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Abstract-This paper considers the problem of asymptotic 
stability in the large of an autonomous system containing a single 
nonlinearity. The nonlinear function is assumed to belong to several 
subclasses of monotonically increasing functions in the sector (0, K ) ,  
and the stability criterion is shown to be of the form 

6’ 
ReZGw) 

where the constant 6’ is equal to Z( =) -Zp( =) and Z,(s) is a Popov 
multiplier. The multiplier Z(s) can, in general, have complex con- 
jugate poles and zeros and is thus more general than the type of 
multipliers obtained in previous results. The nonlinear functions con- 
sidered are odd monotonic functions, functions with a power law 
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restriction, and a new class of functions with restricted asymmetry 
having the property 

for all 8. Unlike in certain earlier publications, no upper bound is 
placed on the derivative of the nonlinearity here. 

The results obtained can be used to establish stability in some 
cases even when the Nyquist plot of the linear part transfer function 
lies in all four quadrants and the nonlinearity is not necessarily odd. 
Furthermore, it is shown that the conditions on the multiplier and, 
consequently, those on the linear part can be relaxed as  the feed- 
back function approaches linearity. 

I. INTRODCCTIOS 

H E  PROBLEM of stability of an autonomous 
system containing a single instantaneous non- T linearity has attracted considerable attention. 

Interest in this problem was aroused by a conjecture of 
Aizerman which states tha t  if the linear system ob- 
tained by global linearization is asymptotically stable, 
the nonlinear system is asymptotically stable in the 
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large (-ASIL). However, in this form the conjecture \\-as 
found to be false, and this led to  the study of the prob- 
lem formulated by Lur’e as one of finding the conditions 
on the linear part which ensure stability with any non- 
linearity confined to  first and third qudrants. In a very 
original contribution, Popovrll gave an elegant fre- 
quency-domain solution to the problem. With this cri- 
terion the restriction on the linear part turns out  to  be 
quite severe, and hence stabilitj can be proved only 
for a small class of systems. Attempts \\-ere made by 

Brockett and JYi.’illem~,[~1 and Narendra and 
Neumanr41 to  impose more restrictions on the nonlinear- 
ity and relax conditions on the linear part transfer 
function. 

I t  has been shownr31 that  sufficient conditions for the 
stability of such a system can be stated in the form of 
positive realness of the product of a multiplier function 
Z(s) and the linear part transfer function. The  multi- 
plier can be any positive real function for a linear system 
whereas it is restricted to the form (cr+fk) in the Popov 
case where the nonlinearity is almost unrestricted. Thus 
the conditions on the linear part can be relaxed by 
admitting the multiplier to  be a more general positive 
real function. 

For an odd monotonic nonlinearity, the results 
derived earlierr31 restrict the multiplier to have either 
real poles or real zeros. In the present paper a more 
general type of multiplier having complex conjugate 
poles and zeros is shown to  be admissible utilizing the 
approach of Karendra and Seuman.[*] In addition, a 
new class of nonlinearities with a restricted odd property 
is introduced, and i t  is shown tha t  complex conjugate 
poles and zeros can be permitted in the multiplier under 
somewhat more restrictive conditions. Criteria valid for 
nonlinearities n-ith a power law restriction are also 
derived. 

The  possibility of using such a form of multiplier is 
mentioned in a recent paper by O’Shea[’] which ap- 
peared after the present paper had been submitted. 
Hou-ever, no concrete examples are given and, further- 
more, the nonlinearity is assumed to be odd, a property 
n hich is not necessary for some of the results presented. 

11. STATEMENT OF THE PROBLEM 

is described by the vector matrix equations 
The  dynamic system considered in this paper (Fig. 1) 

3i. = A x  - bf(u) 

u = hTx (1) 

where x, b ,  and h are n vectors, A is an nXn stable ma- 
trix, and u is a real scalar time function. 

I t  is assumed thatf(o) belongs to the class :II ,n .4~, [~1 
i.e., f ( 0 )  is continuous,f(O) =0,  

o < ej(e) < m, e z o (2) 

0 5 (01 - e2> [ f ( e J  - f(62) 1 (3) 

for all 0, el, and OZ. 

u 
Fig. 1. The nonlinear system. 

The problem is to find sufticient conditions for ASIL 
of (1) for a11 f(cr)  belonging to  certain subclasses (de- 
fined in the sequel) of 3 1 ~ % 4 ~ .  

111. PROPERTIES OF THE LINEAR PART 
I t  can easily be derived from (1) that  the transfer 

function G(s) relating the output u to the input -f(u) 
is given by 

G(s) = k’(~1 - ,4)-’b. (4) 
The main properties of G(s) are stated through the 

follon-ing lemma. The  proof follows that  in Narendra 
and Seuman.l41 

Lemma I 

Let s = - A  f j p  be a pair of zeros of G(s) + 1/K. Let B 
be a complex n X n  matrix defined by 

\There q is a complex scalar and B is a real positive num- 
ber. Then, 

,%lso if B is defined as above and if hTBb = q/BK, then 

Corollary: Let R=B+B* and g=j(B-B*) .  Then, 
-X+jp is a zero of G(s )+l /K .  

Re hTB(sI - A)-% 

’*” ] [G(s) + 1/R] = Re 

Re IzT4(sI - A)-lb 

where * denotes the complex conjugate and 2 Re q=q 
+q* and 2 Im q= j (q -q * ) .  
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IV. ODD MONOTONIC NONLINEARITIES 
A .  The Nonlinear Functioit 

If the feedback function is odd in addition to being 
monotonically increasing, i.e., f E  O , n A K ,  i t  can easily 
be shown that  the following inequalities are satisfied in 
addition to  (2) and (3) 

1 

K 
(el - ed  Li(el) + f(e2> 1 - - f(el)f(ez) 2 0 

B. The Liupunoa Function 
The Lur'e type Liapunov function has been modified 

by Narendra and P \ ; e~man[~]  by introducing additional 
integrals of the nonlinear function. The same type of 
Liapunov function has been used by Brockett and 
Il~illerns[3~ in a somewhat different form. The  Liapunov 
function in the formerr41 yields a multiplier which has, 
as its poles, the real zeros of G(s) + 1/K. Thus, even with 
odd monotonic feedback the result offers no improve- 
ment over the Popov criterion for cases in which G(s) 
+l/K has only complex zeros. In order to  deal with 
such situations, a new Liapunov function is introduced 
in this section, and a stability criterion which uses a 
multiplier with complex poles and zeros is derived. 

In  their Liapunov function, Xarendra and Neuman 
have made use of integrals with upper limits of the form 
hTBx where B is a real matrix dependent on the real zeros 
of G(s)+l,/K. For complex zeros, the matrix B be- 
comes complex, and hence it seems logical to  introduce 
limits of the form h,TRx and hTgx which depend on the 
real and imaginary parts of the B matrix. 

Thus consider as a candidate for a Liapunov function 

p hTz 

i takes on values from 1 to a1 and K takes on values 
from (cl+l) to D, where v1 and a are arbitrary non- 
negative integers. 

The time derivative of T'along the trajectories of (1) 
can be written as 

v = + X T ( A T P  + P d ) x  

- f ( h T x ) x T ( P b  - p o A T l z )  - p0hTbf"hT.) 

+ C [/3if(Bi)IzTRiA.x 4- Pi'f(Bi')hTSiAx] 
t 

+ C [/3kf(Ok)hTRkAz + /3j:f(f3k')hTSx-Az] 
k 

- [&f(ei)f( hTx) hTRib + P(f(e;)f( Vx) hTSib] 
2 

- C [pk~(Bk)f(IzTz)hTRkb + Pklf(Btl)f(hT~)hTgl;b]. (1 1) 
k 

C. The Stability Criterion 
For the system to be ASIL, P should be a negative 

semidefinite function not identically zero along the tra- 
jectories of the system. In order to ensure this, the fol- 
lowing lemma due to  P a k u b o ~ i c h , [ ~ ]  Kalman,L61 and 
Meyerr51 is used. 

Lemma 2 

Let A be a real n X n  matrix all the characteristic 
roots of which have negative real parts. Let y be a 
reaI non-negative number, and let b and 4 be two real 
n vectors. If 

for all real w, then there exist two real n X n  symmetric 
matrices P and D and a real n vector g such that  

PA +ATP= - 2 g g T  - 2 0  
Pb- k = 2 4 &  
D is positive semidefinite and P is positive definite 

Sufficient conditions for the ASIL of the system (1) 
{ ~ E R " ,  ZTDX = o ] n { XER",  gTeAtx= o 1 = { o ) . 

can be stated in the form of the following theorem. 

Theorem 1 

Consider the dynamic system (1) with fEO,AAg. 
The system is ASIL if there exist non-negative constants 

such that 
6 ,  Pa, Pi. pi', Pn-, Pli', ai, a:, ax., ak' and T I ,  Ti', Yk, Yk' 

11- he re 1) Re Z( jw)  [G(jw)+l,'K]-6':.l'K>O (12) 

P = PT > 0. 

Po, Pi, pi', Pk, pk' 2 O 
ei = hTRiz and 0; = hTgix. 

for all real w, where 

for all i, k .  
Z(s) = 6 + Pos 

+ Ri and g i  are matrices associated with a pair hi+jp;  
(which may be assumed to be zeros of G(s)  + 1/K in the 
first instance) as defined in Section 111. (Yk - j Y k ' ) q k / , B k  (?'k + j y a ' ) q k * / P k  

3- + X k  + jPk 
+ 

Similarly for dk and dk'. 
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D. Interpretation of the Criterion 

The  main condition (12) of Theorem 1 implies that  
the real part of the product of the multiplier and 
G(s)+l/K must not be less than a certain positive con- 
s tant  for all real frequencies. This constant can easily 
be seen to be 

where Z,(s) = (6 - 6') +POS is the Popov multiplier com- 
ponent of Z(s ) .  

An observation of (15) and (16) indicates tha t  X>p.  
Hence the poles of the multiplier should lie within 
a 54.5" wedge around the negative real axis. The  special 
case of multiplier with real poles[Jl~[41 can be realized by 
setting ,u = 0. Furthermore, the results for the case when 
the nonlinear function is in the infinite sector, i.e., 
fEO,, can be obtained by letting K tend to 00. I t  may 
be noted that in this case the constant 6'/K becomes 
zero. 

By writing the multiplier as a constant plus a term 
in s plus a sum of biquadratic functions and by using 
(14) through (16), i t  can be shown that  the multiplier is 
positive real and thus can be considered to be a more 
general RLC driving point impedance than the multi- 
pliers in earlier results which are constrained to  have 
either real poles or real zeros. Hon-ever, a simple classifi- 
cation of biquadratic driving point impedances in terms 
of networks is not available, and hence, in general, it 
appears difficult to  identify the present multiplier with 
any class of networks. 

The  conditions (14) through (16) on the parameters of 
the multiplier appear complicated. Ho\vever, by setting 
P=P' ,  a choice which imposes minimum restrictions on 
the location of the poles of the multiplier, a simpler 
criterion can be stated as follows. 

Theorem I A  (Alternative to Theorem 1) 

under the foIlowing conditions. 
The  dynamic system (1) with fEO,AAK is ASIL 

c 6, 
1) Re Z ( j w )  [G(jw) + 1 /K]  - 2 1 0  (17) K 

Fig. 2. Boundary for admissible values of and rzP 
in the odd monotonic case. 

for all real w, where 

ZO'U) = a0 + Pos 

1 rlP-jr2, rlp+jrzp + 
s+ A, -jpP s+ A,+ j p ,  

+ c ,,[I + 
a0 > 0; Po, 6, 1 0 (18) 
and r l p ,  r2, are real 

for all p=1, 2, . . . . 
The proof is given in the Appendix. 
The  merit of Theorem 1.4 is tha t  i t  readily enables 

one to determine whether a given multiplier is admis- 
sible or not. Furthermore, a simple geometric interpre- 
tation can be given for the inequality (19). This implies 
that  in the rip, r?, plane the allowable residues should 
be confined to  a region around the origin bounded by 
arcs of rectangular hyperbolas (Fig. 2). This region is 
symmetrical about both the r lP and 72, axes. 

V. OTHER TYPES OF NOSLISEARITIES 
A .  Nonlinearities with Restricted Asyinmetry 

The transition from the class X ,  to the class 0, is 
rather abrupt, and i t  seems desirable to  introduce a new 
class of nonlinearities which has properties in between 
those of Jf, and 0,. This is defined by LV,~, where all 
fEN,c satisfy the condition 

for all 8. AT, is a limiting case of Nmc with c-+ a, and 0, 
is another limiting case with t =  1. 

The  following inequalities can be easily derived for 
f E N , ' ~ A K .  
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Theorem 2 
The  dynamic system (1) with f E N m C n A R  is aSIL 

under the conditions stated in Theorem 1 ,  with (16) 
replaced by 

6 > 6' = c (Ti + rio + c (Yk + Yk') 
i L 

ei 2 max (ai, mil) 
e( 2 max (ai, a;) + (c - I )y(  

EL 2 max (a?:, calif) + (c - 1 ) r k  
Q' 2 max ( a k ,  ah'). ( 2 2 )  

The proof of Theorem 2 is similar to that  of Theorem 
1, except tha t  inequalities (21) are used instead of (9). 

From (15) and (22) i t  can be shown that  the multi- 
plier is limited to  have poles which lie within a wedge 
defined by X >  &u. This wedge degenerates into the 
negative real axis when c+w, i.e., f E M E ,  and expands 
into the 545' wedge when c-1, i.e., fEO,. 

B. Nmalinearities with a Power Law Restriction 
By imposing more restrictions on the nonlinearity, 

it is possible to  relax conditions on the linear part trans- 
fer function. One way of doing this is to require tha t  the 
nonlinear functions, in addition to being odd and mono- 
tonic, lie between tn-o power laws satisfying 

where k1, k z 2 0  and 

c 2 =  max 1 y m - y  I. 
o<!/<w 1 + y"+' 

For linear feedback, i.e., m = 1 ,  the constant c1 is 0.5 
and c2=0. As m-m the constants approach unity. 
For any m, c25c1. 

Theorem 3 

The system (1) is ASIL for f E P E m n A K  under the 
conditions stated in Theorem 1 with (16), replaced by 

The  proof follows tha t  of Theorem 1 except that  
inequalities (25) are used instead of (9). 

Again, the results for the infinite sector case fEP," 
can be obtained by letting K 4 m .  However, i t  can be 
shown tha t  somewhat better results can be obtained 
here in that  the constant in the multiplier is reduced and 
the inequalities (26) are relaxed. Thus (26) can be 
replaced by 

6 > 6' = (?'i + CZY;) + 
i k 

(GZYk + 7:) 
~i 2: (62 - 61) min (ai, ail) + c1 max (ai, a:) 

e' 2 (cz - c1) min (ai, ail) + c1 max (a<, ail) - (1 - cz)yil 

E L  2 (cz - cl) min (ak, ak') + c1 max (ak, akl) - (1 - c2)Yk 

e l  2 (62 - 61) min (ak, akl) + c1 max (aL, a:). (27) 

I t  can be shown from (15) and (27) tha t  a necessary 
condition to  be satisfied is that  

and hence the poles of the multiplier are constrained to  
lie in the wedge defined above. Thus for m= (odd 
monotonic feedback) the wedge forms an angle of 45" 
around the negative real axis. As m+l, the feedback 
function approaches linearity and the wedge can be 
widened to include the entire left half-plane. The  poles 
of the multiplier can lie on the imaginary axis only in 
the case of linear feedback. 

I t  is possible to restate Theorems 2 and 3 in a form 
similar to  Theorem la. The  equations for the bounda- 
ries of the admissible residues in the rlPrzD plane can be 
readily calculated, though they turn out  to  be more 
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I 
I I 

Fig. 3. Boundaries for admissible values of r IP  and I~~ in various 
cases: 1) Nm4; 2) 0,; 3 )  PmZ; 4) P-1; 5) general positive real 
function. 

complicated than (19) and are equations of more general 
hyperbolas. For the sake of comparison a sketch of 
these boundaries is shown in Fig. 3 for various types of 
nonlinearities for a particular choice of h,-F.jp,. The 
limiting case of P,' or linear gain has a parabola as its 
boundary. I t  can readily be seen that  the allon-able zone 
for residues increases as more restrictions are imposed 
on the nonlinearity, and hence stability can be proved 
for a larger class of systems. 

On the same figure is shon-n the boundaq  for admis- 
sible values of residues for a general biquadratic posi- 
tive real function with poles at -h,+jp,. I t  can be 
seen tha t  this involves much less restrictions than even 
those for P,'. 

VI. EXAMPLES 

Example 1: fEN,c 
Consider a system with forward transfer function 

s(s2 + 1.9s + 1) 
G(s) = . (28) 

(s + ZO)(s2 + 2s + 1.15)(s* + s + 100) 

The  sj-stem is stable for all negative linear feedback. 
The  phase plot of G(s) is shon-n in Fig. 4. The maximum 
positive phase is found t o  be 92.6". I t  can readily be 
seen that the Kyquist plot lies in all the four quadrants 
and f is not odd, and so neither the Popov theorem nor 
the results of Brockett and R'illemsr31 and Xarendra 
and Yeumanl41 can prove stability for the entire linear 
stability range. 

With some numerical work, i t  can be shown tha t  
under the conditions of Theorem 2 ,  with c=2.885, one 
can choose 

(s + 20)(s2 + 2s + 1.15) 

s2 + 1.9s + 1 
Z(s)  = 

Iy- 

Fig. 4. Phase plots of C&) in Examples 1-3. 

so tha t  

S 
Z(s)G(s) = 

s? + s + 100 

is positive real, and hence the sl-stem is .ISIL for all 
fENx23". 

Example 2 :  f€O, 
Consider a system n-ith transfer function 

s ( 9  + 1.8s + 1) 

(s 4- 20) (s? + 2s + 1.35) (s? + s + 100) 
G(s) = 

which is stable for all linear negative feedback gains in 
(0, x ) .  The maximum positive phase is about 97". 
Results of P o p o ~ [ ~ ]  and Sarendra and Keumanl41 are 
again not applicable. I t  is not readily apparent n-hether 
the results of Brockett and I ~ i l l e m ~ ~ ~ ]  can give a suitable 
multiplier. IYith the results in the present paper, one 
can choose 

(9 + 2s -I- 1.35)(s + 20) 

s2 + 1.8s + 1 
Z(s> = 

under the conditions of Theorem 1, so tha t  

s 
Z(s)G(s) = 

s* + s + 100 

is positive real. Thus ,  the system is ASIL for all fEOx. 

Example 3: J E P x 2  
The system with transfer function 

s(s2 + 1.2s + 1) 
(s + ZO)(s2 + 2s + 2)(s2 + s + 100) 

G(s) = 

is stable for all linear negative feedback gains in (0,  a) 
and has a maximum positive phase of 116.25'. A s  before, 
results of Popov['I and Sarendra and Xeunianf41 are not 
applicable here, and i t  is difticult to check whether 
Brockett and II'illems[31 can be useful. Nevertheless, 
Theorem 3 of the present paper enables one to  choose 
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(s + 20)(s2 + 2s + 2) 
s2 + 1.2s + 1 

G(s) = 

so that Z(s)G(s)  is positive real and hence the sl;stem is 
LXSIL for fEPr2. 

T-11. COMPARISON WITH EARLIER RESULTS 

I t  appears desirable to indicate the relationship of 
the results of this paper to those obtained in earlier 
publications. At the outset i t  must be noted tha t  no 
upper bound is placed on the maximum slope of t h e  
nonlinearity in the present paper unlike in Brockett 
and \Villem~.[~] Hence a meaningful comparison with 
these results can only be made for the infinite sector 
case. 

As is to be expected, the multiplier for nonlinearities 
with restricted asymmetry has properties intermediate 
t o  those for monotonic and odd monotonic nonlinear- 
ities. In this case the multiplier with real poles can be 
written in the form 

where O<c i< l  and l _ < c k _ < l + l / c  as compared with 
1 < c k < 2  for odd monotonic functions obtained in 
Brockett and W i l l e m ~ [ ~ ]  and in Karendra and Neu- 
man.[rl Thus many systems which were proved to  be 
ASIL with odd monotonic nonlinearities, using earlier 
results, can now be proved to  be ASIL with a more 
general class of nonlinearities, provided ck<  2. 

Results f o r f E P ,  are available only in Brockett and 
\Villems.[31 In this case one can show, with a little alge- 
braic manipulation, that  the form of multiplier with 
real poles obtained in the present paper is the same as 
in that paper. The d ( u )  = 1 + l/cz" establishes 
the equivalence of the two results. 

Example 1 clearly shows tha t  the present method can 
take care of situations where the earlier methods fail. 
Examples 2 and 3 cannot be worked by Narendra and 
Neuman.['] Though one cannot make a categorical 
statement about the success of criteria in Brockett and 
\l~7illems[31 in the case of Examples 2 and 3,  i t  is to  be 
observed that  even if a suitable multiplier with real 
poles or zeros exists, the product Z(s)G(s) will be a 
high-order rational function whose positive realness is 
difficult to establish. The present results are easier to 
apply since by using a multiplier with complex poles 
and zeros, checking for positive realness can in many 
cases be made simple. Furthermore, the results obtained 
here are more general than earlier ones, as all the previ- 
ous multipliers with real poles['l-[41 can be obtained as 
special cases of the multiplier derived here. 

The  results obtained here also lend support to  some 
of the qualitative statements made in Brockett and 
\T,'illenis.[31 From the examples i t  is seen tha t  as the 
phase angle of the transfer function undergoes larger 
changes, stability can be proved only for a more restric- 

I t  is significant tha t  the multiplier cannot have poles 
on the imaginary axis as well as a pole a t  infinity unless 
feedback is linear. I t  appears that  in cases where 
Z(s)G(s) is positive real only when Z(s) has the above 
property, the system is not ASIL with any nonlinearity 
spanning the entire linear stability range. The  last 
example in Brockett and Willems, pt. I,[3] strengthens 
this conjecture. 

VIII. CONCLUSIONS 

I t  has been shown that ,  subject to  certain conditions, 
the multiplier used to prove ASIL can have complex 
conjugate poles and zeros. Three subclasses of mono- 
tonically increasing nonlinearities are considered, and 
i t  has been shown tha t  as the feedback function ap- 
proaches linearity the conditions on the multiplier can 
be relaxed, and hence a larger class of linear transfer 
functions can be covered by the present method. The  
multiplier can be an RLC driving point impedance and 
is considerably more general than the ones obtained in 
previous results. Examples have been included to show 
tha t  the present method can succeed where previous 
methods using the same approach fail. 

APPENDIX 

PROOF OF THEOREM 1 

Let --Ai+-jpi and - - A k * j p k  be assumed to  be zeros 
of G ( s ) + l / K  in the first instance. Then (8) and the 
result 

show that  (12) and (13) are together equivalent to 

6 - 6' 
PohTb + - 

K 

+ Re 6hT -t BohTA - yilzTRi + yi'/zT4; [ ; i 

+ YbhTRR - Yk'hTgk GUr - ,4)-'6 2 0. (29) 
k k 1 

The time derivative of the Liapunov function (10) 
along the trajectories of (1) is given by (11). Add and 
subtract the following terms from the right-hand side 
of (11) 

tive class of nonlinearities. 1L 
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Grouping the terms suitably and using the inequal- 
ities (9), set the matrices Bi and Bk as 

Pi Pi‘ 

where qi and q b  are complex numbers defined in (14) 
and all Greek letters denote scalars. I t  can than be 
shown tha t  

- K ”9 

r 1 

Let 

Then (29) and Lemma 2 together imply the existence 
of a positive definite matrix P, a positive semidefinite 
matrix D ,  and an n vector g such t h a t  T’ is positive 
definite and 

plus terms that are negative semidefinite 
provided inequalities (16) are satisfied. (31) 

Thus V is negative semidefinite. Furthermore, since 
v = O  implies tha t  each of the terms in (31) is zero, one 
can show along the same lines as in Narendra and Neu- 

that  the only trajectory which remains in the 
set $- = 0 is x ( t )  = 0. Furthermore, t’(x)-+ as [(XI(+ cc . 
Thus the system (1) is ASIL. 

The assumption that  the poles of the multiplier be 
the zeros of G(s) +l,/K can be dispensed with as follom. 

The  s)-stem (1) consists of a linear part with transfer 
function 

in cascade with a nonlinearity f (c)  in a negative feed- 
back loop. 

I t  is knonmr31 that  if the system obtained by replacing 
G(s) by G’(s), where 

(33) 

is ASIL, then the system (1) is also -4SIL provided all 
the zeros of ~ ( s )  have negative real parts. Now any 
number - q =  -X+jp with negative real part and its 
complex conjugate can be regarded as a pair of zeros 
of n(s)  and hence of G’(s)+l,/K by suitably choosing 
n ( s ) .  Ho~vever, -7 and -q* cannot be used as poles of 
the multiplier since the matrix B is undefined for these 
tn-o numbers since -q and -q* are also poles of G‘(s) 
+1 ’K. 

In order to overcome this difficulty, consider the 
system obtained by replacing G(s)  by G”(s), where 

(34) 

By choosing E sufficiently small, the poles of G”(s) can 
be made to  lie arbitrarily close to but distinct from the 
zeros, and hence the niatriv B viill now be defined for a 
pair of zeros of G”(s) + 1/K. I t  can be seen that  the sys- 
tem with transfer function G’(s) possesses structural 
~ t ab i l i t y [~ l  u-ith respect to  the poles of G‘(s), and hence 
has the same asymptotic stability property as the sys- 
tem with transfer function G”(s) provided [ E [  is suffi- 
cientll- small. I t  follo\\-s that  if the s>-stem lvith G”(s) 
is XSIL, so is system (1). 

Proceeding as in the earlier part of the  proof, a sta- 
bility criterion for the system with G”(s), and 
hence for (l), can be stated in terms of the product 
Z”(s) [G”(s)+l /K]. Since the poles of Z”(s) cancel 
with zeros of G”(s) f 1 / K ,  this product is equivalent to  
Z(s) [G(s)+l,’K],  \\.here Z(s) has poles at - (q+e) 
and - (q*+e) ,  e being a small real number depending 
on the r chosen. Equating v + e  to X+j,u, the stability 
criterion can be obtained in the form of Theorem 1. 
The conditions (15) need not be changed since e is 
arbitrarily small and can be of either sign. 
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PROOF OF THEOREM 1A The  second inequality of (19) is necessary to eliminate 

The  multiplier (13) with / 3 i = P i ’  and / ? k = P e ‘  can be 
written as 

Z(s> = (6 - 6’) + Bos + c ( Y p  + y p l )  
P 

rlP - jr, ,  

s + A, - jPP 
+ I l p  + j r z p  

s + A, + jPP .[1+ 

where 
p = 1, * . . , f!l, -+ 1, . . . 1: 

Y P  - Y P l  

i 3 P  
T l p  = 3- 

where the plus sign in rlP and r2p refers to the k subscript 
terms and the minus sign to  the i subscript terms. 
Identifying 6-6‘=a0 and y p + y p ‘ = 8 p ,  (35) can be put 
in the form (18). To show that the inequalities (16) in 
Theorem 1 result in a restriction on the residues in the 
form of (19) in Theorem lA,  proceed as follows. 

Set y p  ’ / 3 , = i i p  and ypl//3pl =zip. Then 

r lP = f 1/2(up - cp )  

(37) 

subject to  the inequalities (16) which can be written as 

0 5 ‘Up 5 A, - /Ap  

0 5 ZIP 5 x, - p p .  (38) 

I t  is evident from (37) that 

and hence rlP can have anp value in 

1 - 1 .  2 

The inequalities (38) impose conditions on r g p  for any 
given r l p  in this interval. For example, if rip, r z P > O ,  
i t  can be sholi-n that  for any rlp 

(40) 
0, - P P ) ( h P  - PP - b l P )  

W P  - PP - YlP) 
r 2 p  5 

or 

As the conditions in the theorem are symmetrical 
with reference to the signs of rlP and rgp, the inequalities 
for the other cases can be obtained b>- replacing rlP and 
rQP by their moduli. 

the possibility of satisfaction of (41) when both terms 
in the left-hand side are negative. 
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