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Abstract—The problem of absolute stability of feedback systems
containing a single nonlinearity is considered for the case of the
linear transfer function having an equal number of finite poles and
zeros. Explicit Liapunov functions are presented and frequency-
domain criteria are derived for systems for which the nonlinear
function f(-) belongs to the class 4. (f lies in the first and third
quadrants) or its subclasses such as monotonically increasing func-
tions (f& M..), odd-monotonic functions (f&0,), and functions with
a power-law restriction (f&P,,). A new class of functions with re-
stricted asymmetry having the property |f(0)/f(—0)I <c for all 6
(620) is introduced, and the results obtained can be used to establish
stability in some cases even when the Nyquist plot of the linear part
transfer function lies in all the four quadrants and the nonlinearity
is not necessarily odd. Restrictions on the derivative of the non-
linearity have been taken into account by means of a transforma-
tion, and the resulting stability criterion is seen to be an improve-
ment over those obtained in some earlier papers.

I. INTRODUCTION

The Lur’e problem and its modifications have attracted consider-
able attention in recent vears. The results of Popov [1] have been
extended and frequency-domain criteria presented for determining
asymptotic stability in the large (ASIL) of systems consisting of a
linear transfer function with nonlinear feedback [2]-[6]. Many of
these publications [4]-[6] treat the case where the degree of the
denominator polynomial of the linear part transfer function is at
least one higher than that of the numerator. For f&& A4, even the
results of Brockett and Willems [3] are applicable only to this case.
Recent papers by Ku and Chieh [7] and Johnson [8] have con-
sidered the case of f&& 4, and linear transfer function being the ratio
of equal-order polynomials; the derivation is rather involved in
the former, and neither paper presents an explicit Liapunov function.

This paper derives stability criteria for equal-order systems with
nonlinear feedback and gives explicit Liapunov functions to prove
ASIL. Nonlinearities belonging to several classes are considered,
and stability criteria are presented that require the existence of a
positive real function, which yields a positive real product when
multiplied by the linear transfer function. The multiplier is per-
mitted, in certain cases, to have complex conjugate poles and zeros
and is thus more general than the type of multipliers in earlier results
[3]. A new class of functions with restricted asymmetry is introduced,
and the results for this case are used to prove stability in cases where
earlier results fail.

These results, in conjunction with a transformation of the non-
linear function, are used to provide results for cases where the de-
rivative of the nonlinearity is bounded, thus extending the results in
earlier papers [4], [5] where no such bound was placed on the de-
rivative.

II. THE SYSTEM

The dynamical system considered in this paper is described by the
vector-matrix equations

&= Ax — bf(o)
o = hTx — yf{c) 1)

where x is an » vector representing the state of the system; b and %
are constant # vectors. 4 is a constant nX» matrix all of whose
eigenvalues have negative real parts, o is a real-valued scalar time
function, and 5 is a non-negative scalar.

It is assumed that f(-) belongs to the class 4, or its subclasses
such as monotonically increasing functions (f& M), monotonic
functions with restricted asymmetry (f& N%), odd-monotonic func-
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tions (f&0,), or odd-monotonic functions with a power-law restric-
tion (fFEP=) [3], [5].

The nonlinear function is assumed to be differentiable in order to
ensure the continuity of the Liapunov function (introduced in the
next section) and its first partials. It is further assumed that 143/ (¢)
>0, where f'(¢)2df(¢) /de, so that the mapping x—¢ may be unique.
It should be noted that this condition is automatically satisfied when
f(+) is monotonically increasing.

It can easily be derived that the transfer function G(s) relating
the output ¢ to the input —f(#) is given by

G(s) = hT(sI — A)" b 49 = Gi(s) + 9 (2)

where 5 is the value of G(s) evaluated at s= .
The results for f& 4, (the Popov case) are derived first and the
derivation is indicated for the other cases.

II1. Tue StapiLiTy CriTERION: PoPov CASE

Consider as a candidate for a Liapunov function
¢ 7
v=tipet o [ e+ 20 ] ®
0

with P=PT >0 and 8,>0. Using
1 = [1 4+ af'(s)]¢ @)

which is obtained from (1), and adding and subtracting af(s)s where
>0, the time derivative I along the trajectories of the system can
be written as

V = 347 (ATP + PA)x — f(o)xT[Pb — BoATh — ah]
— [BhTE 4 an]P(e) — aaf (o). (5)

A straightforward application of the Meyer—-Kalman—Yakubovich
lemma [9], [4] then leads to the result that ¥ <0 and V is not
identically zero along a trajectory, provided

(BehTh + am) + Re (a + BoAWi"(jwl — A)" % 2 0 6)

for all real w. The proof follows that in Meyer [9]. With some sim-
plification of (6), the stability criterion can be stated as follows.

Theorem 1

The system (1) is ASIL for f&& A4, satisfving 14nf'(s) >0, if
there exist constants & >0 and 8¢>0, such that

Re Z(jw)G(jw) > 0 )

for all real w, where
Z(s) =a+Bes. (8)

1V. FURTHER RESTRICTIONS ON THE NONLINEARITY

By placing more restrictions on the nonlinearity, stability can be
predicted for a larger class of systems [2]-[6]. The results for equal-
order transfer functions can be obtained by using the appropriate
Liapunov function in [4], [5] with the additional term 28em f%(c).
Cases where the transfer function has a simple pole at the origin can
be treated in a similar manner by considering the equations of in-
direct control [8].

As an example let f 3. Then f(-) satisfies

0<f_(:l<°°; (6 = 0)

f(0) =0 ©)
and
0< (8 — 6)[f(6)) — f(82)1

for all 8, 61, and 8-,
Choose a Liapunov function of the form

T,
h Bz

¥ = 147Px + B [ [ :f(cr)da + %ﬂ(a)] + X6 [ fode (10)
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where
P=PT >0

B = g— [\ + 4]

Bo, vi, B:>0,4=1, « - - | v, where v is an integer less than or equal
to the number of real zeros of G(s), and

—\: is a real zero of G(s), \;5=0.

Adding and subtracting terms of the form

acf(e) + 22 vilfUBix) — f(@)}[47Bix — o] (11)

from V and following the approach in Narendra and Neuman [4]
the stability criterion can be stated as follows.
Theorem 2

The system (1) is ASIL for f& M, if there exist constants o >0
and Bo, v:=>>0, such that

1) Re Z(ju)G(jw) > 0 (12)
where
iAg
ZO = ettt g<a<t ()
B s+ N

2) —X; is a nonzero real zero of G(s).

It should be noted that the multiplier Z(s) derived above is any
RL driving-point impedance with its poles at the real zeros of G(s).

The above result makes use of only the real zeros of G(s), as the
poles of Z(s). By limiting the asymmetry of the nonlinear function,
it is possible to use complex zeros of G(s} in the multiplier.

For example, let f& N%. Then, in addition to (9), f(-) satisfies
‘f(o)/f(—ﬂ)[ <ec, (8#0), where ¢>1.

If —Xitju; and —N\eEjux are pairs of complex zeros of G(s),
define the following matrices:

B = Z— [ — jud + 4]

R; = B; + B#; gi = j(B:— B:*) (14

where ¢; is a complex scalar and g8; is a non-negative real number.
Matrices are defined similarly for k-subscript terms.
Using a Liapunov function of the form

Ve = 1aTPr + 60 [ flodo + Bzi’fzw
0

+ ;z; Bi fothizf(a)dd + 8 fothi:’(o)da]

v th f23 thkt
+ > [a f f(@)do + B¢ f f(cr)dcr] (15)

k=vi+1

and following the approach in Thathachar et al. [3], the results for
f& N ¢ can be stated as follows.
Theorem 3

The system (1) is ASIL for f& N _¢ if there exist o >0 and non-
negative constants 8o, 8:, 8i', Bx, By, as, e’y o, e’y and vi, v, ve v
for2=1,+--, ¢ and k=(xu+1), - - -, v, where v is an integer less
than or equal to the number of zeros of G(s), such that

1) Re Z(jw)G(jw) > 0 (16)
for all real w, where
Z(s) = Bos + [a +2 it v+ et n-'):l
1 k
-y I:(T.' —iviNa/B: (v +J'7.-’)q.-*/3.-:|
T s+ A — Ju s+ N+
(ve — JveNge/Br | (v + j“l’l:l)q&*/ﬁl:]

17
+§ S+ A — Ju s 4 Akt juk an
& _ % v & v L a®)

ﬁizzﬁs_]ﬁl 131:_—25_]23&'
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o o ., -' a .’
2  u=rte_wte o m o
B¢ Bi 8 B
’ ’ ’
7\k=—%+ek=yk +,€Lr yk=ﬂ=3]i, (19)
Br B B B
—Xijus and —M. Eju being zeros of G(s)
3) & > max (o, cei’); & = max (ai, a') + (¢ — Dy
& 2> max (o, cor’) + (¢ — Dy; & > max (a, ar'). (20)

V. REDUCTION TO A SECTOR

As indicated [10], use of a transformation along with the result
for equal-order transfer functions permits extension to the finite-
range case of the results of Popov, etc.

Let
f‘E AK i.e., 0< 0'1f1(t71) < Ka‘2_
Let
g=01— fle)/K and f(o) = filo1). 21)
Then
j_'g'_) - Siley) _ fi(e:) /o . (22)
1 1 filey)
o1 — Efl(ﬂ'l) 1- X o

Hence fi& Ax implies f& 4, and the system in Fig. 2 is zero-input
equivalent to that in Fig. 1. Thus, the stability of the system in
Fig. 1 with f& A implies that of the system in Fig. 2, with fE Ax.
Hence, the condition for ASIL of the system in Fig. 2 is given by

Re(at89) [ G + 5| 2 0. (23)
Now, from (21),
) dfile)/de ,
do {— i dfr(ey) @
K do

Thus, if fi(s1) is monotonically increasing and [dfi(e)/do1] <K, i.e.,
FIE Mg, f(o) is also monotonically increasing, i.e., f& A7,. Conversely,
if fEM,, = Mx.

Thus, the stability of the system in Fig. 2 with fi&& M is identical
to that of the system in Fig. 1 with f& 3/ _. Application of Theorem 2
then gives the condition for stability of Gi(s) with nonlinear feedback

S Mk.
Theorem 4
The dynamical system
iz = Az — bfi(e1)

oy = hTx

(25)

is ASIL for nonlinear feedback fi& Mx, under the conditions of
Theorem 2, with Gi{jw)+1/K replacing G{jw), where Gi(s)
= kT (s] — A)~1b. Similarly, for i& N%, i.e.,f& N% where f is obtained

from f, using (21), the criterion can be stated as follows.

Theorem 3

The system (25) is ASIL for fiE Nk under the conditions of
Theorem 3 with Gi(jw)+1/K replacing G(jw).

Thus, by using the result for equal-order transfer functions along
with a transformation, stability criteria can be stated for cases in which
a maximum bound is placed on the derivative of the nonlinear func-
tion. The stability criteria presented elsewhere [4], [5] where no such
restriction was placed on the slope of the nonlinearity, are of the form

Re Z(jo)[Gi(jw) + 1/K] — &'/E > 0 (26)

where o’ is positive. Thus, it can be seen that the constant negative
term —ea'/K has been eliminated in Theorems 4 and 5; hence, the
conditions on the linear part have been relaxed.
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Fig. 1. Equal-order system with nonlinearity in the infinite sector.
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Fig., 2. Equivalent system with nonlinearity in a finite sector.

VI. FURTHER EXTENSIONS

The stability propertiges of a system with G(s) in the forward path
and f(o)in the feedback path are the same as those of a system with
1/G(s) in the forward path and f~!(¢) in the feedback path. When
Jlo) isin M, f~¥(e) is also in M . Hence, when 7520 and f belongs to
A or its subclasses, one can replace G(s) by 1/G(s) in all the criteria
derived in this paper. This applies to the finite sector case as well
when fi& #x. Even when f is not invertible, using transformation
(21) and the results in Aizerman and Gantmacher [11], G(s) can be
replaced by 1/G(s).

From the above discussion, Theorem 6 follows.

Theorem 6

1) If 50, Theorems 1, 2, and 3 are valid even when G(s) is re-
placed by 1/G(s).

2) Theorems 4 and 5 remain valid even when Gi(s)+1/K is re-

placed by [Gl(s)—H/K]‘l.

It may be noted that Theorem 6 implies that [Z(s)]! can be
used in the place of Z(s) in all the previous theorems and is similar
to the results obtained elsewhere [3], [6].

The criteria for the case of an odd monotonic nonlinearity can
be obtained by setting ¢ =1 in Theorems 3 and 5. When the non-
linearity satisfies a power-law restriction (f&P_™ or Px™), results
can be obtained by proceeding along the same lines as in Theorems
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3 and 5 using appropriate inequalities given in Thathachar et al. [5].
The form of multiplier turns out to be the same as that found pre-
viously [5].

VII. EXAMPLE
Consider the transfer function

(24 185+ 1)(s2 + 4)
s(s*+ 215 4+ 1.2)(s + 20)

with nonlinear feedback in N_c.

The Nyquist plot of the transfer function lies in all the four
quadrants; hence, the Popov criterion is not satisfied. Results of
Narendra and Neuman [4] are not applicable here. Criteria in
Brockett and Willems [3] cannot establish stability because f is
not odd. Even the results of O'Shea [6] applied after converting the
problem to a finite sector problem, are not useful because no further
assumptions such as boundedness are made on f; hence, stability
cannot be established unless the phase angle of G(jw) is in a 270° band
or f is odd.

However, with the results in the present paper, one can choonse

Gis) =

(s 4 2.1s 4 1.2)(s + 20)
218+ 1

Z(s) =

under the conditions of Theorem 3 with c¢=2, so that Z{(s)G(s)
= (s?+4)/s is positive real. Thus the system is ASIL for all fC N2

VIII. CoxcLusioNs

Explicit Liapunov functions are given for establishing asymptotic
stability in the large of a feedback system with a single nonlinearity
and a linear part with transfer function of the form of the ratio of
equal-order polynomials. Stability criteria are presented for systems
with various classes of nonlinearities, viz., 4, M, and N_¢.

These results along with a transformation have been used to de-
rive conditions for ASIL in the finite sector case. This permits exten-
sion of earlier results [4], [5] to the case of the nonlinearity with a
restricted maximum value of the derivative. Thus, criteria are ob-
tained for f&E Mg, Nk°, etc. An example indicates that the present
method can take care of situations where the other existing criteria
fail. Though not explicitly stated, results can be obtained for the
case of an equal-order transfer function, stable in a finite sector, by
proceeding along the lines indicated in this paper.
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