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Abstract. Fracture behaviour of notched and un-notched plain concrete slender beams subjected to three-point or 
four-point bending is analyzed through a one-dimensional model, also called Softening Beam Model. Fundamen- 
tal equations of equilibrium are used to develop the model. The influence of structural size in altering the fracture 
mode from brittle fracture to plastic collapse is explained through the stress distribution across the uncracked 
ligament obtained by varying the strain softening modulus. It is found that at the onset of fracture instability, 
stress at the crack tip is equal to zero. The maximum load and fracture load are found to be different and a unique 
value for the fracture load is obtained. It is shown that the length of the fracture process zone depends on the value 
of the strain softening modulus. Theoretical limits for fracture process zone length are also calculated. Several 
nonlinear fracture parameters, such as, crack tip opening displacement, crack mouth opening displacement and 
fracture energy are computed for a wide variety of beam specimens reported in the literature and are found to 
compare very well with experimental and theoretical results. It is demonstrated that by following a simple 
procedure, both pre-peak and post-peak portions of load versus crack mouth opening displacement curve can be 
obtained quite accurately. Further, a simple procedure to calculate the maximum load is also developed. The 
predicted values of maximum load are found to agree well with the experimental values. The Softening Beam 
Model (SBM), proposed in this investigation is very simple and is based on rational considerations. It can 
completely describe the fracture process from the beginning of formation of the fracture process zone till the onset 
of fracture instability. 

1. Introduction 

N u m e r o u s  experimental  investigations pe r fo rmed  on  no tched  plain concrete  beams subjected 

to th ree -po in t  or  fou r -po in t  bend ing  have  revealed the f rac ture  process  to be dependen t  on  

size o f  the s t ruc tura l  member .  I t  is general ly accepted  that ,  smaller specimens tend to  fail by  

plastic collapse,  while the larger  specimens fail by  britt le fracture.  I t  has  been conc luded  by  

Carp in ter i  [1], that ,  spec imen size a lone  can  alter the modes  o f  failure. Bazan t  and  Cedol in  

[2, 3], t h r o u g h  numer ica l  app roach ,  have po in ted  ou t  tha t  with change  in s t ructura l  size a 

t rans i t ion  f r o m  a tensile s t rength  col lapse to a c rack  p r o p a g a t i o n  collapse occurs.  The  results 

ob ta ined  by  Pe te r son  [4], by  pe r fo rming  extensive numer ica l  s imula t ions  o f  c rack  p ropa -  

ga t ion  in a th ree -po in t  bend  test show also that ,  when  the s t ructura l  sizes are increased,  the 

mater ia l  becomes  m o r e  and  m o r e  brittle. Carpin ter i  [5], has  conc luded  tha t  an  embr i t t l ement  

occurs  by  increasing the s t ructura l  size, a fact  which  co r re sponds  to the f u n d a m e n t a l  laws 

o f  physical  similitude. 
Several theoret ical  mode l s  have been p r o p o s e d  to  explain the f rac ture  process  as well as 

size dependency  in concrete .  Hi l l e rborg  et al. [6], have  p r o p o s e d  a "f ict i t ious c rack  m o d e l "  

also k n o w n  as a " d a m a g e  zone  m o d e l " .  The  tensile stress is no t  a s sumed  to  fall to  zero  

immedia te ly  after  the a t t a inmen t  o f  l imiting value bu t  to decrease with increasing crack  
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widths. Modulus of elasticity, E, uniaxial tensile strength, at, and fracture energy, GF, 
defined as the area under post-peak stress versus the crack opening displacement diagram 
are the material properties required to describe the tensile fracture behaviour of concrete. 

Bazant and Oh [7] introduced the concept of"crack band theory" for fracture of concrete. 
The fracture front is modelled as a blunt smeared crack band. The material fracture 
properties are characterized by three parameters GF, a, and the width of crack band, wc 
(fracture process zone). GF is, however, defined as the product of wc and the area under the 
tensile stress-strain curve. 

Nallathambi and Karihaloo [8] modified the fictitious crack model by accounting for the 
nonlinearity in the stress-strain plot prior to the attainment of peak by reducing the value 
of E. The load-deflection plot obtained is reported to be relatively closer to the experimental 
one. 

The models mentioned above, irrespective of the approach adopted, require a complete 
stress-crack opening relation. They are particularly well suited for numerical techniques like 
the finite element method. Several objections have been raised [8] towards the use of Ge, 
considered as a possible reliable indicator of fracture. It is found to be extremely size 
dependent. Further it is also very tedious to determine it by performing a stable tension test. 
Uncertainty exists with the true fracture area, owing to the tortuous nature of crack 
propagation in concrete. 

Sih [9] and Carpinteri [10] have used the concepts of  strain energy density theory and strain 
softening behaviour to simulate numerically the fracture behaviour of concrete. 

Some models which do not require the finite element technique are also proposed. 
Wecharatana and Shah [11], based on some simple and approximate extensions of the 
concepts of  linear elastic fracture mechanics, have predicted the extent of a nonlinear 
fracture process zone in concrete. Critical crack opening displacement equal to 0.025 mm 
and a constant closing pressure to exist along the length of the fracture process zone are 
assumed. Fracture loads of a large number of notched beams are reported to have been 
estimated with a reasonable degree of accuracy. 

Kobayashi et al. [12] have demonstrated through their model that by assuming the closing 
pressure distribution to vary linearly from zero at the crack tip to o 5 and then to remain 
constant, a better agreement with respect to load versus crack mouth displacement curve can 
be obtained. The length of the unloading zone was chosen such that the crack tip opening 
displacements at the macrocrack tip and at the beginning of the unloading zone were 0.038 
and 0.0127 mm, respectively. 

In these models constant values for crack opening displacement and arbitrary closing 
pressure distribution are assumed. However critical crack opening displacement is found to 
vary with specimen size. 

Jenq and Shah [13] have proposed a "two parameter fracture model". The two parameters 
are the critical stress intensity factor calculated at the tip of the effective crack and the elastic 
critical crack opening displacement. Based on their test results the two parameters are found 
to be size independent. In contrast to modulus of rupture, tensile strength of unnotched 
concrete specimens is demonstrated to be size independent. The validity of  the values for the 
two parameters even in the cases of  beams possessing different span to beam depth ratios is 
yet to be established. 

Some nondimensional numbers also known as brittleness numbers have been proposed by 
Carpinteri [5], Hillerborg [6], Jenq and Shah [13], and Bazant and Pfeiffer [14] to characterize 
the effect of structural size (W) on the fracture behaviour of concrete beam specimens. 
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Parameters like K~. or GF, at, E,. and W are considered for this purpose. However these 
brittleness numbers cannot be directly determined owing to the nonavailability of unique 
values for K c or G F. The influence of structural size on the collapse stress can be quantified 
only when the values for brittleness numbers are assumed, otherwise only qualitative 
predictions can be made. Hence size effects are not yet quantitatively described. 

In this paper a one-dimensional model based on fundamental equations of equilibrium is 
developed to explain the fracture behaviour of notched and un-notched plain concrete beams 
subjected to three-point or four-point bending. The influence of structural size in altering the 
failure mode is explained through the stress distribution obtained across the uncracked 
ligament. The key factor affecting the stress distribution is found to be the strain softening 
modulus and is considered to be dependent on the structural size (uncracked ligament). It 
is shown that at the onset of  fracture instability, stress at the crack tip should be equal to 
zero and distinction to exist between maximum load and fracture load is clearly established. 
The performance of the model is evaluated in the light of experimental and numerical results 
obtained by various investigators in the case of notched plain concrete beams, with regard 
to several nonlinear fracture parameters, such as, nonlinear process zone length, critical 
crack opening displacement, load versus crack mouth opening displacement curves and GF. 
It is demonstrated that the model can predict quite accurately the maximum load of a wide 
variety of beam specimens reported in the literature. Some of the theoretical aspects adopted 
in the present model are addressed in the following sections. 

2. Softening behaviour of concrete in tension 

The direct tensile tests performed by various investigators [15-19] have shown that the 
overall load-elongation curve presents a peak followed by a softening branch. Based on these 
tests, it has been asserted that before global rupture, a fracture process zone (damage zone) 
forms locally. The material in the fracture process zone softens, while the material in the 
undamaged portion still behaves in a proportional manner. Hillerborg et al. [6], have 
assumed the behaviour of tensile fracture zone to be a material property. Carpinteri [10, 20] 
has explained the size effects on the descending branch of the stress-strain curve which appears 
to vary with specimen size. He has pointed out that, similarity between physical fracture 
behaviour of the specimen (global) and the behaviour of the fracture process zone (local) can 
exist only if the fracture process zone length is proportional to the size of the structural 
member. However, with increasing size of the specimens, though softening in the fracture 
process zone can take place by the same extent, physical fracture behaviour of the specimen 
can proceed in a totally different manner. It has been summarized by Carpinteri [21] that by 
increasing the nonlinearity of the material, a transition in the fracture behaviour observed 
with decreasing structural sizes can be achieved. It has been fairly well established [15, 19] 
that unique post-peak stress versus strain or deformation diagram does not exist in concrete. 
In the present model, the strain softening modulus is considered to be a structural property. 

3. Structural behaviour of plain concrete beams 

As plain concrete is relatively weak in tension, the ultimate strength of  such a beam primarily 
depends on the limiting tensile strength of concrete and the nature of  its distribution across 
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Fig. 1. Beam nomenclature, (a) Longitudinal section of the beam, (b) Cross-section at mid-span. 

the uncracked ligament. Since the stress-strain curve is influenced by the structural size, a 
unique constitutive law describing the stress variations with increasing strains especially in 
the post peak region cannot exist. Figure 1 (a) shows the longitudinal section of the beam and 
l(b) the cross-section at mid span. Considering the two extreme idealizations for the 
stress-strain curve indicated by the lines E* = o9 and E* = 0 (Fig. 2(a)), E* being the ratio 
of strain softening modulus, Er, to initial modulus of elasticity, E, stress distributions 
obtained across the uncracked ligament are respectively as in Figs. 3(a) and 3(b). Assuming 
that, the maximum moment carrying capacity of the beam is governed only by the net section 
strength of the uncracked ligament and for the stress distribution of the type shown in 
Fig. 3(a), M m a  x = atbD2/6 is obtained. Denoting atbD2/6 as M n, the value of the ratio 
M .... /Mn, equal to unity, for E* = oo, is obtained. Similarly with reference to Fig. 3(b) and 
in the limit c~ and /3 tending to z e r o  Mma×/M ~ equal to three, for E* = 0, is obtained. 
Mm~x/M n = 1, represents brittle fracture and that equal to 3, represents plastic collapse. The 
assumptions involved in obtaining these values of Mmax/M n a r e  that, concrete in tension 
behaves as a linear elastic perfectly brittle or plastic material, while in compression it still 
behaves in a linearly proportional manner, which is justifiable with reference to Fig. 3(a). 
However, with Fig. 3(b), this requires concrete to possess an infinite compressive strength. 
Hence the value of Mmax/M n equal to three can only be treated as a hypothetical theoretical 
limit on the maximum value of Mmax/Mn, attainable by a section of the beam. Different 
values of M ..... /M  n in the range 1 to 3 can be obtained with different stress distribution 
diagrams of the type shown in Fig. 3(c), in which the value of E* will lie between infinity 
and zero, thus representing the transition in fracture behaviour. From the above reasoning, 
it can be concluded that the value of the ratio Mmax/Ml~ c a n  serve as an indicator for 
characterizing the type of fracture process. Further, the ratio can be determined very easily 
from experimental results. Basic concepts of the proposed model along with mathematical 
expressions are outlined in the following sections. 

4. Proposed model 

Since concrete is generally known to exhibit strain softening in tension, brittle fracture or 
perfect plastic collapse seem to be only idealizations. Hence by modelling concrete according 
to the strain softening behaviour and by varying the strain softening slope between infinity 
to zero a transition between the two extreme idealizations can be achieved. Since Mmax/M n 
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Fig. 2. Constitutive laws for concrete, (a) stress-strain diagram in tension, (b) and (c) are respectively linear and 
nonlinear stress-strain diagrams in compression. 

can characterize the type of fracture of the beam of given dimensions, it becomes necessary 
to determine the stress block across the uncracked ligament. 

The stress-strain diagram for concrete in tension can be approximated to be bilinear as 
shown in Fig. 2(a). The stress a in the strain softening range can be expressed as, 

a = a, - Er(e -- 5,) (4.1) 

in which o-, = limiting uniaxial tensile strength, Er = strain softening modulus, ~, 5, = tensile 
strain corresponding to o- and o 5 respectively. 

With the additional assumptions regarding compressive stresses to vary linearly (Fig. 2(b)) 
with increasing strains (being justified in Section 4.3), and the strain distribution to possess 
linear variation across the uncracked ligament, stress and strain distribution obtained across 
the uncracked ligament are shown respectively in Figs. 3(c) and 3(d). The assumption that 
plane section remains plane even after deformation is usually made in the derivation of beam 
theory. This assumption is valid for slender beams as shear deformation effects are negligible 
and is certainly not valid for deep beams. Regarding the validity of this assumption in the 
case of beams with notches or cracks it is worth mentioning that a large number of tests on 
reinforced concrete members have indicated that this assumption is very nearly correct at all 
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Fig. 3. Stress and  strain d is t r ibut ions  (a), (b) and  (c) are respectively the stress blocks for E*  = 0% E*  = 0 and  
oo > E*  > 0, (d) s t rain d iagram,  (e) stress block for oo > E*  > 0. 

stages of loading up to flexural failure. Certainly it is accurate in the compression zone of 
the concrete. This assumption may not be completely valid in the immediate neighbourhood 
of a crack. However if the concrete strain is measured over a gauge length that includes 
cracks, it is found that this assumption is valid. Since in this work attention is focussed upon 
mode I type of fracture of slender beams only, this assumption seems to be very reasonable 
and by virtue of which the model is considerably simplified. 

e can be expressed as (Fig. 3(d)). 

s - ,8 ~' ( 4 . 2 )  

Substituting for e as given by (4.2) in (4.1), one obtains 

Ere,(1 -- ~ -- `8) 
G = a , -  /7 (4.3) 

Replacing e, by a,/E, and denoting ErIE as E*, (4.3) can be written as 

o- = a, I 1 - E *  (1 - c ~ - ` 8 ) ]  (4.4) 
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a c = ~ o ,  (4.5) 

Thus with a knowledge of ~, ]3 and E r, the stress block across the uncracked ligament can 
be completely characterized through (4.4) and (4.5). Since the cracked section is in equi- 
librium, fundamental  equations of  equilibrium have to be satisfied up to the onset of 
fracture. As the cracked section is not subjected to any externally applied horizontal force, 
the total compressive force shall be equal to the total tensile force. Further,  the moment  of 
resistance developed by the net section shall be equal to the external bending moment.  

Referring to Fig. 3(c), and invoking the first condition of  equilibrium, 

1G.c~Db = }a,]3Db + ½(o, + o) (1 - c~ - ]3)Db (4.6) 

is obtained. 
Substituting for o- and o-,, 

written as 
according to (4.4) and (4.5), (4.6) after simplification can be 

~2(1 + E*)  + 2~(]3 + E*]3 - E*) + []32(1 + E*) - 213(1 + E*)  + E*] = 0 

(4.7) 

The roots of  the above quadratic equation are given by 

-(]3 + E*]3 - E*) +_ ,,/213E* + 2]3 - E* 
= (4.8) 

(1 + E*)  

According to moment  equilibrium condition, if M is the external bending moment  acting on 
the cross-section, then moment  of  the tensile forces about  the centre of  compression can be 
written as 

b D  2 
M - 

6 
- --[2o-,]3(c~ + ]3) -+- o-(1 - ~ - ]3)(~ + 3]3 + 3) 

+ ( o - , -  o 9 (1  - c~ - fi)(~ + 2fi + 1)] (4.9) 

Substituting for o- according to (4.4), (4.9) after simplification can be obtained in the 
following non-dimensional form. 

M - 3 - 2 ~ +  E * ( f l +  2~) [ 1 Mn fl (2fl + 2~ -- 1) -- (~ + fi)2 1 + E*(fifi+ 2) (4.10) 

It can be easily verified from (4.10), that  for E* = co, fi = c~ = 0.5, 214/34,, equal to unity 
is obtained. Likewise for E* = 0, c~ = fi = 0, M/Mn equal to three results. 
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4.1. Solution procedure 

Only two equations (4.8 and 4.10) are available to determine three unknown parameters c~, 
/~ and E*, required to completely characterize the stress block across the uncracked ligament. 
Thus, the solution in a straightforward manner seems to be impossible. However, by 
assuming values for E* and /~, ~ can be obtained according to (4.8) and hence M/M,, 
according to (4.10). Since arbitrary values are obtained with this approach, it becomes 
necessary to check for their physical admissibility. With this in view, the following additional 
conditions are developed. 

CONDITION 1: For any given value of E*, the minimum value of ¢/shall be such that the 
quantity inside the radical sign in (4.8), that is, x/2/~E* + 2/3 - E* should be equal to zero, 
for c~ to be positive and real. This condition is used to get an initial admissible value for e, 
for an assumed value of fl, and to eliminate the imaginary roots of the quadratic equation. 

CONDITION 2: Since two distinct values for c~ are obtained according to (4.8) for various 
values of/3 and E*, the physically admissible value for ~, is the one which is not only positive 
but also yields M/Mn obtained from (4.10) as a positive quantity. 

CONDITION 3: The value of ~ and/3 shall be such that (c~ + /?) cannot be greater than unity. 

CONDITION 4: Experimental studies [15-19] reveal that corresponding to any stress level, 
pre-peak strain is less than post-peak strain as measured from the peak, i.e., AB < AC in 
Fig. 2(a). With this assumption, maximum value of E* is fixed to be unity, with the minimum 
value of E* equal to zero. The validity of this condition depends on the length of the tensile 
specimen. If it is very large it seems to be possible that a softening branch with a positive 
slope can result. In such cases this condition is not valid. 

With the conditions 1 to 4, operating on the values of ~,/3 and E*, the following solution 
procedure is proposed. 

1. For any assumed value of  E* in the range fixed by Condition 4, the minimum value of 
/~ is obtained according to Condition 1. The corresponding value of ~ is evaluated from (4.8). 

2. This value of c~ is checked for its admissibility according to Conditions 2 and 3. The 
corresponding value of M/M,, is obtained from (4.10). 

3. The minimum value of/3 is then incremented by a small amount and the whole 
procedure is repeated till a limiting stage according to Condition 3 is reached. 

With this solution procedure some of the important results obtained are discussed below 

4.2. Discussion of results 

Variation of M/M,, with ~." The variation of M/M,, for various values of/~, for some of the 
representative values of E* in the range zero to unity is shown in Fig. 4. From this figure 
it can be seen that M/M,, is found to increase from unity corresponding to a maximum value 
of/~, attaining a maximum value at some intermediate value of/3 and then showing a 
decreasing trend with a corresponding reduction in the value of/3. This variation is found 
for all values of E* other than zero. However with E* = 0, M/Mn is found to increase 
continuously with a corresponding reduction in the value of fl and attains a maximum value 
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corresponding to a minimum value of/~. Similar variation of c~/fi for various values of fi is 
found. 

Variation of Mma×/m , with E*: Mmax/m~ values obtained for various values of E* in the 
range 0-1 is shown in Fig. 5. Increase in the value of E* causes a corresponding decrease 
in the Mma~/M ~ value. Even a small increase in the value of E* from zero results in a steep 
decrease in the value of Mmax/M,,. However, this rate of decrease of Mm~x/M,, reduces for 
increasing values of E* and proceeds with much slower rate as E* approaches unity and 
thereafter. 

Variation of M/M,, with ~/~: The variation of MtM,, with ~lfl for some of the representative 
values of E* in the range zero to unity is shown in Fig. 6. From this figure it can be seen 
that, both M/M,, and ~//~ increase from unity, till M/M, reaches a maximum value M .... /M,,. 
Beyond this stage, ~//~ increases and attains a maximum value with a corresponding reduction 
in the value of M/M,,. Further, c~//~ decreases with M/M,. This interesting variation is found 
for all values of E* other than zero. However for E* = 0, both M/M,, and ~//~ are found 
to increase continuously. 

4.3. Effect of nonlinear stress-strain law in compression 

The stress-strain relationship for concrete in compression can be written as [22] (Fig. 2(c)) 

E•! 
o-' - ( 4 . 1 1 )  

keo / 
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in which E = initial tangent modulus = 20-max/80 ,  % = strain corresponding to peak stress 
o- . . . .  6' = strain corresponding to the stress a'. 

The stress distribution obtained across the uncracked ligament is as shown in Fig. 3(e). 
The total compressive force is obtained as 

C = fo ~ o ' b d x  (4.12) 
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Substituting for e' = xet/fiD in (4.11), after performing the integration and substituting the 
limits, the following equation for C results 

bEfiDe~ in 1 + (4.13) 
C - 2,s, \/%o ] ] J  

According to the force-equilibrium condition, the following relationship results. 

bEfiDe~ in 1 + = ½~r, Ob fl + 2(1 - ~ - fi) - 
2e, \ fie0 ] ] J  fi- 

(4.14) 

Substituting a, = Ee t, in (4.14), and after rearranging, the following equation is obtained 

c?E* + 2c~(fi + fiE* - E*)  + fi2 1 + E* + - s i n  1 + 

- 2fi(1 -t- E * )  + E *  = 0 ( 4 . 1 5 )  

The ratio (o~a,/fleo) 2 which appears in (4.15) will be less than unity for all values of  o~/fi which 
depend on E* which are possible in a real plain concrete beam. For  example, for e, = 0.0001 
and ~0 -- 0.002, which are standard peak values in tension and compression respectively, the 
ratio o~e,/fieo will be less than or equal to unity for values of  o~/fl less than or equal to 20. The 
ratio c~/fl = 20 implies an extreme compressive fibre strain of  20 ~, (Fig. 3(d)), which is 
impractically large in a plain concrete beam. Therefore, it may be concluded that for all 
practical considerations o~/fi will be very much less than 20 and thus ore,/fie o will be very much 
less than unity. Expanding the logarithmic quantity in (4.15), in the form of  series and 
retaining only the first term of  the series expansion, one obtains 

~2(1 + E * )  -t- 2~(fl + fiE* - E * )  + /~2(1 -}- E * )  - 2j~(1 -{- E * )  -}- E *  ~- 0 

(4.16) 

Equat ion (4.16), is exactly of  the same form as (4.7) obtained by considering a linear 
relationship between the compressive stress and strain. 

The centre of  compression is evaluated as, 

f2 D o-'x dx 
2 (4.17) 

I ~v G' dx 
J0 

in which x and 2 are measured from the position of  the neutral axis. 
Performing the integration and substituting the limits, (4.17) can be written as 

22[- ~D tan 1 (0~Dx/~) ] 

2 = (fiDe0) 2 In (1 + Qo~2D 2) (4.18) 
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where Q = (er//3Deo) 2. 
Using the moment equilibrium condition, M/Mn, after simplification is obtained as 

M _ 3 - 6o~ + 3o~ 2 - -  / 3 2  _ E* (1 -- c~ - / 3 ) 2  

M,, /3 (2 - 2c~ + /3) 

6 [ 
+ In (1 -}- ~( ~gt'~2~/3g0 / / --2C~2 -b 2C~- C~/3- E* ~(1 -- c~ -- /3)2 

+ - - tan  -~ E*(e  - 1) 2 + (1 + E*) (/32 + 2c~/3 - 2/3) (4.19) 

Retaining the first term of the logarithmic series and the first two terms of the inverse tangent 
series, (4.19) simplifies to 

M 
- 2~ + E* (fl + 2)(2~ + 2 f i -  1) - (c~ + fi)2/11 + E* (fl + 2)|\  (4.20) 3 

/3 \ /3 / 

Equation (4.20) is of exactly the same form as (4.10), obtained by considering a linear 
variation between compressive stress and strain. Hence the assumption of linear variation 
of compressive stresses with increasing strains is very reasonable. 

4.4. Onset of fracture instability 

In the present investigation fracture instability is defined as the stage at which real crack tip 
propagation occurs. This can be expected to occur only when the process zone develops into 
a real crack. Once a real crack forms, stresses cannot be transferred across them. This implies 
that for real crack tip propagation, stress at the crack tip after attaining the peak value 
should eventually reduce to zero. However, it is not known whether this condition will ensure 
fracture instability. This question is examined further. 

Beam of given cross-sectional dimension and material property has a certain value of M~. 
Any increase or decrease in the M/M, value obviously necessitates a corresponding increase 
or decrease in the applied load. The ratio ~/fi represents the variation of compressive stress 
or strain at the topmost fibre of the beam. The observed variation of M/M,, with c~/fi, 
(Fig. 6), can also be interpreted as follows:- 

Compressive stress or strain continues to increase with load P, till P reaches a maximum 
value Pnlax. Further increase in compressive stress or strain till the attainment of maximum 
value results in a reduction in P. Beyond this stage compressive stress or strain reduces with 
a corresponding reduction in P. This interesting variation of compressive strain with P, is 
found to follow the same trend recorded experimentally by Hillsdorf [23]. 

Hence the stage corresponding to the maximum value of c~/fl can be considered as the 
limiting stage of stable equilibrium when the onset of fracture instability can be expected to 
occur, provided the necessary condition (i.e. o- at the crack tip = 0) for crack propagation 
is satisfied. In order to verify this, the stress at the crack tip has to be evaluated according 
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to (4.4), in which c~ and/3 shall be such that ~//3 is maximum. The procedure to determine 
the values of  e and/3,  corresponding to a given value of  E*, so that e//3 is maximum is 
demonstrated in the following section. 

4.4.1. Condition for  fracture instability 
From (4.8) and by using the principle of  extremum values, the following relationships for the 
determination of  the values o f~  and/3, such that the ratio ~//3 will be maximum, are obtained 

c~ = - -E*  + x /E*(1  ÷ E*)  (4.21) 

E*(1 + E*)  - E ' x / E * ( 1  + E*)  
/3 = (4.22) 

(1 + E*)  

Substituting the values of  e and/3 according to (4.21) and (4.22) in (4.4), stress at the crack 
tip is obtained as, 

O" = fit 1 -- (4.23) 

It is evident from the above equation, that a reduces to zero for all values of  E* other than 
zero. 

Hence from the discussion given above, it can be concluded that the essential condition 
that the stress at the crack tip equal to zero is also the condit ion for crack propagat ion to 
occur in an unstable manner. 

4.4.2. M/Mn vane corresponding to maximum vane of  ~//3 
M/Mn value at any stage can be evaluated provided the stress block corresponding to that 
stage is completely characterized. 

The stress distribution across the uncracked ligament is shown in Fig. 7(a). 
According to the moment  equilibrium condition, the following relationship is obtained. 

M 
[- 

2 ½ G (1 - /3)Db I~ c~D + /3D + = ½a,/3Db[2c~D + xriD] + - c~ 
L 

D - c~D - f lD~ 

I 3 

(4.24) 

C~c 

c L 
k 
~3D 

T ~-- [3) 

c~  ~c 

Act 

k 

Y 
NQcro c r a c k  

3_ 

(a) (b) (c) 

Fig. 7. Stress diagrams, (a) at the onset of fracture instability, post-peak M/M,, equal to unity (b) beyond fracture 
instability, post-peak M/M,, less than unity and (c) corrected for macro crack growth. 
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Substituting for ~ and /3 according to (4.21) and (4.22), (4.24) after simplification, yields 
M/M,, = 1. From the above discussion, it is clearly established that fracture of plain 
concrete beams occurs at post-peak value of  M/Mn equal to unity. In other words in terms 
of P, it is concluded that, fracture of plain concrete beams occurs in the post-peak range at 
a reduced value of P and not at P r n a x  itself, thus clearly a distinction is drawn between the 
fracture load and maximum load of beam specimens. 

5. Nonlinear fracture parameters 

Having traced the sequential developments of the proposed model in the preceding sections, 
its performance for practical applications is evaluated in the light of several experimental and 
numerical results available in the case of notched plain concrete beams with regard to several 
nonlinear fracture parameters, such as, nonlinear process zone length, crack tip opening 
displacement, crack mouth opening displacement and fracture energy. The implementation 
of the model and the computational procedure adopted in the evaluation of nonlinear 
fracture parameters are demonstrated in the following sections. 

5.1. Length o f fracture process zone 

Fracture process zone is defined as that part of the beam in the tension zone where softening 
occurs. For initial load applications, till stress at the crack tip attains a,, the length of this 
zone is zero. Beyond this stage, the process zone starts to develop and attains a maximum 
length prior to fracture. Referring to Fig. 7(a) the length of  this zone is given by, 

L ,  = (1 - - -  p ) D  ( 5 . 1 )  

Substituting for e and/~ according to (4.21) and (4.22), (5.1) after simplification leads to the 
following equation. 

E* 

E * + l  =I1 L 2 

Denoting 1 - (Zpmax/D) as A, (5.2) assumes the form 

A 2 
E* - (5.3) 

1 - -  A 2 

For A = 1 in (5.3), E* tends to infinity, indicating a brittle fracture behaviour and from 
the definition of A, (Lp)m, x =0  is implied. Likewise perfect plastic collapse is indicated 
when A -- 0, for which E* = 0 and Lpm,x = D. Similarly with E* = 1, A = 0.707 and 
Lpm,x = 0.293D are obtained. This indicates the transition in the fracture behaviour. Hence 
it is concluded that the type of fracture behaviour is well revealed through the extent of 
formation of the nonlinear fracture process zone, prior to fracture. The key factor controll- 
ing Lpmax is E l~. For values of E* in the range 1 to zero considered in the present work, Lpmax 
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is found to vary between 0.293D to D, thus theoretical lower and upper limits for Lpmax are 
clearly established. 

The procedure to calculate Lpmax is straightforward provided the value of E* is known. In 
practical situations, E* is an unknown quantity. However, E* can be evaluated by using the 
present model and from the knowledge of results obtained in experiments, by adopting the 
following procedure. 

1. Based on cross-sectional dimensions adopted and the material properties being given 
or assumed, the quantity M, is determined. 

2. Mma x is obtained in a straightforward manner from the information regarding Pmax 
obtained through experiments and hence the ratio Mmax/Ml~. 

3. E* is then directly obtained from Fig. 5. 
Having determined E* corresponding to any practical situation, A is obtained from (5.3) 

and hence Lpmax. From the knowledge of Lpm,x, other nonlinear fracture parameters can easily 
be evaluated. 

5.2. Crack tip opening displacement [CTOD] 

Crack of given length "a" (Fig. 8(a)) is replaced by a fictitious crack of length "(a + Lp)" 
and subjected to the same external bending moment M (Fig. 8(b)), as well as to a crack 
closing force F (Fig. 8(c)), being determined from the knowledge of stress distribution in the 
fracture process zone, across the uncracked ligament. The force F being eccentric, is replaced 
by an equivalent system consisting of an axial force F and a moment 34. Superposition of 
schemes adopted in Figs. 8(b) and (c), results in a fictitious cracked beam (Fig. 8(d)) with 
crack length as, "(a + Lp)" and subjected to an axial closing force F as well as a moment 
M*, being the resultant of  M and 34. 

With an assumption regarding the centre of rotation being situated at the end of the 
fracture process zone, the crack tip opening displacement, t/, can be obtained as, 

tl = OL r (5.4) 

in which 0 = local rotation ahead of the crack tip. 
0 is computed according to the procedure described by Okamura et al. [24], as 

0 = --)~FM F + 2MM* (5.5) 

in which 2FM and 2 M are respectively the compliance coefficients of a cracked beam subjected 
to an axial force and a moment. The above procedure of determining 0, has also been 
adopted by Wecharatana and Shah [11] and Carpinteri [20]. 

Using the expressions for )~FM and 2M as given in [24], an equation for 0 can be obtained 
as, 

= 142.56(1 - v 2) 42 
EBW2 [VM(~)M* -- 0.167(1 + 2~)VFM(~)FW ] (1 -- ~)2(1 ÷ 24) 2 

in which ~ = (a + Lp)/W, v Poisson's ratio, VM(~ ) and VFM(~) are the parameters 
required for the determination of compliance coefficients. Values of VM(~) and VFM(~ ) for 
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~,, L~L -~0 
(a) 

(b) {c) 

(d) 

Fig. 8. Schematic representation of the method adopted, to compute CTOD/CMOD. (a) With actual crack length 
subjected to bending moment M, (b) and (c) are respectively fictitious crack length, subjected to M and crack 
closing force F, (d) resultant section. 

various values of ~ as tabulated in [24] are adopted in the present work. This procedure of 
determining CTOD is adopted mainly because of its simplicity in spite of the availability of 
more rigorous and accurate methods [25]. 

5.3. Crack mouth opening displacement [CMOD] 

This is evaluated in a similar way except that Lp in (5.4) is replaced by (Lp + a + thickness 
of clip gauge if any). Using the present model, complete P-CMOD curve from the beginning 
and up to the onset of fracture can be traced. With the following consideration P-CMOD 
curve even during the physical process of fracture can be obtained. Stress distribution 
obtained by the present model across the uncracked ligament for post-peak M/Mn values less 
than unity is shown in Fig. 7(b). Such stress distribution seems to be trivial, since com- 
pressive stresses cannot exist ahead of the crack tip. Further, based on the proposition that 
crack propagation proceeds as soon as stress at the crack tip becomes zero, the process zone 
starts developing into a zone of a macro crack, thus extending the original length of the 
crack, across which no stress transfer can take place. In view of this, suppressing the 
compressive stress distribution immediately ahead of the crack tip, one obtains a stress 
distribution across the uncracked ligament as shown in Fig. 7(c). M is obtained by taking 
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moment  of  tensile forces about the centre of  compression (Fig. 7(c)), thus determining the 
associated value of P. C M O D  corresponding to this stage is obtained in the usual way. 

F rom (5.6), it is evident that 0 and hence CTOD or C M O D  is a function of E. With 
increasing P, concrete undergoes progressive damage, thus usage of  the same value of  E at 
all stages of  loading seems to be inappropriate. From some approximate considerations, a 
method to estimate the value of E at all stages of loading is suggested below. 

5.4. Effective modulus 

The stress distribution across the uncracked ligament at some stage of loading and at which 
softening of  concrete in tension has occurred is shown in Fig. 3(c). The stress block has been 
divided into a linear elastic region (AB) and a softening region (BC) with E and E D being 
respectively the modulii of  elasticity. Following the law of  mixtures, the effective modulus 
of  elasticity Eel f is obtained as, 

Eel- = E(~ + fl) + Eo(1 - e -  fi) (5.7) 

E D in (5.7) can only represent the average modulus, since modulus of elasticity changes at 
different locations, with a minimum value, E at the location of  the crack tip, where obviously 
maximum damage can occur to a value E at the end of the softening region. 

Thus ED is estimated to be the average of  E and E" as, 

E + ~  
ED -- 2 (5.8) 

in which /?  = ale. 
With e t = at/E, e can be obtained from the assumption of  linear strain distribution across 

the uncracked ligament as (Fig. 3(d)), 

o- t (1 - ~) 
e - (5.9) 

E p 

Substituting for a and e according to (4.4) and (5.9) in the definition o f /? ,  the following 
relationship is obtained. 

~ = [ f i - E * ( 1  - c~- f i )  1 E (5.10) 

Using (5.8), (5.7) after simplification can be written as, 

E t? 
Ee." = 5 ( 1  + + + 5 - ( 1  - - (5 .11)  

It is interesting to note from (5.11), that  when c~ = fi = 0.5, Eel" = Eis  obtained. This seems 
to be correct since for P corresponding to these values of c~ and fi, damage to concrete has 
not yet occurred. 
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Having determined E* according to the procedure described in Section 5.1, c~ and fl are 
determined using (4.8) and (4.10), for any stage of loading./? can be obtained according to 
(5.10) and hence an estimate with regard to Eel f can be made from (5.11). 

5.5. Fracture energy 

Several definitions for GF are proposed by different investigators [6-8, 26]. In the present 
work, definition for GF as proposed by Hillerborg et al. [6] is adopted. Using (4.4) and (5.4), 
a and t/can be obtained for all stages of loading. Further, assuming post-peak values for a 
to vary linearly with r/right up to fracture, GF is obtained as, 

GF = ½r/ra~ (5.12) 

in which ~r is the crack tip opening displacement at the onset of fracture. 

6. Analysis of experimental data 

Most of the important experimental data available [23, 27-33] with regard to testing 
of notched plain concrete beams have been analyzed by using the present model. The 
implementation of the model requires a priori information regarding the values of E and a, 
of the concrete mix adopted. The reported values wherever available are adopted, otherwise 
they are suitably assumed. 

6.1. Discussion of  results 

P-CMOD curves over the entire range, obtained by using the present model in the cases of 
beams tested and reported by Jenq and Shah [30], are shown in Figs. (9) to (12). Values of 
E and a, adopted are indicated. The curves obtained compare very well with those of 
experimental and theoretical curves [30]. 

The CTOD corresponding to onset of fracture obtained for all the 80 beam specimens is 
found to be in the range 8 #m-73 #m, thus showing a strong dependence on structural size. 

~r ~ A- Theore t icat[30] 
6"u r / /  ~ _  --Experiment o| [30] 

2 " I I I  \ . ~ \  E =24292 N/rnm 2 
"~ 2 ~ ~..01// . ~ t - -  3.L,N/mm 

2° I,.o 
0 5 10 lS 20 25 

CMOD (10-2 rnrn) 
Fig. 9. Comparison of predicted P-CMOD curve, with theoretical and experimental curves [30]. 
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Fig. 11. Comparison of predicted P-CMOD curve, with theoretical and reported experimental curves [30]. 

Values of CTOD as obtained by different investigators [15, 17] at which no stress is 
transmitted are in the order of 20-40/~m. Reinhardt et al. [18] have reported the stress-free 
crack opening to be 160 #m for normal weight concrete. 

GF in all the cases is found to vary between 10-200 N m- ' .  Values of GF reported by Bazant 
and Oh [7] for various fracture test data, are in the range 15-280 N m -]. 

The value of Lpmax is generally found to increase with ( W - a) which is in accordance with 
the observation of Wecharatana and Shah [11]. However, the ratio Lpmax/(W - a) is found 
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to vary between 0.3 to 0.685, and to decrease with increase in ( W  - a). The values of  Lp .... 
obtained in all the cases is shown in Fig. 13, as a plot o f  Lpmax versus  ~t(W - a)/E. Since the 
value of  E* is known to depend on structural size, and a relationship connecting them is not 
available even from the tension test results [15, 19], the regression analysis procedure is 
adopted in the present work. An empirical relationship for predicting Lpm,x is obtained 
as, 

Lp .... = 5091.5 ~ ( W -  a) -- 46485.14 ( W -  a) (6.1) 
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The predicted values of Lp .... according to (6~1), are used to obtain values for A and hence 
E* according to (5.3). Mma~/M,, value is then obtained directly from Fig. 5. With this 
approach the predicted Mmax/M n values in 74 cases out of 80 cases investigated are found to 
be in close agreement with the experimental values• The discrepancy between the two values 
is in the range _+0.1%-_+ 17%. The remaining six cases where larger discrepancies are 
obtained are comprised of very small size beams tested by Walsh [28]. 

For values of a ,(W - a)/E < 5 x 10 -3, prediction of Pm~x is found to be very sensitive 
to the value of Lpmax given by (6.1). However, for larger values of < ( W  - a)/E, prediction 
of Pmax is found to be relatively insensitive to the value of Lpma~, since the change in the values 
of M m a x / M  n a r e  very small for larger changes in the value of E*, especially for values of E* 
between 0.5-1 (Fig. 5). Assuming a, /E  = 1/10000, (6.1) yields Lp .... = 0 for (W - a) = 
1.095 m. Since Lpmax = 0, corresponds to brittle fracture, the specimen size as obtained from 
the present investigation for the brittle fracture to occur should be greater than 1.1 m. This 
is in good agreement with specimen size requirements obtained by other investigators as 
summarized in [34]. Values of the ratio Lpm~×/(W -- a),  obtained according to (6.1) for 
various values of (W - a), are shown in Fig. 14, from which it is evident that Lpm~x/(W - a) 
decreases with increase in (W - a), a fact which corresponds to the effect of increasing 
structural size on the fracture behaviour. 

Figure 15 shows the influence of increasing values of (W - a) on the value of E* 
computed according to the present approach for assumed values of a, /E  = 1/8 000, 1/10 000 
and 1/12000. From this figure it can be observed that the value of E* increases with 
(W - a). However this increase is not proportional throughout. E* is found to increase 
rapidly for larger values of (W - a). 

It can be easily observed that the ratio Mm~x/M,~ is identical to the ratio of modulus of 
rupture (MOR) and 05 viz., MOR/o-,. Since Mm,~/M , is found to vary with respect to E* 
(Fig. 5), and E* is found to be dependent on (W - a), (Fig. 15), it is possible to study the 
variation of MOR/at  with respect to (W - a). This is indicated in Fig. 16. From this figure 
it is evident that as (W - a) increases, the value of the ratio MOR/o-, decreases and is found 
to approach almost unity for ( W -  a) equal to 1000mm. From this the influence of 
structural size of both notched and unnotched beams on the value of M O R  can be easily 
understood. The theoretical prediction of size effect on MOR according to the two-parameter 
fracture model [13], is also shown in Fig. 16. This curve has been obtained from the suggested 
value of Q = 12.08 inches. 

From the proposed equation (6.1) for determining Lpm.~ it can be observed that, in the case 
of beams possessing identical material properties and the same uncracked ligament the 
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values of L r .... remain unaltered. The values of E* and Mmax/M ~ will also be the same. 
Hence, in the case of beams possessing the same material properties, span, breadth, 
and uncracked ligament, identical values for Pma× are obtained irrespective of the over- 
all depth W of the beam. This observation is verified experimentally by performing several 
tests on notched beam specimens [35]. In these tests the material properties, span, breadth 
and the uncracked ligament are maintained to be the same while the overall depth of 
the beams is varied. The indicated values of Pmax are also corrected for self weight and 
additional loads acting on the beam specimens. The experimental results indicate that Pmax 
of the smaller beams is 5 percent more than the Pm~x for larger beams, although the 
uncracked ligament is the same in both cases. This observation requires further experimental 
confirmation. The discrepancy between the predicted values of Pmax using the present 
approach and the test results is again found to be within 10 percent, which is acceptable in 
a material like concrete. 
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Several theoretical models namely, fictitious crack model (FCM) [6], blunt crack band model 
(BCM) [7], modified fictitious crack model (MFCM) [8] and two parameter fracture model 
(TPEM) [13] have been proposed so far to analyse the fracture behaviour of plain concrete 
beams. The primary objective of all these models including the present one is to predict/°max 
Hence it is interesting to compare the values of Pmax predicted according to different models. 
The results of such a comparative study are summarized in the following paragraphs. 

Nallathambi et al. [8] have compared the prediction of Pmax by using different numerical 
models for the case of a beam tested by them. FCM, BCM, and MFCM are found to 
overestimate Pmax by 28.6%, 24% and 22.3% respectively. Using the values reported in [8] 
for o 5 (3.1 N mm 2) and E (33 000 N mm-2), the present model is found to underestimate 
Pmax by 14.54 percent. 

Peterson [4] has compared the theoretical results obtained by using FCM with the 
experimental results. From the test results the average value of Pmax is found to be 768.75 N. 
The theoretical values of Pmax according to FCM and corresponding to linear and bi-linear 
approximations of the post-peak stress versus crack opening displacement diagram are 
found to be 893.75N (+  16.26%) and 762.5N ( -0 .8%) .  /°max obtained according to the 
present model for the same values of a, and E is 765.9 N ( -  0.4%). 

The values of P .... in the cases of beams tested by Jenq and Shah [30] are also evaluated 
according to the present model and TPFM. Pma× determined by experiments for large, 
medium and small beams are 6791 N, 2636 N and 829 N respectively. The predicted values 
of Pmax according to TPFM are 4522N ( - 3 4 % ) ,  2157 N ( -  18%) and 577 N ( - 3 0 % )  and 
according to the present model are 5865 N ( - 14 %), 2644 N ( + 0.3 %) and 672 N ( - 19 %) 
respectively. The computation of/°ma x according to TPFM is based on the average values for 
the two parameters reported by Jenq and Shah [13], while the values of Pmax according to the 
present model correspond to an assumed value of 05 = 3.15 N mm -2 (one-eighth of reported 
value of compressive strength [13]) and the reported value of E. It can be observed that the 
values of P .... predicted according to the present model are in better agreement with the 
experimental values. It is worth mentioning that by assuming different values for 05 and E, 
much better prediction of/°max can be made by using the present model. This can be observed 
in Figs. 9 and 10. It is to be noted that the values of E indicated in Figs. 9 and 10 are very 
nearly equal to the value of E calculated from the well known relationship viz., E = 
57 000,,~7j psi. 

8. Conclusions 

Based on the results obtained according to the proposed model the following conclusions are 
made. 

1 Softening behaviour of concrete in tension as characterized by the strain softening 
modulus is a structural property. 

2 The ratio of maximum bending moment to net section strength can characterize the 
fracture behaviour. The value of this ratio equal to unity, indicates brittle fracture, while 
equal to three refers to plastic collapse. Fracture instability can be expected to occur as soon 
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as the stress at the crack tip reduces to zero. Plain concrete beams exhibiting linear strain 
softening behaviour are found to fracture in the post-peak region at a value of the ratio of 
bending moment to net section strength equal to unity and not at maximum bending 
moment itself. 

3 Nonlinear fracture parameters such as crack tip opening displacement, crack mouth 
opening displacement, and fracture energy are highly size dependent. 

4 The extent of formation of the fracture process zone across the uncracked ligament 
depends on the strain softening modulus. The ratio of  the length of the fracture process zone 
to the size of  the uncracked ligament decreases with increase in depth. 

5 The proposed procedure to predict the maximum load is found to be very sensitive to 
the value of uniaxial tensile strength for smaller specimens. 

6 Nonlinear constitutive law for concrete in compression has very little influence on 
the fracture behaviour and hence on the maximum load predicted according to linear 
relationship. 

7 The ratio of modulus of rupture to uniaxial tensile strength decreases with the increase 
in the size of  the uncracked ligament and brittle fracture can be expected to occur in the case 
of plain concrete beams possessing an uncracked ligament depth greater than 1.1 m. 

8 The proposed model called Softening Beam Model (SBM) is based on some simple and 
rational considerations and can completely describe the fracture process from the beginning 
of formation of the fracture process zone till the onset of fracture instability. 
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R6sum6. A l'aide d'un mod+le unidimensionnel dit "Softening Beam Model" (SBM), on analyse le comportement 
la rupture de poutres 61anc~es pleines entaill+es ou non, soumises en flexion en trois ou quatre points. Des 

~quations fondamentales d'6quilibre sont utilis6es pour d6velopper le mod61e. On explique l'influence de la taille 
du composant sur l'alt6ration du mode de rupture en rupture fragile et en effondrement plastique par la 
distribution par la distribution des contraintes sur le ligament non fissur6 lorsque varie le module d'adoucissement. 
On trouve que la contrainte fi l'extr6mit6 de la fissure est nulle est nulle au d~but de l'instabilit6 de la rupture. La 
charge maximum et la charge fi la rupture sont trouv+es diff+rentes, et on obtient une valeur unique de la charge 

la rupture. On montre que la longueur de la zone concern6e par le processus de rupture d'pend de la valeur du 
module d'adoucissement. On calcule 6galement les limites th~oriques de longueur de cette zone. Divers param~tres 
de rupture non lin6aire sont calculus pour une large gamme d'~prouvettes en poutres reprises dans la litt~rature; 
on trouve qu'il existe une bonne concordance avec les r6sultats exp6rimentaux et th6oriques. On d6montre qu'en 
suivant une proc6dure simple on peut obtenir avec une bonne pr6cision la courbe reliant les portions avant et apr6s 
le pic de sollicitation en fonction du COD de la fissure. En outre, on d6veloppe une proc6dure simple pour calculer 
la charge maximum. Les valeurs pr6dites sont en bon accord avec les valeurs exp6rimentales. Le mod61e SBM 
propos~ est tr6s simple et est bas6 sur des consid6rations rationnelles. I1 est susceptible de dbcrire compl~tement 
le processus de rupture depuis le d6but de la formation de la zone int+ress6e jusqu'/t l'amorgage de la rupture 
instable. 


