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Abstract. This paper considers a multi-person discrete game with random payoffs. The 
distribution of the random payoff is unknown to the players and further none of the players 
know the strategies or the actual moves of other players. A class of absolutely expedient 
learning algorithms for the game based on a decentralised team of Learning Automata is 
presented. These algorithms correspond, in some sense, to rational behaviour on the part 
of the players. All stable stationary points of the algorithm are shown to be Nash equilibria 
for the game. It is also shown that under some additional constraints on the game, the team 
will always converge to a Nash equilibrium. 
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1. Introduction 

This paper is concerned with a learning problem in a general multiperson stochastic 
game with incomplete information. We study a class of decentralised algorithms for 
learning Nash equilibria. For  this purpose, we employ team concepts associated with 
Learning Automata models [13]. 

The game we consider is a discrete stochastic game played by N players. Each of 
the players has finitely many actions one of which he plays at each instant. After 
each play, the payoffs to individual players are random variables. The objective for 
each player is to maximise his expected payoff. Further, the game is one of incomplete 
information [6]. Thus, nothing is known regarding the distributions of the random 
payoffs. For learning optimal strategies, the game is palyed repeatedly. We are 
interested in (asymptotically) learning equilibrium strategies, in the sense of Nash, 
with respect to the expected value of the payoff. Our  interest will be in decentralised 
learning algorithms. Hence, after each play, each of the players updates his strategy 
based solely on his current action or move and his payoff. None of the players has 
any information regarding the other players. As a matter  of fact, none of the players 
need to even know the existence of other players. Thus the game we tackle is also 
of imperfect information [6]. 

Such games are useful in tackling problems in many areas such as decentralised 
control, optimisation, pattern recognition and computer  vision. Some of the 
applications of the game model considered in this paper are discussed in [14]. In 
many such problems Nash equilibria, in fact, represent the desired solutions. (For a 
good discussion on the rationality of Nash equilibria see [4, Ch. 2]). 

We use a team of learning automata  [13] for evolving to the optimal strategies. 
Games  of learning au tomata  have been used as models for adaptive decision making 
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in many applications [17, 15, 18]. In Learning Automata theory, algorithms for 
learning optimal strategies have been developed for many special types of finite 
stochastic games. Some of the models considered are: Two-person zero-sum games 
[9], N-person games with common payoff [17, 16, 20] and non-cooperative games 
such as Prisoner's Dilemma and Stackelberg games [19]. In [14], it is shown that a 
team of Learning Automata involved in a general N-person stochastic game will 
converge to a Nash Equilibrium if each of the team members makes use of a linear 
algorithm called the LR-~ algorithm [13]. This requires that every member of the 
team has to use the same algorithm (though may be with different learning parameters). 
While this may be useful for applications such as optimization, for general N-person 
games (that include non-cooperative games) this is a restrictive condition. Here, we 
expand the earlier result [14] to a case where different players use different algorithms 
(not necessarily linear) though we require that every player satisfy the the 'absolute 
expediency' property [13]. Informally speaking the learning algorithm used by a 
player is absolutely expedient if the algorithm ensures that the expected value of his 
payoff will increase montonically with time (when all the other players play to a fixed 
strategy). We feel that this is a reasonable restriction because, assuming rational 
behaviour, each player should try to increase his payoff. 

We begin by formulating the learning problem in w Section 3 gives a brief 
introduction to the necessary ideas from Learning Automata theory. Section 4 presents 
the learning algorithm and its analysis. Section 5 concludes the paper with a discussion 
of the results presented in the paper. 

2. Problem formulation 

In this section we introduce our notation and derive a few results regarding Nash 
equilibria which will be used later on in the analysis of our algorithm. Most of the 
formulation in this section can be found ill any standard book on Game Theory (e.g., 
[5,Z 7]). 

Consider a N-person stochastic game. Each player i has a finite set of actions or 
pure strategies, St, 1 ~< i ~ N. Let cardinality of St be m~, 1 ~< i ~< N. (It may be noted 
that the sets St, 1 ~< i ~< N, need not have any common elements and we assume no 
structure on these sets). Each play of the game consists of each of the players choosing 
an action. The result of each play is a random payoff to each player. Let r~ denote 
the random payoff to player i, 1 ~< i ~< N. It is assumed that r~e[0, 1]. Define functions 
d":l-I[=,Sj~[O, 1], I <.<i~ N, by 

d"(a, . . . . .  arc) = E[r~] player j chose action a~, a~eS i, 1 ~ j  ~ N] (1) 

The function d ~ is called the payoff function or utility function of player i, 1 ~< i ~ N. 
The objective of each player is to maximise his payoff. A strategy for player i is 
defined to be a probability vector q~ = [q ,  . . . . .  q~m]', where player i chooses action j 
with probability qo- The strategy of a player can be time varying as it would be, for 
example, during learning. Each of the pure strategies or actions of the ith player can 
be considered as a strategy. Let e~ be a unit probability vector (of appropriate 
dimension) with ith component unity and all others zero. Then e~ is the strategy 
corresponding to the action i. (It may be noted that any unit probability vector 
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represents a pure strategy). A strategy that does not necessarily correspond to a pure 
strategy is called a mixed strategy. 

Given the actions chosen by the players, (1) specifies the expected payoff. We can 
easily extend the functions d ~, to the set of all strategies. If g~ is this extension, then 
it is defined as 

gi(q~ . . . . .  qN) = E[rlL]th player employs strategy qj, 1 ~<j ~< N] 
N 

= ~, d'(Jl . . . . .  Jx) I-I q~j, 
j I , . . . , j N  S m I 

(2) 

DEFINITION 2.1 

The N-tuple of  strateoies o o (ql . . . . .  qN) iS said to be a Nash equilibrium, if  for each i, 
I <~ i <~ N, we have 

l 0 0 0 0 0 1 0 0 0 0 
t 'q'q~+t . . . . .  qN) 1 . . . . .  qN)/> g ( q t , ' " , q i -  0 (ql . . . . .  q~-l ,qi  ,qt+ 

V probability vectors q~[0, 1] m' (3) 

In general, each qO above will be a mixed strategy and then we refer to (qO . . . . .  qO), 
satisfying (3), as a Nash equilibrium in mixed strategies. Every N-person game witl 
have at least one Nash equilibrium in mixed strategies i4, 5-1. 

We say we have a Nash equilibrium in pure strategies if o o (q t , ' " ,qN)  is a Nash 
equilibrium with each qO a unit probability vector. In view of (2), for verifying a Nash 
equilibrium in pure strategies, we can simplify the condition (3) as given in the 
definition below. 

DEFINITION 2.2 

The N-tuple of  actions (a ~ . . . . .  a ~ (or equivalently the set of  strategies (ea? . . . . .  ea~)) is 
called a Nash equilibrium in pure strategies if for each i, 1 <~ i <~ N, 

dil_o a o _O aO o t o o o l . . . . .  a~ ValeSi" 
, . U l l . . . ,  i _ l , t ~ i  , i ~ . l , . . . , a N ) ~ d  (a l , . . . , a l_ l , a i ,  a~+ 

(4) 
Here, for all j, a~ the set of  pure strategies of  player j. 

DEFINITION 2.3 

A Nash equilibrium is said to be strict if the inequalities in (3) (equivalently, (4), for 
pure strategies) are strict. 

i. N S~--. [0,1], can be Since each of the sets S i is finite, each of the functions, d .  IIj = 1 
represented by a hyper matrix of dimension ml x --. x ms. These N hyper matrices 
together constitute what can be called the reward structure of the game. Since the 
game is one of incomplete information these payoff matrices are unknown. Now the 
learning problem for the game can be stated as follows. 

Let G be a N-person stochastic game with incomplete information. At any instant 
k, let the strategy employed by the ith player be ql(k). Let a~(k) and r~(k) be the actual 
actions selected by i and the pay off received by i respectively at k, k = 0, 1, 2 . . . . .  Find 
a decentralised learning algorithm for the players (that is, design functions T~, where 
q,(k + 1)= T~(q,(k),a,(k),r,(k))) such that q,(k)--*q ~ as k ~  oo where (qO . . . . .  qO) is a 
Nash equilibrium of the game. 
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In w we present a team of Learning Automata model for solving this problem 
after briefly introducing the concept of a Learning Automaton in w 3. In the remaining 
part of this section, we state a simple result regarding Nash equilibria, which is needed 
for the analysis later on. Define K c [0, 1] m' +' ' '+ ' ' '  by 

K = {Q6[0,1]"'  +...+mN:Q = (ql . . . . .  qN), and Vi, 1 ~<i~< N, 

ql is a re:dimensional probability vector} (5) 

It is easy to see that K is the set of all N-tuples of mixed strategies or the set of 
possible strategies for the game. Let K* c K denote the set of possible pure strategies 
for the game. K* is defined by 

K * =  {Q~[0, l]m'+'"+mN:Q = (ql . . . .  ,qN), and u 1 < ~ i ~ N ,  qi is a 

m~-  dimensional probability vector with one component unity} (6) 

It is easy to see that K* can be put in one to one correspondence with the set FlaY= 1Sr 
Hence we can think of the function d i, given by (1) as defined on K*. Similarly, 
functions g i, given by (2), are defined over K. Define functions hi,, 1 ~< s ~< m;, 1 ~< i ~< N, 
on K by 

ht,(Q) = E[ril player j employed strategy qi, 1 ~<j ~< N, j :~ i, 

and player i chose action s] 

= Z d(jl  . . . .  ,Ji-1, s, ji +1 . . . .  ,JN) I-I qo, (7) 
j l  . . . . .  J i -  l . J~*  1 . . . . .  jN t r  

where Q = (ql . . . . .  qu). From (2) and (7), we have 

~, his(Q)q,~ = g'(Q) (8) 
$ = 1  

Lemma 2.1. Any QO o o = (ql . . . . .  q~)eK is a Nash equilibrium if  and only i f  

his(Q ~ <<. oi(Q~ Vs, i. 

COROLLARY 2.1 

Let QO_ o o - ( q l  . . . . .  qu) be a Nash equilibrium. Then for  each i, 

ht~(Q ~ = 9i(Q~ such that qO > O. 

Both the above results follow directly from the definition of Nash equilibria and are 
standard results in Game theory (see, for example, ['7, Thm. 3.1], and [2, Ch. 3]). 

3. Learning Automata 

In this section, a brief introduction to Learning Automata [13] models is given. 
The basic Learning Automata system consists of a Learning Automation interacting 



Algorithms for  learning Nash equilibria 283 

with an environment. At each instant, the Learning Automaton chooses from a finite 
set of possible actions and outputs it to the environment. The environment then 
responds with a signal which evaluates the action. This signal is known as the Scalar 
Reinforcement Signal (SRS). This is a real number and a higher value of the SRS 
indicates better performance of the system. The SRS is assumed to be stochastic in 
nature. Otherwise each action can be tried once and the action which returns the 
highest value of the SRS be selected as the optimal action. 

The environment is defined by the tuple (A, R,.~')  where 

1. A is the set of actions. It is assumed to be a finite set and 

A = { a ,  . . . . .  a,,}. 

2. R is the set of values the SRS can take. In our case R will be a subset of the closed 
interval [0, 1]. We denote the value of the SRS at instant k by r(k). 

3. ~- = {F~ . . . . .  F,,} is a set of probability distributions over R. F~ is the distribution 
of the SRS, given that the action taken by the system is a~. 
When the Fi's are independent of time, the environment is said to be a stationary 

environment. We consider such environments in this section. Define 

di = Ei(r) 

where E ~ denotes expectation with respect to F i. Thus, d~ is the expected value of the 
SRS if action a~ is the output. The optimal action is defined as the action which has 
the highest expected value of the SRS. It is seen that the optimal action is defined 
independently of the system used to learn it. Thus, the problem is completely defined 
by the environment. 

The basic model of the learning automaton maintains a probability distribution 
over the set of actions A. The notation used is the same as the used in describing 
the environment above. The number of actions is m and the probability distribution 
is a m-dimensional real vector p such that 

P=(Pl  . . . . .  pro), 

pi~>0 Vi l<<.i<~m 

Z p i = l  
i = 1  

At instant k, if p(k) is the action probability vector, the probability of choosing the 
ith action is pi(k). Formally, a learning automaton is defined by the tuple (A, Q, R, T )  
where 

1. A is the (finite) set of actions available to the automaton. 
2. Q is the state of the learning automaton. In standard learning automata theory, 

Q is the action probability vector p. In estimator algorithms [17], Q consists of 
the action probability vector along with a vector of estimates. In the algorithms 
considered in this paper Q = p. Hence we use p for the state of the learning 
automaton. 

3. R is the set from which the SRS takes its values. It is the same as R in the definition 
of the environment. 
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4. T is the learning algorithm which updates p. 

p(k + 1) = T(p(k), r(k), a(k)) 

a(k) is the action of the automation at instant k. 

The optimal action is defined to be that which has the highest value of d~. One 
method of evaluating the performance of the system is to check whether the probability 
of choosing the optimal action becomes unity asymptotically. This is difficult to 
ascertain and various other performance measures have been defined [13]. They are 
briefly described below. 

Any algorithm should at least do better than a method which chooses actions 
randomly (with equal probability) at each instant. An automaton which uses this 
technique is called the pure chance automaton. For comparing the performance of 
automata with the pure chance automaton, the average value of the SRS at a state 
p is needed. This is denoted by M(k). Thus 

M(k) = E[r(k)lp(k)] 

For the pure chance automaton, this quantity is a constant, denoted by Mo. 

1 
Mo = -  ~ di 

m t = l  

An automaton should at least do better than Mo. This property is known as 
expediency. 

DEFINITION 3.1 

A learning automaton is said to be expedient if 

lim infE[M(k)] > M o 
k ~ o o  

This property does not say much. What is really needed is that the automaton 
converge to the optimal action. Let the actions of the automaton be {al . . . . .  am}. Let 
a, be the unique optimal action. That is, d, > d~ for all i # s. 

DEFINITION 3.2 

A learning automaton is said to be optimal if 

lim ElM(k)]  = d, 
k~ot3 

Optimality is not an easy property to prove. In fact, no algorithm has this property. 
A weaker property is that of e-optimality. This says that even though the optimal 
value d, cannot be achieved, it should be possible to approach it within any prespecified 
accuracy. 
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DEFINITION 3.3 

A learnin# automaton is said to be e-optimal if 

lira inf E[M  (k) ] > ds - e 
k~zr 

is achieved for any e > 0 by an appropriate choice of the automaton parameters. 
In general, different values of the automaton parameters would be required for 

different values of e. 
A property which can be checked without asymptotic analysis and has been shown 

to imply e-optimality in stationary environments [13] is absolute expediency. 

DEFINITION 3.4 

A learning automaton is said to be absolutely expedient if 

E[M(k  + 1)lp(k)] > M(k) 

for all k, all probabilities in the open interval (0, 1) and all stationary environments with 
a unique optimal action. 

Necessary and sufficient conditions for an algorithm to be absolutely expedient 
were first given in [10] and generalised in [1]. 

Various algorithms have been developed for learning automata. The class of 
algorithms considered in this paper is those of absolutely expedient algorithms. These 
algorithms are described below. 

p(k) is the action probability vector at instant k. Let a(k) denote the action at 
instant k and r(k) the SRS. It is necessary that the SRS take values from a subset of 
the closed interval [0, 1]. The general form of the absolutely expedient algorithm is 

If the action chosen at instant k is a(k) = aj then 

p~(k + 1) = p~(k) - br(k)ctj,(p(k)) + b(l - r(k))fli~(p(k)) s v~j 

pj(k + l )  = pj(k) + br(k) ~ o%(p(k)) - b ( 1  - r(k)) ~ flj,(p(k)) 
s ~ j  s ~ j  

(9) 

where 0 < b < 1 is the learning parameter. The following conditions are imposed on 
the ~t and fl functions so that p(k + 1) remains a probability vector. 

~ti~(p ) ~ p~ Vj, s 

(lO) 
~, flj~(p) <. pj Vj 

s.$j 

Necessary and sufficient conditions for this algorithm to be absolutely expedient 
were given by Aso-Kimura [1]. These are 

~. p~a~j = • p j% vj 
s ~ j  s ~ j  

r, p, fl,~-- T~ pjfl~, vj 
s ~ j  s S j  

(11) 
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If we set cti, = p, and flj, = 0 we get the L R_ t algorithm mentioned earlier. This is the 
algorithm considered in [14] for the Game problem. The algorithm is easily seen to 
satisfy conditions (11). 

Absolutely expedient algorithms have been shown to be e-optimal with respect to 
the learning parameter b [11]. The first conditions for absolute expediency were given 
in [10]. In these class of algorithms, ~ti~(p ) = ~q(p) and flj~(p) = fidP). Necessary and 
sufficient conditions for these class of algorithms to be absolutely expedient are 

~ f p j  = ;.(p) vj 

fl~/p~ = ~(p) Vj 
(12) 

A set of conditions which are easily seen to be more general than the (12) conditions 
but more restrictive than the (11)conditions are 

p~q2= p2ot~s Vj, s s C j  (13) 

p, fl• = p~fl~ Vj, s s ~ j  

~t a n d  fl which satisfy (13) but not (12) are 

ctj =fl~ =p~pZs Vj, s, sv~j (14) 

The following simple lemma will be needed in the the next section. 

Lemma 3.1 I f  p~ = 0 or P5 = 0, and the Aso-Kimura conditions (11) are satisfied, then 

p s ( ~  + flO = 0 (15) 

Proof Trivially, condition (15) is satisfied if p, = 0. Let P5 # 0 and p~ = 0. As cq~ ~< pi, 
~% = 0. By the Aso-Kimura conditions (11), 

Z Pofl~ = ~-, Pjfljo 
a * j  a ~ j  

= 0 as pj = 0. 

Thus Ya,jPofloi = 0 and as each term is non-negative, pofloj = 0 for all a. In particular, 
p~fl~ = O. �9 

It is also seen from the above proof that 

p~ = 0 =)(a,~ + fl,~) = 0. (16) 

An additional condition which will be used in certain proofs in the next section is 
the following 

pj ~ 0 ~(~sj + fl#) > 0. 

This is satisfied, for example, by the LR_ t algorithm. 

(17) 
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4. Algorithm and analysis 

We consider an N-person game where the ith player has m~ pure strategies. We will 
represent each player by a learning automaton and the actions of the automaton are 
the pure strategies of the player. Let p~(k)=[p,(k).. .p~,,,(k)] t denote the action 
probability distribution of the ith player, po(k) denotes the probability with which 
ith automaton player chooses the jth pure strategy at instant k. Thus p~(k) is the 
strategy employed by the ith player at instant k. Each play of the game consists of 
each of the automata players choosing an action independently and at random 
according to their current action probabilities. The payoff to the ith player will be 
the reaction to the ith automaton which will be denoted by ri(k ). The learning 
algorithm used by each of the player is as given below. 

I. At each instant k, player i selects an action from his action set S~ according to his 
current action probability vector p~(k). Thus, if a~(k) is the action at instant k and 
S i = {a l l  . . . . .  aim,}  , then 

Prob(ai(k) = a O) = pii(k). 

2. Based on the actions taken by all the players, player i receives a payoff r~(k) given 
by (I). 

3. Let the action of the ith player at instant k be a o. Every player updates his action 
probabilities according to the following rule. 

pi,(k + 1) = pie(k) - bri(k)oto,(Pi(k)) + b(l - ri(k))flij,(pi(k)) s # j  

p,~(k + 1) = p,flk) + br,(k) ~ ct,~,(p,(k)) - b(l - r,(k)) ~ fl,~(p,(k)) 
s ~ j  s * j  

(18) 

where 0 < b < l is the learning parameter. For simplicity of notation, it is assumed 
here that all players use the same value of b. All the results would hold even if 
different values of the learning parameter were used by the players. ~tos, flo, are 
the functions used by player i to update his strategy and are analogous to cti, and 
flj, functions for the single automaton described in the previous section. It may 
be noted that different players may use different functions to update their strategies 
provided the functions satisfy the conditions described below. 

The ct and fl functions satisfy the Aso-Kimura conditions for absolute expediency. 
They are 

~ pisOtisj = ~,jPij~ s 
s * j  

• , • i  Pi, fli,./= ~ Pit fli~ (19) 

ali, and flo~ are non-negative and satisfy conditions (10) to keep pi(k + 1) an action 
probability vector. They can be written as 

~tiis(Pl) <~ Pis Vi, j,s. 

fli~(Pl) <~ Pij Vi, j 
s * j  

s # j  

(20) 
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In addition to these conditions an additional condition is imposed to ensure that 
the updating is not stopped prematurely. This is 

~t~ + fl~i., 4:0 if p~j 4:0 and Pi~ q: O. (21) 

4.1 Analysis of the algorithm 

The analysis of the algorithm is carried out in two stages. First, weak convergence 
techniques are used to show that the algorithm can be approximated by an appropriate 
ODE (Ordinary Differential Equation) as b ~ 0 .  Then, solutions of the ODE are 
analysed to obtain information about the behaviour of the algorithm. 

The learning algorithm given by (18)can be represented as 

P(k + l) = P(k) + bG(P(k), a(k), r(k)) (22) 

where a(k)= (al (k)... aN(k)) denotes the actions selected by the automata team at k 
and r(k)= (rl (k)'"rN(k)) are the resulting payoffs. 

Let P(k)= (p~(k) . . . . .  pN(k)) denote the vector current mixed strategies of all the 
players which is also the state of the learning algorithm at instant k. Our interest is 
in the asymptotic behaviour of P(k). Since each p; is a probability vector, we have 
P(k)eK where K is as defined by (5). The following piecewise-constant interpolation 
of P(k) is required to use the weak convergence techniques 

pb(t) = P(k), te[kb,(k + l)b) (23) 

Pb(')eD"~+'"+"N, the space of all functions from ~ into [0, 1] m'+'''+"'~, which are 
continuous on the right and have limits on the left. (It may be noted that pb(t)eK, Vt). 
Now consider the sequence {P%), b > 0}. We are interested in the limit of this sequence 
as b--, 0. 

Define a function ~: K ~ [0, 1 ] " '  +"" +"" by 

~(P) = E[G(P(k), a(k), r(k))l P(k) = P] (24) 

Theorem 4.1. The sequence of interpolated processes { P% ) } converges weakly, as b -* 0, 
to X(') which is the solution of the ODE, 

dX 
. . . . .  ~(X), X(0)= eo (25) 
dt 

Proof. The following conditions are satisfied by the learning algorithm given by (22) 

1. {e(k), (a ( k -  1), r ( k -  1)), k >/0} is a Markov process. (a(k), r(k)) take values in a 
compact metric space. 

2. The function G( . . . . .  ) is bounded and continuous and independent of b. 
3. If P(k)=-P, then {(a(k),r(k)),k>~O} is an i.i.d, sequence. Let M e denote the 

(invariant) distribution of this process. 
4. The ODE (25) has a unique solution for each initial condition. 

Hence by [8, Thm. 3.2], the sequence { U'(.)} converges weakly as b--* 0 to the solution 
of the ODE, 
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dX__= G(X), X(0) = Po 
dt 

where (~(P) = EPG(P(k), a(k), r(k)) and E e denotes the expectation with respect to the 
invariant measure M e. 

Since for P(k)= P, (a(k), r(k)) is i.i.d, whose distribution depends only on P and 
the payoff matrices, 

G(P) = E[G(P(k) ,a(k) ,r(k)) lP(k)= P] = ~(e), by (24) 

Hence the theorem. �9 

Remark 4.1. The convergence of functionals implied by weak convergence, along with 
the knowledge of the nature of the solutions of the ODE (25), enables one to 
understand the long-term behaviour of P(k). It can be shown that P(k) follows the 
trajectory X(t)  of the ODE within a prespecified error and for as long as prespecified 
with probability increasingly close to 1 as b decreases. (See [3, Chapter 2, Theorem l-I 
and the discussion therein). 

The following lemma gives an explicit characterisation of ~. 

/.,emma 4.1 

~tj(P) = ~ pts(otis`/'1- flis`/)(hi`/- h i s )  ( 2 6 )  
s~j 

where his are as defined by (7). 

Proof. Let G 0 denote the (i,j)th component of G. 

~o(P) = E [Go(P(k), a(k), r(k) lP(k) = P] 

= ~, E [Go(P(k), a(k), r(k)l P(k) = P, al(k) = a j  Pi~ 
$ 

= ~ E[rt(k)eto,(pi(k)) - (1 - ri(k))flvs(pi(k))lP(k) = P, at(k) = a j p  0 
s*j 

+ ~, E [ -  ri(k)~ti,`/(pi(k)) + (1 - ritk))fli,j(pi(k))lP(k) 

= P, ai(k) = aa]pa 

= E { Pi`/~ [ r  i I t ,  a o] - -  Pi`/Btjs(Pi ) E [ 1 -- r, I P, atj] Ptj } 
s~j 

+ ~. { - p,~,,`/(pi)E[rilP, at,] - pi, fli~`/(p,)E[l - rilP, a,s]Pa} 
s~:j 

= ~ Pl.i(ctosho - fli`/s(1 - -  hi./) ) "1- ~ - -  pis(~tajhis - flaj(l - ha) ) 
s#`/ s~j 

= ~ pa(ctt, j + fl,,`/)(hij - hi, ) by the Aso-Kimura conditions (19) 
s#`/ 

completing the proof. �9 
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Using (26), the O D E  (25) can be written as 

dpq = ~ p;,(~ti,~(p~ ) + fli,~(O~))[h~(p) _ h~,(P)] 1 ~ j  ~< m i, 1 ~< i ~ N. 
dt ~, ) 

(27) 

The following theorem characterises the solutions of the O D E  and hence the long- 
term behaviour  of the algorithm. 

Theorem 4.2 The followin# are true of  the ODE (and hence o f  the learnin.q alqorithm 
if  the parameter b in (18) is sufficiently small). 

1. All corners of  K (i.e. points in K*) are stationary points. 
2. All Nash equilibria are stationary points. 
3. I f  conditions (13) and (17) are satisfied, all stationary points that are not Nash 

equilibria are unstable. 
4. All corners o f  K that are strict Nash equilibria are locally asymptotically stable. 

Proof. 1. Let P~  T h u s p  ~ = 0 o r p  ~ = 0 for allj, s such tha t j  # s and  ! <~j,s <<. m i. 
0 By Lemma 3.1, pi~(at, i + flj,~) = 0 for all s. Thus, 

_dp~ = ~ p,,(%i(pO) + fli,i(pO))Eh,,(pO) _ h, ,(eo)]  = 0 
dt , , j  

2. Let pO be a Nash equilibrium. Define 

a,  = {s:p  ~ > 0} 

0 For  jCAi, pO = 0. Thus, pi~(cq~j + flt,j) = 0 for all s :~j. 
L e t j e A  i, implying pO > 0. It is trivially seen that p~ + fl~s~)(ho - h,~) = 0 ifp ~ = 0. 

Therefore let pO > 0 .  But then as pO is a Nash equilibrium, hi~(P~ hi,(P ~ by 
Lemma 2.1 Thus 

pi~ + fli~)(hl./- ha) = 0 Vi, j , s  (s ~ j )  

Thus pO is a s ta t ionary point. 
3. Let pO be a zero of ~(') which is not a Nash equilibrium. It is assumed that 
conditions (13) and (17) are satisfied by the algorithm. By Lemma 2.1, there is an i 
and an s such that  

ht~(po) > gi(pO) (28) 

In general, there will be more than one s such that hi~(P ~ > gi(pO). Without  loss of 
generality let 

hil (P ~ = hi2(P ~ . . . . .  hit (P ~ > hit.+ I(P ~ >/h,t. + 2 (P ~ >/. . .  

where h , (P  ~ > gi(pO), 1 ~< s ~< L. Then, for all 6, e sufficiently small, there exists a 
ne ighbourhood q~6 a round  po such that for all Peql~ ,  hit(P ) - his(P ) > e for a l l j  ~< L, 
s > L and hit(P ) - hi,(P ) > - die for all s, j  <~ L. Then 
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d--!~it = ~. Pi~(Tist + fli~1 )(hi1 - hi~) 
dt 5. t 

= Pit ~, (~til5 + fl, t~)(h~t -hi~) as (13)is satisfied 

= p,, ~ (~t,,s + fl,,s)[h,, - h,s ) + P,, ~.. (cti,~ + fl,,s)(h,, - his ) 
s >  L 2 <~ s<~L 

> e P i l ( ~ L ( ~ t i ' s + f l i ' s ) - 5  ~ " s  2<~5,L(ai's+flils)) i f P e ~ ,  

There is at least one s > L such that pO > 0, as po is not a Nash equilibrium. Thus, 
r + flit~(pO) > 0, by (17). Thus the iinearised version of the last line in the above 
equation is strictly positive and thus pO is not stable. 

It should be possible to relax condition (17), but the analysis would then involve 
higher order terms instead of just linear terms. But the same result should go through. 
4. Let pO = (e~,, . . . .  e .  ) be a corner of K that is a Nash equilibrium. Without loss of 
generality, let it = i2 . . . . .  iN = 1. Use the transformation P ~ e ,  defined by 

ei~ = Piq if q ~: 1 

ei l= 1 - P l l  

Define a Lyapunov function V(.) as 

N 

v(s = ~ ~. 
i = l  

It is easy to see that Vt>0 and that V = 0  iff e =0 .  Also, as po is a strict Nash 
equilibrium, hil(P ~ > hi,(P ~ for all s. Thus, 

dV ~ deil 
dt l= 1 dt 

= -  S" dplt 
i= ~"" dt 

N 

= - Z Z p,.(%, +f l ,s , ) (h.  - h i . )  
i = l  s ~ : l  

N 

= _ y. ~ e.(%~(po)+ fli.~{po))(h.(eO)_ h,s(pO)) 
i = l  , r  

+ higher order terms in e 

< 0  as hil(P~ O) V s ~  1 

This proves pO is asymptotically stable. m 

Remark 4.2. Because of the above theorem, we can conclude that our learning 
algorithm will never converge to a point in K which is not a Nash equilibrium and 
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strict Nash equilibria in pure strategies are locally asymptotically stable. This still 
leaves two questions unanswered. (i) Do Nash equilibria in mixed strategies form 
stable attractors for the algorithm, and (ii) is it possible that P(k) does not converge 
to a point in K which would be the case, for example, if the algorithm exhibits limit 
cycle behaviour. At present we have no results concerning the first question. Regarding 
the second question we provide a sufficient condition for P(k) to converge to some 
point in K. This is proved in Theorem 4.3 below. 

Theorem 4.3. Suppose there is a bounded differentiable function 

F : ~ "  +'''+~'~ ~ R 

such that for some constants c~ > 0, 

OF 
. . . .  (P) = cihi~(P ), Vi, q and all PeK. (29) 
Op~ 

Further, the ~t and fl functions satisfy condition (13) and (17). Then the learning algorithm, 
for any initial condition in K - K*, always converges to a Nash equilibrium. 

Proof. Consider the variation of F along the trajectories of the ODE. We have 

dF = ~, OF dp~ 

dt ~,q Op~ dt 

OF 
(P)~,p,(%~ + ha(P)], by (26) = E ~ q  t.q s f l")[hi ' (P)  - 

= ~ c~ E ~. P t , ( ~  + ,8~) [(h~q(P)) 2 - h~(P)hu(P)], by (29) 
i q s 

- -  Ec, E E + h,,(P)] 
i q s > q  

I> 0 (30) 

Thus F is nondecreasing along the trajectories of the ODE. Also, due to the nature 
of the learning algorithm given by (18), all solutions of the ODE (25), for initial 
conditions in K, will be confined to K which is a compact subset of R"' + + ' ~ .  Hence 
by [12, Theorem 2.7], asymptotically all the trajectories will be in the set KI = 
{Pc[0,1]', +"§ 0}. 

From (30), (25) and (26) it is easy to see that 

dF 
~ ( P )  = 0 =~pi~(oti~ + flm)[hiq(P ) - hu(P)] = 0 Vq, s, i 

=~ ~i~(P) = 0 u q 

=~ P is a stationary point of the ODE. 

Thus all solutions have to converge to some stationary point. Since by Theorem 4.2 
all stationary points that are not Nash equilibria are unstable, the theorem follows. �9 
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Theorem 4.2, and Theorem 4.3 together characterise the long-term behaviour of 
the learning algorithm. For any general N-person game, all strict Nash equilibria in 
pure strategies are asymptotically stable in the small. Further the algorithm cannot 
converge to any point in K which is not a Nash equilibrium. If the game satisfies the 
sufficiency condition needed for Theorem 4.3 then the algorithm will converge to a 
Nash equilibrium. (If the game does not satisfy this condition we cannot be sure that 
the algorithm will converge rather than, e.g., exhibit a limit cycle behaviour). We 
have not been able to establish that, in a general game, all mixed strategy equilbria 
are stable attractors. 

5. Discussion 

In this paper we have considered an N-person stochastic game with incomplete 
information. We presented a method based on Learning Automata for the players 
to learn equilibrium strategies in a decentralised fashion. In our framework, each 
player can choose his own learning algorithm. However, the algorithm of each player 
should satisfy the so called absolute expediency property. In the context of a learning 
automation, an algorithm is absolutely expedient if the expected reinforcement will 
increase monotonically with time in all stationary random environments. In the 
context of the Game, since all the players are updating their strategies, the effective 
environment as seen by a player will be nonstationary. Here, the restriction of absolute 
expediency will mean that the algorithm used by a player should ensure the expected 
payoff to the player increases monotonically when all other players are using fixed 
strategies. Thus, this is a mild requirement because rational behaviour on the part 
of the player demands that, at the minimum, he should strive to improve his payoff 
when everyone else is playing to a fixed strategy. The analysis presented in w 4 tells 
us that if all players are using absolutely expedient algorithms, they can converge to 
Nash equilibria without needing any information exchange. 

In a truly competitive game situation, we may require that the learning algorithm 
employed by a player should also help to confuse the opponent. The framework 
presented in this paper does not address this aspect. The analysis presented here also 
does not address the question of how a player, using an absolutely expedient algorithm, 
will perform if other players are using arbitrary learning algorithms that are not 
absolutely expedient. However, in many cases, game models are employed as 
techniques for solving certain type of optimisation problems. Examples include 
learning optimal discriminant functions in Pattern Recognition and the Consistent 
Labelling problem in Computer Vision [17, 18]. (See [14] for a discussion on the 
application of the Game model considered here in such problems. In such applications 
the sufficiency condition of Theorem 4.3 also holds). In all such situations, the 
requirement that the players use absolutely expedient learning algorithms is not 
restrictive. 

Our algorithm can be used for learning the Nash equilibrium even if the game is 
deterministic and the game matrix is known. We then simply make r~, payoff to the 
ith player, equal to (suitably normalised) d~(al . . . . .  a~) which is the game matrix entry 
corresponding to the actions played. Whether this is an efficient algorithm for 
obtaining Nash equilibria for general deterministic games with known payoff functions 
needs to be investigated. 
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Our  analysis  does  not  establish the s tabi l i ty  or  otherwise of  Nash  equi l ibr ia  in 
mixed strategies for the general  N-pe r son  game.  In the context  of  a single Learn ing  
Au tomaton ,  it is k n o w n  that  in any s t a t iona ry  r a n d o m  env i ronmen t  absolu te ly  
expedient  a lgor i thms  always converge to a unit  vector  [13] and  hence it might  be 
the case that  even the decentra l ised t eam canno t  converge to an in ter ior  point .  This 
aspect  needs further  invest igat ion.  
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