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yields a close approximation to  the complex 
roots and one of the real roots. If one applies 
Lin’s method to  remove a real root from 
(9), convergence to  the factor (sS1)  is 
obtained in three  trials  and  the polynomial is 
reduced by  an order. Reapplying Lin’s meth- 
od to  obtain  the complex roots (or the re- 

approximated by  the  third or fourth  trial 
maining real root), the complex roots are 

divisor. 
The described extension enhances the 

value of the basic technique by indicating 
the regions of the roots from crude  sketches 
of the root-loci. Increased accuracy  may be 

.obtained by any of three methods: 
Both loci may be plotted carefully in 
the regions of intersection. 
One of the loci may be plotted  ac- 
curately in the regions of intersections 
and  the points corresponding to R 
located on the locus. 
The approximate intersection ob- 
tained from the crude  sketch may be 
used as a first trial factor  in another 
technique such as Lin’s or Newton’s 
method. 
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Determination of Transfer  Func- 
tion Coefficients of a  Linear 
Dynamic System from Frequency 
Response Characteristics* 

Determination of transfer  functions  in 
standard form, from experimentally ob- 
tained frequency response characteristics, is 
a classical problem of extraordinary  interest 
to designers of servo-systems. Levy’ has re- 
cently presented a very versatile method 

”which  facilitates  exact  synthesis of frequency 
dependent systems. The method can be  used 
to  fk up  an algebraic expression as  the  ratio 
of two polynomials, which could later be 
solved, with the aid of an Isograph,2 to give 
.the zeroes and poles of the system under 
study. 

However, as pointed out  by Levy him- 
self, the utility of his method is limited by 
two major restrictions. The object of this 
correspondence is to suggest means of over- 
coming these  restrictions in a very direct 
and elegant manner. The first restriction  ac- 
cording to Levy is that systems with infinite 
gain at zero frequency cannot be handled by 
his method except by an indirect  approach. 
These  sytems are  the familiar type  I,  type 
11, and  type 111 Servo-systems. It is inter- 
, s t ing  to  observe that  this restriction is 
totally removed if one uses Af-curves instead 

.of G-curves. G and M refer to  the open and 
closed-loop responses in the frequency  do- 
main, as per standard notation.  N-curves 
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can be easily obtained from the G-curves 
with the aid of a Nichols Chart.  The use of 
M-curves, in preference to G-curves, results 
in several additional  advantages. Firstly, in 
the case of unity feedback systems the de- 
nominator polynomial of the &?-curve di- 
rectly gives the characteristic equation of 
the system, which is useful for determining 
quantitatively  the performance character- 
istic of the system  in the time  domain. Sec- 
ondly,  computation with X-curves is much 
easier because of the smooth nature of these 
curves. In  any  event, if one wishes to  get  the 
transfer  function for G, it  can  be obtained as 
follo\vs. 

Let 

where fi and f2 are polynomials in j w .  As per 
standard notation, 

From (1) and (2), 

The necessity for using N-curves in case 
of type I, type I1 or type 111 systems can be 
illustrated by a specific example. 

Let 
1 

G(jw) = f G w )  I for t z  = 1,2,3, . , (4) 
(j4“ 

where f~&) is of type 

- 4 0  + A1(jw) + A Z ( j W ) *  + ‘ * 

1 + B d j w )  + B z ( j w ) 2  + * * 
. (5) 

Eq. (4) obviously gives infinite gain a t  zero 
frequency. Considering the corresponding 
X-function, one gets from (2) and (4), 

Eq. (6)  gives a finite gain even a t  zero fre- 
quency, thus overcoming the first restriction. 

The second restriction of Levy’s method 
pertains to  the weighting of the function for 
the error criterion. The use of the  type of 
weighted error  function suggested by Levy 
implies that for  a given value of w ,  the mag- 
nitude of the  error is directly  proportional 
to  the magnitude of the function. I n  order 
to  minimize the errors  in computation, Levy 
sugggests selecting a greater number of 
sampling  points in the critical region of the 
curve. A more direct means of overcoming 
this restriction is by working in terms of 
the inverse plots. By working with the in- 
verse function, the weighting is such as to 
make the error  a minimum in the neighbor- 
hood of the local maxima of the given func- 
tion. 

Let 

be the required function, where n ( j w )  is the 
numerator and d G w )  the denominator of 
X ( j w ) .  Let 

H G w )  = R(w) + JI(w) (8) 

be the experimental curve, with R(w)  denot- 
ing its real part,  and I (w)  its imaginary part. 

Let  the numerical difference between the 
two functions l / M ( j w )  and l / H ( j w )  repre- 
sent the error in curve-fitting, that is 

Multiplying both sides of (9) by n(w), one 
gets 

The  RHS of (10) is a  function of real and 
imaginary  terms, which may be separated  to 
give 

S(w) .n(w) = u(w) +jb(o) ;  (11) 
or at any specific value of frequency w =ax, 

‘Now, the weighted error E is defined as the 
function given in (9) summed  over the sam- 
pling freqencies wg.  Thus, 

The unknown coefficients are determined 
on the basis of minimizing the function E. 
By the above  derivation, it is clear that 
[S(W) .n(w)]2 is a minimum, say K2,  for that 
set of coefficients determined by  the princi- 
ple of least  squares of the weighted elror 
function. For  this choice, S(w) is a minimum 
K/n(w), where n ( w ) ,  or  the  numerator of 
AT(&) is a maximum. Thus,  the error in 
fitting  is a minimum in the neighborhood of 
local maxima of U ,  an aspect of obvious 
advantage for design purposes. I t  iseasily 
seen that  the suggested modifications widen 
the scope of Levy’s method to a considerable 
extent without  introducing any new errors. 

Further,  the  constant  term of the nu- 
merator polynomial is equal to  the magni- 
tude of the function at negligibly small  val- 
ues of w.  Utilizing this  data reduces the 
order of the matrix equation  by one. 

Recently,  Dudnikov3  has suggested an 
interesting method of determining the co- 
efficients of the polynomials from the initial 
portion of an experimentally  obtained  am- 
plitude-phase  characteristic. 

The transformer  analog principle4 can be 
advantageously applied for developing a 
special purpose computer to mechanize the 
the evaluation of the manipulated  parame- 
ters x, S, T and U. It is proposed to use this 
equipment in conjunction with a hlallock’s 
equation solver: to determine straightaway 
the coefficients of the numerator and de- 
nominator polynomials. Work on the de- 
velopment and design of this special purpose 
analog computer is under way. 
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