, namely taking n to be equal to the number of fibers in
the specimen cross-section, will not work when the spec-
imen size is large. As n ! 1 the predictions will be iden-
tical to that made using the GLS model.

In view of the above constraints suffered by the GLS
model and its variants, the LLS model appears to best
model to describe the mechanical behavior of the
TMC investigated in this work as well as the AMCs
examined elsewhere [4]. Furthermore, good agreement
between the experimental results and LLS model predic-
tions imply that the load sharing between the frag-
mented fibers and its neighbors tends to be local in
nature. However, it should be noted that these analytical
models could only capture the strength of the compos-
ites when there is homogeneous loading (i.e., where
there is uniform stress such as the uniaxial tension) with
a reasonable degree of accuracy. Among the models
available, the analytical LLS model appears to give most
accurate results. However, it appears that for complex
geometries and large stress gradients (such as flexure
loading), computational simulation is the only recourse
that is available. This is particularly true when the com-
plexity gets compounded by the discreteness in the mate-
rial system (like the presence of only a few fiber rows
across the specimen thickness). This is precisely the rea-
son for the lack of complete failure in Foster�s simula-
tions, only a stress region over which damage
accumulates very rapidly, after which it slows down
due to the constraints of equilibrium in the discrete sys-
tem. What exactly is the failure criterion that has to be
employed in such scenarios for predicting the fracture
of the structure thus remains an open question.

In closing, it should be noted that the LLS model em-
ployed in this paper for the analysis of the experimental
results is that developed Curtin and coworkers who treat
the statistics of failure in terms of a chain of Gaussian
bundles. Phoenix and Beyerlein [21] treat this problem
differently, which leads to a fundamentally different
form of distribution altogether, at least for moderate
to larger fiber Weibull modulus values. However, while
mathematically different, the predictions of these two
LLS models are very similar.
6. Conclusions

The strength and its variability of a �32-vol% SiC fi-
ber reinforced Ti-6Al-4 V matrix composite, measured
by conducting both uniaxial tension as well as 4-point
bend flexure tests, suggest that the final failure of this
composite is governed by the local load sharing. The
experimental tensile stress–strain response indicates to
localization in fiber failure as expected under LLS condi-
tions. The flexure strengths are significantly larger than
those predicted using the analytical models but are simi-
lar to that obtained using simulations that incorporate
stress gradients and LLS. Similarly, distribution of the
flexure strengths is broader, in agreement with simula-
tion results. This work also highlights the possible prob-
lems involved in deciphering the data generated by
flexure testing of composites and in turn connecting them
with those tests conducted in a much simpler stress states.
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