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same  form as RL1 if 

a(q - p )  = fk lSO", 

k = 0, &l, f 2 ,  . . . (6) 

where q is the number of zeros and p the 
number of poles. (This is a sufficient con- 
dition.) 

Denmzstration: It. will be proved a i t h  
property 3. 

Property 3 

Propert,?. 2, the angular condition is 
If in t,he same conditions as indicat.ed in 

01(q - p )  = f k  360" ( 2  

then RLn will be equivalent to RL1. 
Sote  that  the rot.ations referred to  in 

Properties 2 and 3 must be compatible 
with  the  fundamental propert,y of RL being 
symmetrical 6 t . h  respect. to  the real axis. 

Demonstration: By inwoducing a rot.a.t,ion 
01 to a BC, each crit.ica1 frequency will 
rotate  the  same angle CY with respect to  the 
real axis. Therefore, the added contribu- 
tion  to  the angular condition of the new 
RL will be a ( y  - p ) .  Thus if a ( y  - p )  = 
i k  lSO", each point of the primitive RL 
will belong to  the new one  after being 
rotated 01 degrees. 

Note  that t,he f k  180" in  the angular 
condition for s E R L  is due  to  the  fact  that 
K now describes the  interval - m < K < m. 

If k is an odd number, the form  is in- 
variant  but  the branches of the positive K 
parameter become negat,ive and vice versa. 
When k is an even number, the modulus 
of each factor of P ( s )  and Q(s) remains 
invariant  with respect to CY, and since 
Ki = IP(s) /Q(s) . ,  it is apparent  that  RL, 
will be equivalent to the primitive RLI. 

Note  that Propert.ies 2 and 3 are only 
sufficient conditions. This is  why it  is 
possible t,hat. some RL2 preserve their 
form,  their equivalence, or even remain 
identical to t,he primitive  without fudilling 
the angular condition of (6) or (i). For 
example, for a  BC which has  the zeros 
and poles in t.he vertices of a  regular polygon 
wit.h single or mult,iple crit.ica1 frequencies 
in  the geometrical center, it  is easy to find 
compatible rotat.ions w-hich do  not fulfill 
t,he conditions (6) or ('7) and give identical 
BCs. 

Properly 4 
If a BC, is generat.4  by a  parallel t.o the 

real axis translation of a BC1, the RLn 
generated for BC: will be equivalent to 
the  RLI as  generated  for BCI. 

Note that t.his imporhnt  property (t,he 
demonstrat.ion of which is omitted because 
it is w-ell known) has been ~ e d  by  many 
writers t,o prove int,rinsic properties of RLs 
regardless of t,he posit.ion of the imaginary 
a n s  . 
Property 5 

Let BC1 and BCn be t,wo basic configura- 
t,ions such that where there is a zero in 
one, there is a pole in  the ot.her and vice 
versa  (intercharge of poles and zeros). 
Then  RLl  and  RL?,  the corresponding RL, 
are coincident and  in each point, t,he rela- 
tion K1 = l/K2 holds. 

Dmmnstration: By  interchange of poles 
and zeros, the  RL equation P ( s )  + K&?(s) 
= 0 becomes K 9 ( s )  + &(s) = 0, which 
equations are equal if a substitut,ion of 
K1 = 1/K2 is made. 

This known property gives another way 
of producing RLs of the  same form, but, 
in general, BC1 will not  be ass0ciat.e wit,h 
BC2, which requires that p = p. 

By using the  particular case of p = q, 
it is easy to prove  Pr0pert.g 1 for zeros 
shifting. 
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Comments on "On the  Inverses of 
Certain  Matrices" 

Abstract-It is shown here  that  the 
method  suggested by Chidambara' (Bar- 
lett's equation) is a particular  version of the 
general  matrix modification formula2 

[A + C7SVTI-l = A-I - -4-lC7 

. [S-1 f 1n-A - l a ]  -1 

. V T - 4  -1 

and  that  the modification suggested by 
Chidambara is obtained from this general 
form. 

The mat.rix modification formula 

1-4 + ,5:sy--1 = -4 -1 - -4 -IC 

. [S-1 + JTTA-lU] -1  

. J.7T-J -1 (1) 

[where d is an n X n nollsingular matrix, 
L7 and TT are n X m matrices, S is an m X ? n  
nonsingular mat.rix (another  formula is given 
when S is singular), and m is less than n] 
can be used to invert. a modified matrix using 
the inverse of the original matrix  This pro- 
cedure requires 3 mn2 (or 2;m;n2) mathemati- 
cal operations as against nz operations when 
the matrix is inverted  directly (or na/3 
operations when inversion is achieved 
through t,riangulat.ion). 

To invert a matrix B, the inverse of a 
matrix A, whose elements are  the  same as B 
except, for one column or one row, is used 
and  the following equat,ion obt.ained from 
(1) gives the inverse of B. 

Manuscript received August 12, 1968. 
1 hl. R. Chidambara, IEEE Trans. Bvtomalic 

ControZ (Cmrespondence), rol .  .4C-12, pp. 2l-j-215, 
April 1967. 

Ne\r I-ork: Academic Press, 1966. 
4 J. Walsh, Xumerical Analysis, A n  Introduction. 

where I; and T,' are column vectors. If B has 
one column [nth column as given in Chidam- 
baral] different from A ,  then 

C T  = [dl,d2, . . . ,&I (3) 

[O,O,- . .,I1 (4) 

I2 11' (5) 

13- = 

d .  = B..  - A , .  

Similarly, for a difference in one row, B will 
be full. 

Our  purpose  here is to use (2) to get the 
following equation' (BarMt's  equation) 

[ A  + Dl-' = [ I  + k ' D ]  -1-4-1 (6) 

nhere 

Rewriting (6), 

[ A  + Dl -1 

where 
n 

a.nd 01;j is an element of mat,rix A-I, Le., 

[ A  + Dl --I 

r 
-1 

1 o . . .  - g d l  + gn 

- 
............................ 

............................ 

0 0 1 - gn/ l  + gn 

where 

So it is necesary to show that  (2) and 
are identical. 

V T A  -'I; 



104 IEEE TR-KXSACTIONS ox ACTOMATIC COSTROL, FEBRUAFX 1969 

Hence (2) becomes 

Equations (12) and (18) are identical. 
Hence this shows that (6) is anot.her form of 
( 2 )  which is a particular form of (1). 

Equation (1)  can be  very effectively 
utilized also =hen two  columm or two ross 
are different. U and V become n X 2 
matrices and S becomes a unit  matrix of 
order 2 X 2. Then (1) becomes 

[ A  + U S V T ] - l  = A-’ - A-’U 

* [I +VTA-lU]-l 

VTA - 1 .  (19) 

This can be used for  obtaining the inverse 
of a matrix using the inverse of another 
matrix Khose elements are different only 
in two columns or two rows from the cor- 
responding elements of the mat.rix to be  in- 
verted. 
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Author’s Reply3 

Subrammian  and  Ramachandra Rao 
prove an int.eresting equivalence between 
my proposed method and Barlett’s equa- 
t.ion. I agree, although whether or not  the 
method suggested is a particular version of 
Barlett’s formula is a question of opinion. 

Dr. G. Krishna of Clarhon College of 
Technology, Potsdam, X. Y.,  has  recently 
brought to my  attention another method‘ 
which treats  the  same problem. 

W three of these methods’*2*‘ being exact 
solutions to  the  same problem must. be 
equivalent. 

31. R. CHIDAMBAIZA 
Washington  University 

St. Louis, 310. 
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Comments on “A Graphical 
Method  for Finding the Real Roots 
of nth-Order  Polynomials” 

Abstract-These comments on a  previous 
correspondence show that  the method ex- 
posed is a trivial  consequence of Lill’s 
method. Furthermore,  the Hurwitz restric- 
tion is removed from the polynomial. 

In a recent correspondence,’ Eisenberg 
introduces  a graphical met.hod, based on 
Lill’s method, to obt.ain the coefficients of 
the reduced polynomial when a  real  root  has 
been determined. 

However, the procedure is a  trivial con- 
sequence of Lill’s method. Ld’s met.hod 
contains the tools to derive it. directly as 
follows 

1) It is well known that if zi is a  real 
root of 

the coefficients of the  redwed equation are 

ao’ = a0 

~ k ’  = an-l‘xi f an. 
(1) 

2) From Lill’s method,2 the length 
Aj-lPj-1 has the following value (see Fig. 1 ): 

Aj-lPj-, = aj-l’xi. ( 2  

From (2) it follows that. 

Pj-,Pj cos e = Pj-,A, = a, f ~ j - ~ ’ ~ i .  

Use of (1) yields 

- - 

- 
Pj-,P, cos e = a.’ I ’  

3) If a. = 1, then 

OP,  cos e = a, = 1. 
- 

- 
Kormalization  with respect. to ao’ = OPO 

yields 

On the  other  hand, t.o rest,rict the appli- 
cat,ion of the method to Hurwitz poly- 
nomials does not  appear ju+ii?ed, provided 
that La’s method may be applied to  any 
polynomial of red  coefficients. The rule to  
obtain the sign of the coefficients of the re- 
duced polynomial is t.he same as for the 
original one. 
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Fig. 1. 

Author’s Replg3 
I would &st like to thank Lage for  point- 

ing out  that  my original derivation need not 
be restricted to Hurwitz polynomials, but is 
true for all polynomials with real coef- 
ficients. Furthermore, the  statement  that 
“LiU’s met,hod contains the tools to derive 
i t  directly” is true as evidenced by  the  fact 
that both Lage and I ut.ilized Ld’s method 
as a starting point to furt.her  develop the 
technique. In  fact, some of the  equatiom in 
Lage‘s derivation are ident.ical to mine ex- 
cept for t.he difference in  notation. For 
example, his equation (2) is identical to ( 5 )  
in Eisenbergl if one sets j = 2, i = 1, 

n 
xi = r1, aj-l’ = Ti. 

i = p  

In  conclusion, I would like to commend 
Lage for judiciously select.ing a not.ation 
that yields a  shorter  derivation. 

L a a m s a c  EISENBERG 
3hore  School of Elec. Engrg. 

Universit.y of Pennsylvania 
Philadelphia, Pa. 19104 

3 Manuscript  received  September 28,  1968. 

Controllability of Stationary  Linear 
Multivariable  Systems Using a 
Frequency-Domain  Criterion 

Abstract-The notion of truncated func- 
tion is used as  a new approach to  establish 
controllability criteria for stationary linear 
multivariable  systems. The  method pre- 
sented provides a simple  technique to test 
the controllability of a system  represented 
by its inputs  and initial conditions transfer 
matrices. In addition, the formulation of the 
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