FUZZY OPTIMIZATION MODEL FOR WATER QUALITY MANAGEMENT

OF A RIVER SYSTEM
By K. Sasikumar' and P. P. Mujumdar?

ABsTRACT: A fuzzy waste-load allocation model, FWLAM, is developed for water quality management of a
river system using fuzzy multiple-objective optimization. An important feature of this model is its capability to
incorporate the aspirationsand conflicting objectives of the pollution control agency and dischargers. The vague-
ness associated with specifying the water quality criteria and fraction removal levels is modeled in a fuzzy
framework. The goals related to the pollution control agency and dischargers are expressed as fuzzy sets. The
membership functions of these fuzzy sets are considered to represent the variation of satisfaction levels of the
pollution control agency and dischargers in attaining their respective goals. Two formulations—namely, the
MAX-MIN and MAX-BIAS formulations —are proposed for FANVLAM. The MAX-MIN formulation maximizes
the minimum satisfaction level in the system. The MAX-BIAS formulation maximizes a bias measure, giving a
solution that favors the dischargers. Maximization of the bias measure attempts to keep the satisfaction levels
of the dischargers away from the minimum satisfaction level and that of the pollution control agency close to
the minimum satisfaction level. Most of the conventional water quality management models use waste treatment
cost curves that are uncertain and nonlinear. Unlike such models, FWLAM avoids the use of cost curves. Further,
the model provides the flexibility for the pollution control agency and dischargers to specify their aspirations

independently.

INTRODUCTION

A number of water quality management models have been
developed in the past for the allocation of assimilative capacity
of ariver system. Model results help in setting the amount of
waste that can be disposed into the river from various point
and nonpoint sources without violating the water quality stan-
dards, The intended purpose of these models is to provide
economic and technologically feasible solutions acceptable to
both the pollution control agency and the dischargers. Water
quality management problems have been addressed as multiple
objective optimization problems by many researchers (e.g.,
Cohon 1978; Loucks et al. 1981; Loucks 1983; Burn and
McBean 1985). General methods of solution include the
weighting method and the constraint method. Although these
methods provide acceptable solutions, they are characterized
by the difficulty of assigning unknown relative weights and
setting upper bounds in the problem formulation (Loucks
1983). This results in an improper accounting of the aspira-
tions of the various groups such as the pollution control
agency and the dischargers.

Water quality management problems are characterized by
various types of uncertainties at different stages of the deci-
sion-making process to arrive at the optimal allocation of the
assimilative capacity of the river system. The type of uncer-
tainty that has received much attention is that due to random-
ness associated with various components of a water quality
system. Two major components considered for randomness are
river flow and effluent flow (Lohani and Thanh 1978, 1979;
Bum and McBean 1985, 1986; Fugiwara et al. 1986, 1987,
1988; Ellis 1987; Cardwell and Ellis 1993). Another type of
uncertainty prominent in the management of water quality sys-
tems is the uncertainty due to vagueness associated with de-
scribing the goals related to water quality and pollutant abate-
ment. Desirable and permissible water quality criteria, and
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minimal pollutant treatment levels, are set up depending on
the environmental objectives. In a majority of the cases, es-
tablishing these limits is not precise but rather contains an
element of vagueness. Thus, the multiple objectives in a water
quality system are not only conflicting but are also vague to
some extent. The relevant question is not how to eliminate the
vagueness but how to cope with it. Multiple and conflicting
objectives that are vague can be mathematically quantified and
incorporated into the management models using the principles
of fuzzy decision-making.

Generally, a water quality management model falls into one
of two broad categories: (1) models that minimize the waste
treatment cost subject to the constraint that water quality stan-
dards are not violated at selected water quality checkpoints in
the river system; and (2) models that maximize the water qual-
ity subject to a constraint on the waste treatment cost. In a
majority of the waste load allocation models, the measure of
performance is related to the overall cost of pollution control,
including the waste treatment cost. Thus, the waste treatment
cost curves play a major role in the model formulation. Gen-
erally, the waste treatment cost is not a linear function of the
treatment level (Thomann 1972). The difficulty associated with
the incorporation of nonlinear cost functions in the manage-
ment models has been partly overcome in some earlier works
by considering the piecewise linear relationship between the
treatment level and the cost of treatment. The initial noncon-
vex portion of such a piecewise linear curve poses noncon-
vexity problems in optimization (Burn and McBean 1985).
Only the convex portion of the piecewise linear cost curve is
considered in the optimization by setting the minimum treat-
ment level at a sufficiently high value so that the initial non-
convex portion of the curve is excluded. Another major diffi-
culty associated with the treatment cost curves is that they are
not known with certainty. This may lead to only near-optimal
solutions in a real case in spite of the sophistication of the
model.

The fuzzy waste load allocation model, FWLAM, proposed
in this work provides a new paradigm for water quality man-
agement of a river system. The model uses the concepts of
fuzzy set theory (Zadeh 1965), fuzzy decision-making (Bell-
man and Zadeh 1970), fuzzy mathematical programming
(Zimmermann 1978, 1985), and fuzzy resource allocation
(Kindler 1992). The following features of the model make it
relevant for practical applications: (1) inclusion of the conflict-
ing objectives of the pollution control agency and dischargers
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in the system; (2) quantification of the vagueness associated
with setting up the water quality criteria and minimal pollutant
levels; (3) elimination of the treatment cost curves in the
model formulation; (4) flexibility for the pollution control
agency and dischargers to specify their aspirations indepen-
dently, thus avoiding the difficulty of assigning unknown rel-
ative weights required in the solution of a multiobjective op-
timization problem using the weighting method; and (5) a
basis for more realistic cooperation between the pollution con-
trol agency and the dischargers, and cooperation among the
dischargers themselves. FWLAM suggests a paradigm for
management of water quality systems where emphasis is on
rationalization of the waste load allocation process and on ef-
ficient use of the limited assimilative capacity of the river sys-
tem, especially when the number of users in the system will
increase in the future. The details of FWLAM are given in the
following section.

FUZZY WASTE LOAD ALLOCATION MODEL

Water quality management for a river network is viewed as
a multiple objective optimization problem with conflicting
goals of those who are responsible for maintaining the water
quality of the river system (e.g., pollution control agencies)
and those who make use of the assimilative capacity of the
river system by discharging waste to the water body (e.g.,
industries). The aspiration of the pollution control agency is
to ensure that the pollution is within an acceptable limit by
imposing certain water quality and effluent standards. On the
other hand, the dischargers prefer to use the assimilative ca-
pacity of the river system to minimize the waste treatment
cost. The fuzzy waste load allocation model, FWLAM, takes
into account these conflicting objectives. A summary of the
fuzzy waste load allocation model is given in Fig. 1. Two
formulations of the model, the MAX-MIN and MAX-BIAS
formulations, are developed using fuzzy multiple objective op-
timization. Some basic concepts of fuzzy sets and fuzzy mul-
tiple objective optimization are briefly introduced in the fol-
lowing subsections as the prerequisites for the development of
FWLAM.

Fuzzy Sets-angl Relevant Basic Operation

Fuzzy set theory was first introduced by Zadeh (1965) in
his seminal paper on fuzzy sets. Detailed study on fuzzy sets
can be found in the works of Kaufmann (1975), Dubois and
Prade (1980), Klir and Folger (1988), and Klir and Yuan
(1995). The concept of a fuzzy set is described as follows. Let
U be the universal set with its elements denoted by x. Mem-
bership of the element x to a classical subset G (also known
as crisp set G) of U is defined by the following characteristic
function:

1 ifx&EC
0 otherwise

Re(x) = { e))
When the valuation set {0, 1) is replaced by the closed set [0,
1], a fuzzy set A is defined. The fuzzy set A is characterized
by all points denoted by

A={lx pa®:xE U, 0= px) < 1) 2

Here, pa(x) is called the membership function of the fuzzy set
A and is a measure of compatibility of the element x with the
concept described by the fuzzy set A. Similar to the crisp sets,
the basic operations of union, intersection, and complemen-
tation are defined for fuzzy sets also. The fuzzy intersection
operation that is relevant to fuzzy multiple objective optimi-
zation is defined as follows. Let A and B represent two fuzzy
sets with the corresponding membership function w,(x) and
pe(x). The fuzzy intersection is defined as

Mane(x) = min[p.(x), pa(x)] 3)

Intersection of more than two fuzzy setsA;, k = 1,2, ...,n,
can be obtained by extending this concept. Thus,

P'm:ﬁm.l(x) = mkin [“'Ak(x)] (4)

Fuzzy Decision

The concept of fuzzy decision was first introduced by Bel-
man and Zadeh (1970). The imprecisely defined goals and
constraints are represented as fuzzy sets in the space of alter-
natives. The confluence of fuzzy goals and fuzzy constraints
is defined as the fuzzy decision. The fuzzy decision, Z, is de-
fined as the fuzzy set resulting from the intersection of a fuzzy
goal, F, and a fuzzy constraint, C. Fig. 2 shows the concept
of a fuzzy decision. Mathematically,

Z=FNC (&)
The membership function of the fuzzy decision Z is given by
pz(x) = min{pr(x), pex)] 6

The solution x* corresponding to the maximum value of the
membership function of the resulting decision Z is the opti-
mum solution. That is,

Hz(x*) = A* = MaX [pg(x)] )

Goals and constraints are treated identically in fuzzy multiple
objective optimization. Representing the fuzzy goals and fuzzy
constraints by fuzzy sets F,, y = 1, 2, ..., ne the resulting
decision can be defined as

Aspirations of Fuzzy Goals
Pollution Control D and D
Agency & Dischargers Fuzzy Constraints Fuzzy
) Decision :
Multiple
i Cri — Pollutant
Water Quality and D c ns? D Objective D
Effluent Standards onstraints o Treatment
Optimization
Levels
Spatial & Temporal Mathematical Model
Distribution of D Model for | [>
Pollutants Water Quality

FIG. 1. Fuzzy Waste Load Allocation Model
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FIG. 2. Fuzzy Decision
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Z= Q F, ®)
=
In terms of the corresponding membership functions, the re-
sulting decision for the multiple objective problem is

pz(X) = min (g, (X)] &)

where X is the space of alternatives. The optimal solution X*
is given by

Hz(X¥) = N* = max [rz(X)] (10)

Usually the space of alternatives X (i.e., the decision space) is
restricted by precisely defined constraints known as crisp con-
straints (e.g., mass balance of flows at a junction in a river
network for a water allocation problem; minimum waste treat-
ment level imposed on the dischargers by the pollution control
agency for a waste load allocation problem). Incorporating
these crisp constraints, g,(X) = 0,k =1, 2, ..., ng, the crisp
equivalent of the fuzzy multiple objective optimization prob-
lem can be stated as follows (Zimmermann 1978, 1985;Feng
1983; Kindler 1992; Rao 1993; Sakawa 19%6):

max A (1)

subject to s, (X) = X Vy (12)
&(X) =0 Vh (13)
0=sA=s1 14)

Descriptionof the River System

Table 1 gives the description of a river system to which
FWLAM can be applied for water quality management. The
relevant components of the system are identified as sets. Set
Q represents the collection of meshpoints (water quality check-
points) where the water quality is of interest in the river sys-
tem. Set D is the collection of dischargers (e.g., industries).
Set T is the collection of uncontrollable sources of pollutants
in the system (e.g., BOD addition due to runoff and scour in
a stream). Set P is the collection of the pollutants in the system
(¢.g., point-sources of BOD, a mixture of toxic substances,
etc.). Set V is the collection of water quality parameters with
a desirable level greater than the permissible level (e.g., dis-
solved oxygen concentration). Set S is the collection of water
quality parameters with a desirable level less than the permis-
sible level (e.g., toxic pollutant concentration). The elements
in the sets V and S are denoted, respectively, by i and j. A
pollutant is assumed to affect one or more than one water
quality parameter in the sets V or S or both. Note that no water
quality parameter is common to sets V and S. Concentration
levels of the water quality parameters i and j at the meshpoint
1 are denoted C, and Cj, respectively. The pollution control
agency sets a desirable level, C7, and a minimum permissible
level, C#, for the water %uality parameter i at the meshpoint |
(C? > Ci. Similarly, C; and CJf represent, respectively, the

TABLE 1. Description of River System

Element
represen-| Number of
Description of set tation slements
2 ® 4)
8 Water quality meshpoints l N,
Dischargers m 4
P |Pollutants n N,
T |Uncontrollable sources of pollutants p N,
V' |Water quality parameters: desirable i N,
level > permissible level
S | Water quality parameters: desirable J N,
level C permissible level

desirable and maximum permissible levels of the water quality
parameter j at the meshpoint 1(Cj; < Cj/). The goals of the
pollution control agency and the dischargers are transformed
to fuzzy goals in the next subsection using fuzzy sets. These
fuzzy goals are then used in formulating the fuzzy decision
for the water quality management problem.

Fuuy Goals for Water Quality Management

Different goals associated with the water quality manage-
ment of a river system are considered in this section. The
quantities of interest are the concentration levels, €, and Cy,
of the water quality parameters, and the fraction removal levels
(treatment levels), X, and x;.,, of the pollutants. The quan-
tities x;,,, and x;,,, are the fractional removal levels of the pol-
lutant » from the discharger m to control the water quality
parameters i and j, respectively. The aspiration level of the
discharger m with respect to x,.., (w stands for either i orj)
is represented as x%,,. The corresponding maximum fraction
rem%val level acceptable to the discharger m is represented
as Xwmn-

The goals of the pollution control agency are:

* Goal £,: Make the concentration level, C,, of water qual-
ity parameter i at the meshpoint [ as close as possible to
the desirable level, C, so that the water quality at the
meshpoint ! is enhanced with respect to water quality pa-
rameter 4, for all i and I.

* Goal E;: Similar to the goal E;; but with respect to water
quality parameterj.

The goals of the dischargers are:

* Goal F,,,: Make the fraction removal level x,,, as close
as possible to the aspiration level x,, for all i, m, and ».

* Goal F,,: Similar to the goal 7, but with respect to
water quality parameterj .

Each of these four goals can be viewed as an imprecisely
defined goal. These goals are represented as fuzzy sets. The
arguments of the membership functions of the fuzzy sets £,
and E, are Cy and Cj, respectively. Similarly, the arguments
of the membership functions of the fuzzy sets F., and F,,
are x;,, and x,,, respectively. The fuzzy set corresponding to
the decision Z is then given as

=(0e)o(Da)(Q )0 ()
(15)

The membership function corresponding to the decision Z is
given by

pe(X) = mifljimum [M'E,,(CII)’ p-'E,,(le)v oy, Ximn)s Mp',,_,,(xjmu)] (16)
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where X is the space of alternatives composed of Cy, Cj, Xima,
Xmae The corresponding optimal decision, X*, is given by

Mz(X*) =A% = max [z(X)) a7

Nonincreasing or nondecreasing membership functions are as-
signed to each of the fuzzy sets. The nonincreasing member-
ship functions reflect the premise “the less the better or at
least not the worse,” whereas the nondecreasing membership
functions reflect the premise “the more the better or at least
not the worse.” In other words, the nonincreasing or nonde-
creasing membership functions represent the aspirations of the
pollution control agency and dischargers quantitatively. For
example, the dischargers’ premise “the less fraction removal
level of the waste, the better (in terms of waste treatment
cost)” may be expressed using a nonincreasing membership
function of the fraction removal level. The membership func-
tions can be either linear or nonlinear. The linear membership
functions facilitate solving the fuzzy multiple objective opti-
mization problem using linear programming (Zimmermann
1978, 1985; Feng 1983; Kindler 1992; Rao 1993; Sakawa
1995). The details of the membership functions used in the
present study are discussed in the following subsection. The
exponents, o, and B, appearing in the membership func-
tions are nonzero positive real numbers. The assignment of
numerical values to these exponents is subject to the desired
shape of the membership functions and the appropriate values
may be chosen by the decision-maker. Assignment of a value
of 1 to these exponents gives rise to linear membership func-
tions.

Membership Functionsfor Fuzzy Goals

Goal E,: The membership function form for the fuzzy goal
E, is shown in Fig. 3. The desirable level, C7, for the water
quality parameter i at meshpoint ! is assigned a membership
value of 1. The minimum permissible level, Cj, is assigned a
membership value of zero. The membership function for the
fuzzy goal E, is expressed as

0 Ci = Cj

il il

C< . l, oy
ME,,(CU) = I:_;;—‘l] :’7 =Cy= Cf,’ (18)

1 Ci=Ch

This membership function may be interpreted as the variation
of satisfaction level of the pollution control agency. The sat-
isfaction of the pollution control agency increases as the con-
centration level, C;, of the water quality parameter i at the
meshpoint [ approaches the desirable limit, C7, starting from
the minimum permissible limit, C.

Goal E;: The membership function form of the fuzzy goal
E, is shown in Fig. 4. The desirable level, Cj, for the water
quality parameter j at the meshpoint ! is assigned a member-
ship value of 1. The maximum permissible level, Cji is as-
signed a membership value of 0. The membership function for
the fuzzy goal E, is expressed as

m
1} 0<ea,<1

a,=1

';:‘Il;.lil
0 Cy CaD o8

FIG. 3. Membership Functionfor Goal E,

FIG. 4. Membership Functionfor Goal E,

L% 8§ |
0< Bw<1

\ Bw>l

FIG. 5. Membership Functionfor Goal F,,

1 Cy=CY
ci-¢ |
pelCp) = [Ejﬁl_—c'%] Ci=G=Cy (19)
i jt
0 Cy = Cfll

Similar to the membership function for the fuzzy goal £y, the
membership function for the fuzzy goal E; may also be inter-
preted as the variation of the satisfaction level of the pollution
control agency with the concentration level, Cy;, of water qual-
ity parameterj.

Goal F,,,: The membership function form for the fuzzy goal
Finn 18 shown in Fig. 5. The fraction removal level, x5,,, cor-
responding to the aspiration level of the discharger m with
regard to x,,, is assigned a membership value of 1. The max-
imum acceptable level, x¥,,, is assigned a membership value
of 0. The membership function for the fuzzy goal Fin, is ex-
pressed as

1 X = X

M
Ximn — Ximn

Bimn
L M
M L Ximn = Ximn = Ximn (20)
Ximn — Ximn

p’F,,,,,,(ximn) = [
O Ximn = xi\r/lml

This membership function may be interpreted as the variation
of satisfaction level of the discharger m in treating the pollut-
ant n to control the water quality parameter i in the river sys-
tem.

Goal F,.,,: The membership function form for the fuzzy goal
Fiun 15 similar to that of the fuzzy goal Fims, but the index i
replaced by the indexj . The membership function for the fuzzy
goal F,., can be expressed as

L
1 Xjmn = Xjmn
B,
M jmn
— x!mn - x!mn L < M (21)
uf}m('xlm") - XM _ xL Ximn = Xjmn = Xjmn
Jmn jmn
M
0 xjmn = -xjmn

Similar to the fuzzy goal F,.., this membership function can
also be interpreted as the variation of satisfaction level of the
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discharger m in treating the pollutant n to control the water
quality parameter j, Based on the membership functions for
the fuzzy goals, the MAX-MIN and MAX-BIAS formulations
of FWLAM are presented in the following subsection.

MAX-MIN Formulation

The crisp equivalent of the fuzzy multiple objective opti-
mization problem, (11) through (14), provides the basis for
the MAX-MIN formulation of FWLAM. The model maxi-
mizes the satisfaction level, A, in the system. The model is ex-
pressed as

max A (22)

subject to
we(C) =N Vil (23)
e (C) = N V), 1 4
e, Km) =X Viym, n (25)
b, mn) Z N V), m, n (26)
Ci=C,=Cp Vil @7
Ci=C,=Cj Vj 1 (28)
Xop S X = XM, Vi,m, n (29)
Xfun S Xy < X Y, m, (30)
X Z Xy = XX Vi, m, n @3
Ximn = Ximn = Xya Vj, m, 1 (32)
0=r=1 (33)

The crisp constraints (27) through (33) determine the space
of alternatives. The constraints (27) and (28) are based on the
water quality requirements set by the pollution control agency
through the desirable and permissible limits of the water qual-
ity parameters i and j, respectively. The aspiration level and
maximum acceptable level of pollutant treatment efficiencies
set by the dischargers are expressed in constraints (29) and
(30). However, the pollution control agency imposes minimal
treatment levels that are expressed as the lower bounds, xy™
and xms', in constraints (31) and (32). The upper bounds,
X% and xma, in these constraints represent the technologi-
cally possible maximum fraction removal levels. Because the
maximum acceptable level of pollutant treatment cannot ex-
ceed the technologically possible upper limit, the constraints

(29) and (31), and (30) and (32) can be simplified as follows:
max [xﬁnn! x/’l\'l/‘lin] = Ximn = x::lrm Vi9 m, n (34)
max [, Xmn | < Yo < Xfnn Vi, m, n (35)

Constraint (33) represents the bounds on the parameter A. It
may be noted that the constraints (23) through (26) define the
parameter A as the minimum satisfaction level in the system.
The objective is to find X* corresponding to the maximum
value A* of the parameter A. The optimum value A* corre-
sponds to the maximized minimum (max-min) satisfaction
level in the system. The solution X* is referred to as the best
compromise solution to the multiple objective optimization
problem (Kindler 1992). Substituting the expressions for the
membership functions from (18) through (21) into constraints
(23) through (26), respectively, yields the MAX-MIN formu-
lation, given as

max A 36)
subject to

C, - e L
[C—Dt%] =N Vil @7
il il
Cﬁ — 4
[EIJ;—_-—C(—:%] =\ V)l (38)
S i
xM —x Bima
[H] =N Vimn (39)

XM=y

[‘1——“" T ] =N Vimn (40)
Xjmn — Xjmn

and to constraints (27), (28), (33), (34), and (35).

The concentration level, C,,, of the water quality parameter
w (the index w stands for either i orj) at the meshpoint 1can
be related to the fraction removal level, x,,.,, of the pollutant
n from the discharger m to control the water quality parameter
w. Table 1 shows that the dischargers in the set D and the
uncontrollable sources in the set T may affectthe water quality
parameter w at the meshpoint 1 This can be mathematically
expressed as

Ny N, N, N,
Cwl = E walmn(Lwlmm xwmn) + E S fwlpn(Lwlpn) (41)

mul n=1 p=1 n=i

where L,,,., is the concentration of the pollutant n prior to
treatment from the discharger = that affects the water quality
parameter w at the meshpoint /, L,,,, is the concentration of
the pollutant n from the uncontrollable source p that affects
the water quality parameter w at the meshpoint 1. The transfer
functions f,1,..(*, -} and f.,,,(-) represent the concentration lev-
els of the water quality parameter w due t0 Lo ma(l — Xyma),
and L,,,,, respectively. These transfer functions can be eval-
uated using appropriate mathematical models that determine
the spatial and temporal distribution of the water quality pa-
rameter due to the pollutants in the river system. From a water
quality management point of view, it is assumed that the trans-
fer functions can be evaluated using available water quality
models. Substitution for C, and C, in the constraints (37) and
(38) using (41) gives linear or nonlinear constraints in terms
of the fraction removal levels. The solution will be X* and \*
where X* correspondsto the optimal fraction removal levels.
Thus,

X* = (x% x50} 42)

where xj, and x}¥,, are the fraction removal levels of the pol-
lutant » from the discharger = to control water quality para-
meters i and j, respectively.

MAX-BIAS Formulation

The MAX-MIN formulation gives a solution that maximizes
the minimum satisfaction level in the system without explicitly
considering criteria for minimizing the pollutant treatment
cost. Minimization of the total treatment cost is achieved by
developing a formulation that is biased to the dischargers. The
MAX-BIAS formulation discussed in this section gives a so-
lution that favors the dischargers and thereby indirectly re-
duces the total treatment cost. Let A be the minimum satisfac-
tion level in the system corresponding to a vector of fraction
removal levels X. Consider the deviation of satisfaction levels
of the pollution control agency and the dischargers from the
minimum satisfaction level A. Represent the deviations as

dy=pg(Cy) — A Vi ! 43)
dy =g (C) — N Vj, ! (44)
dimn = ILF;..,.(xtmn) - x Vi, m, n (45)
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djmn = “'ijn(xjmn) -\ Vjs m, n (46)

Summing the deviations over all i, j, 1, m, and n gives

N, N, N,

d = E Z dy= 2 2 pe,(Cy) —

iml  Im i=l =1

NN\ @47

N

NN, . W
= D d=D D pe(C) - NNA  (48)

J=1 =1 j=1 =1
Ny Ne N, Ny, Na N,
dy = E E Z dimn = 2 E E Br,, Kms) — NpNaNA - (49)
n=l mml =l n=l m=al (=]
Np Na N Ny Na N,

N,N,NA - (50)

do= 2 2 2 dn = Dy 2 D oy Ci) =

n=l mm=l jul nwl me=l jml

Minimization of the quantities &, and d, and maximization of
the quantities d; and d, result in a solution that is biased to
the dischargers. It may be noted that minimization of 4, and
d,, and maximization of 4, and d, together result in pulling
the satisfaction levels of the pollution control agency toward
the minimum satisfaction level A, and pushing the satisfaction
levels of the dischargers away from the minimum satisfaction
level A. Pulling the satisfaction levels of the pollution control
agency toward the minimum satisfaction level brings the con-
centration levels of the water quality parameters close to the
permissible levels. This, in turn, permits more use of the as-
similative capacity of the river system. This means more waste
disposal to the river system and lower fraction removal levels.
The ideal solution from a cost minimization point of view may
be achieved by keeping the fraction removal levels as low as
possible. Similarly, pushing the satisfaction levels of the dis-
chargers away from the minimum satisfaction level A brings
the fraction removal levels as close to the aspiration levels of
the dischargers, and this helps to reduce the waste treatment
cost. The bias index, m, is then defined as

Mm=ds +d, —d — d, 51)

D,y

13 @
D, LEGEND

@ o

WATER QUALITY
MESHPOINT [/

@ RIVER REACH 7,

Simplifying (51) using (18) through (21) allows the bias index,
7, to be expressed as

Ng Ny C _ CL ay Ng N C _ L%
-23(E=a] 225

I=1 =] I=1

Ny Na Ny Bimn Np Na N, Bim
+ z 2 E [-ximn xlmn] + 2 2 E [x 2jmn___ imn :I
n=l m=l =] x:mn Xim n=l mmi jml xjmn - xjmn
+ WV, + NN, — NN (52)

Maximization of this bias index, m, yields a solution that is
biased to the dischargers and reduces the total treatment cost.
The MAX-BIAS formulation is then given as

max m (53)

subject to the constraints (27), (28), (33) through (35), and
(37) through (40). The applications of the MAX-MIN and
MAX-BIAS formulations of FWLAM are discussed in the fol-
lowing section.

MODEL APPLICATION

The application of FWLAM is demonstrated with a hypo-
thetical river network shown in Fig. 6. The river network is
discretized into nine river reaches and each reach receives a
point-source of BOD waste load from a discharger located at
the beginning of the reach. The only pollutant in the system
is the point-source of BOD waste load. The water quality pa-
rameter of interest is the dissolved oxygen deficit (DO deficit)
at a finite number of meshpoints due to these point-sources of
BOD. Water quality is checked at 23 meshpoints, as shown in
Fig. 6. The middle meshpoint in a reach corresponds to half
of the travel time of flow between the meshpoints at the be-
ginning and end of the reach. The data pertaining to the river
flows and effluent flows are given in Table 2. The value of the
dissolved oxygen deficit at a meshpoint can be expressed in
terms of the fraction removal levels of BOD associated with
various dischargers located upstream of the meshpoint under

D8
D —- DISCHARGER m
m

wusnssnape  RIVER FLOW

FIG. 6. Hypothetical River Network
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Effluent Flow Data River Flow Data
Effluent Total | Time Reaeration Desirable
flow rate BOD DO River | Fow flow of | Deoxygenation rate Saturation DO| Permissible| DO
(10* m¥ | concentration | concentration| reach | (10° m¥ | (10° m¥ | flow | rate constant | constant | concentration| DO deficit deficit
Discharger | day) (mg/L) (mg/L) r. day) day) |[(day) (1/day) (1/day) (mg/L) (mg/L) (mg/L)
) 2 (3 @) (5) {6) 7 [ ® (9) (10 {11) (12) {13)
D, 2.134 1.250 1.23 n 4.6183 | 4.63964| 0.316 0.331 0.847 10.10 35 0.0
D, 10.738 525 2.15 r 3.2574 | 3.36478| 1.312 0.328 0.743 9.85 3.0 0.5
D, 4.178 1.878 2.16 r 7.8757 | 8.04620( 0.642 0.378 0.532 9.64 35 0.0
D, 6.415 723 1.80 ra 3.9821 | 4.04625| 1.281 0.410 0.831 9.78 35 0.0
D, 8.319 1,272 2.40 r, 5.2394 | 5.32259]0.732 0.320 0.754 10.20 3.0 0.0
D, 7.554 2,080 141 Te 9.2215 | 9.44438| 1.218 0.357 0.670 9.90 3.0 0.5
D, 9.832 2.564 1.62 r 17.0972 | 17.58890| 1.787 0.393 0.580 9.85 4.0 10
D, 3.511 1.842 1.70 rs 17.0972 | 17.62401| 1.823 0.383 0.425 9.65 35 15
D, 5.180 932 1.93 rs 17.0972 | 17.67581| 2.131 0.390 0.210 9.50 4.0 15
consideration. The transfer function that expressesthe DO def- TABLE 3. Detailsof Membership Functions
icit at a meshpoint in terms of the concentration of point- Goal E, Goal F,
source of BOD and the fraction removal levels can be obtained ) =
using the one-dimensional steady-state Streeter-Phelps BOD- For all Meshpoints | C7’ Ci , | . "
DO equations (Gromiec et al. 1983; Thomann and Mueller Iin Reach r, | (mglL) | (mg/L) | Discharger | Xm | Xm
1987; James and Elliot 1993). Different methods that employ (1) @ @) “4) 5 6
the Sweeter-Phelps equations to predict the spatial distribution n 35 0.0 D, 0.25 | 0.75
of DO deficit in a river network with multiple reaches are 2 3.0 8-5 D, 0.5 | 0.8
available in the literature (e.g., Arbabi and Elzinga 1975; Fug- s a5 0 D, 0. | 0.85
X ; . re 35 05 D, 0.35| 0.75
iwara et al. 1986). A suitable adoption of the model proposed r 30 0.0 D, 0.35| o.80
by Fugiwara et al. (1986) is used in the present study. re 3.0 05 D, 0.25 1 0.90
It may be noted that since the desirable level of the DO r 4.0 10 D, 0.3 | 0.90
deficit is smaller than the permissible level, this water quality rs 35 1.5 Dy 0.35 | 0.85
parameter belongs to the set S described in Table 1. The sets rs 4.0 15 Dy 0.30] 075
Vand T are empty sets. The elements in the sets P, D, and Q
are, respectively, BOD point-source, nine dischargers, and 23
meshpoints. Since the sets P and S contain only one element u
each, the suffixesj and » are dropped from the constraints and 1 GOAL E
objective function for convenience. Denoting the DO deficit 3
at the water quality meshpoint 1 by C;, and the fraction re-
moval level for the mth discharger by x,, and using linear
membership functions for the fuzzy goals (i.e., a, = B, =
1), the MAX-MIN and MAX-BIAS formulations can be sim-
plified using the constraints (28), (33), (35), (38), and (40).
The MAX-MIN formulation can be simplified as follows: 0 5 -
(5 =05 C3=30 C,;(mgl)
max A (54) _ )
. FIG. 7. MembershipFunctionfor Goal E,
subject to
cr -G
cr_crzM v (55 . GOAL F,
1
M
iz, - i"; =\ Vm (56)
c’r=C=ct v 7
max (x, xX™ 1= x, <x¥ VYm (58)
0=si=1 (59) 0 l—
x{ =02 x¥oo5 xg

The MAX-BIAS formulation can be simplified as follows:

MED c Ny(=9) M
" _ ¢ _
axn=- > LG i
max m 2 l:Cf' — Cf’] + 2 LM — x‘] 14A (60)

1= mm] m m

subject to constraints (55) through (59). The coefficient 14 of
the-parameter A is obtained as {(N, + NJ)(N, — N,N,) = (O +
123 —1-9)= 141.

Details of the membership functions for the fuzzy goals are
given in Table 3. Two typical membership functions corre-
sponding to the fuzzy goals E, (goal of the pollution control
agency related to the DO deficit at meshpoint 3), and F, (goal
related to the fraction removal level for discharger 9) are
shown in Figs. 7 and 8, respectively. A minimal fraction re-

FIG. 8. MembershipFunctionfor Goal F,

moval level of 0.30is imposed by the pollution control agency
on all the dischargers (i.e., xu™ = 0.3 Vm). As pointed out
previously, the DO deficit, C; at meshpoint 1 can be expressed
as a function of fraction removal levels x,, where & corre-
sponds to the dischargers upstream of the meshpoint 1. Use of
Streeter-Phelps equationsresults in linear transfer functions for
C,. This facilitates the use of linear programming technique to
solve both the MAX-MIN and MAX-BIAS formulations. The
results obtained by applying the two formulations to the river
system are described in the following paragraphs.
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RESULTS AND DISCUSSION

The results of the analysis are summarized in Table 4 and
Figs 9 and 10. Table 4 gives the optimum fraction removal
levels and minimum DO concentration in each river reach cor-
responding to the MAX-MIN and MAX-BIAS formulations.
Also shown in Table 4 are the desirable and minimum per-
missible DO concentrations. These values correspond to the
desirable and maximum permissible DO deficits in each river
reach that are given in Table 2. The bar charts shown in Figs.
9 and 10 compare the fraction removal levels and the mini-
mum DO concentration in the reaches, respectively, for the
MAX-MIN and MAX-BIAS formulations. The MAX-MIN
formulation results in higher fraction removal levels (except
for the dischargers 6 and 7). This results in higher BOD re-
moval and, as a consequence, a higher DO concentration levels
in the river system. As shown in Fig. 10, the minimum DO
concentration is well above the minimum permissible DO con-

centration in all the reaches for MAX-MIN formulation.

Therefore, it may be concluded that the MAX-MIN formula-
tion enhances the water quality in the system and favors the

TABLE 4. Results of MAX-MIN (MM) and MAX-BIAS (MB) For-
mulations

Fraction Minimum DO
Removal Concentration DO Standard
Leve! e“alg ’ (mg/L) (mg/L)
Discharger] MM | MB A MM MB | Desirable] Permissible

(1) (2 | ® | 4 (5) (8) (7) (8)
D, 0.64 | 0.30 r, 9.89 9.12 1010 6.60
D, 0.70 | 0.35 r 8.76 78 9.3 6.8
D, 0.72 | 047 r 80| 7.12 9.6 6.14
D, 0.66 | 0.35 s 88 | 7.% 928 6.28
D, 0.70 | 0.36 rs 9.17 | 8.12 20 7.2
Dy 0.75 | 0.90 e 7.65 | 6.90 9.40 6.90
D, 0.77 | 0.90 ry 6.0 | 6.5 8.85 5.8%6
D, 0.74 | 0.69 ry 6.61 6.15 8.15 6.15
D, 0.49 | 0.30 rs 6.07 5.5 8.00 5.5

B MAX-MIN
CIMAX-BIAS

Fraction removal level

Discharger
FIG. 9. Bar Chart of Fraction Removal Levels
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FIG. 10. Bar Chart of Minimum DO Concentrations

pollution control agency. On the other hand, the MAX-BIAS
formulation favors the dischargers in general by suggesting
lower fraction removal levels. The DO concentration in the
river reaches 6, 8, and 9 are at the minimum permissiblelevels
showing critical water quality conditions in these reaches.

The optimal value of the minimum satisfaction level, A, in
the system are 0.2283 and 0.0 for the MAX-MIN and MAX-
BIAS formulations, respectively. Similarly, the optimal values
of the bias index, m, are —11.5073 and —2.0888 for the MAX-
MIN and MAX-BIAS formulations, respectively. The upper
and lower bounds of A reflect two extreme scenarios in the
system. The upper bound, A = 1, indicates that all the goals
have been completely satisfied and therefore represents a no-
conflict scenario. The lower bound, A = 0, indicates that at
least one goal has a zero satisfaction level and therefore rep-
resents a conflict scenario. Any intermediate value of A rep-
resents the degree of conflict that exists in the system. The
MAX-MIN formulation aims at achieving a fair-compromise
solution by reducing the degree of conflict in the system. It
may be expected for a water quality management problem that
the value of the minimum satisfaction level, A, will be closer
to zero than to unity as with the example illustrated. This in-
dicates that a conflict scenario cannot be avoided in the sys-
tem. The existence of a conflict scenario in water quality man-
agement problems is due to the compound effect of the
conflicting objectives of the pollution control agency and the
dischargers, and the relatively low assimilative capacity of the
river network. The smaller value of the bias index, m, for
MAX-MIN formulation may be related to the improved water
quality indicated by the higher values of minimum DO con-
centration. The higher value of the bias index, m, for the
MAX-BIAS formulation indicates a solution that favors the
dischargers.

CONCLUSION

The fuzzy waste load allocation model, FWLAM, provides
a new paradigm for water quality management of a river sys-
tem. The MAX-MIN and MAX-BIAS formulations provide
decision-making tools that facilitate more realistic cooperation
between the pollution control agency and dischargers, and be-
tween the dischargers themselves. FWLAM is an easily im-
plementable decision-making tool in water quality manage-
ment of a river system. The model is capable of incorporating
the conflicting objectives of the pollution control agency and
dischargers in the system. The vagueness associated with set-
ting up the water quality criteria, and the aspirations of the
pollution control agency and dischargers can be effectively
quantified using appropriate membership functions for the var-
ious fuzzy goals. A salient feature of the model is the elimi-
nation of waste treatment cost curves. The MAX-MIN for-
mulation of FWLAM favors the pollution control agency by
enhancing the water quality of the river system. The MAX-
BIAS formulation favors the dischargers by suggesting lower
fraction removal levels. FWLAM provides flexibility for the
pollution control agency and dischargers to specify their as-
pirations independently and thus avoids the difficulty of as-
signing unknown relative weights. The cooperation between
the pollution control agency and dischargers, and the discharg-
ers among themselves can be made more realistic and scien-
tific using FWLAM as a decision-making tool for water qual-
ity management of a river system. FWLAM does not limit its
application to any particular pollutant or water quality param-
eter in the river system. Given appropriate transfer functions
for the spatial and temporal distribution of the pollutantsin a
water body, FWLAM can be used for water quality manage-
ment of the water body. In a general sense, FWLAM is adapt-
able to various environmental systems where a sustainableand
efficient use of environmentis of interest.
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APPENDIXIl. NOTATION
Thefollowing symbols are used in this paper:

A, A, B = fuzzy sets;
C = fuzzy constraint;
C, = concentration of water quality parameter ; at
meshpoint I;
desirable and permissible levels for Cy;
concentration of water quality parameterj at
meshpoint /;
Cj, Cji = desirable and permissible levels for Cy;
= concentration of water quality parameter w
at meshpoint I;
C, = DO deficit at meshpoint ;
C?, ¢ = desirable and permissible DO deficits at
meshpoint {;
du, dimss dys dim, = deviations of satisfaction levels from mini-
mum satisfaction level x;
dy, d,, ds, d; = summed deviations of satisfaction levels
from minimum satisfaction level A

ci Cii
C

wi

D = set of dischargers;
D,, = dischargerm;
E,, E, = fuzzy goals of pollution control agency with
regard to C, and C,, respectively;
JoimnCs ) furpn(*) = transfer functions;
, F, = fuzzy goals;

Fns Finn, = fuzzy goals of discharger m with regard to
Ximn AN Xy, respectively;

gx(X) = crisp constraint h;

G = crisp set;

L., = concentration of pollutant n prior to treat-
ment from discharger m that affects water
quality parameter w at meshpoint 1;

L,.,» = concentration of pollutant n from uncontrol-
lable source p that affects water quality pa-
rameter w at meshpoint I;

n, = total number of fuzzy sets A,;
ns = total number of fuzzy goals #,;
ng = total number of crisp constraints g,;
N, = total number of dischargers;
N, = total number of pollutants;
N, = total number of water quality meshpoints;
N, = total number of water quality parameters that
belong to set S;
N, = total number of uncontrollable sources of
pollutants;
N, = total number of water quality parameters that
belong to set V;,
P = set of pollutants;
Q = set of water quality meshpoints;
r, = river reach e;
S = set of water quality parameters for which de-
sirable levels is less than permissible level,
T = set of uncontrollable sources of pollutants;
U = universal set;
V = set of water quality parameters for which de-
sirable level is less than permissible level,
x = element in set U;

Ximn» Xmn = fraction removal levels of the pollutant n
from discharger m to control water quality
parameters i and j, respectively;

Xeuns Ximn = Minimum fraction removal levels set by dis-
charger m;

Ximms Xms = maximum fraction removal levels set by dis-
charger m;

xh, o = minimum fraction removal levels imposed

by pollution control agency; )
= technologically possible maximum fraction

removal levels;

MAX MAX
xlmn » xjmn
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Xhas Xha = optimal fraction removal levels;
x, = fraction removal level of BOD point-source
for discharger m;
Xrw Xpe = minimum and maximum fraction removal
level of BOD set by discharger m;
x™ = minimum fraction removal level of BOD im-
posed by pollution control agency on dis-
charger m;
x* = optimal solution for fuzzy decision Z,
X = space of alternatives;
X = vector of fraction removal levels;
X* = vector of optimal fraction removal levels;
X* = optimal solution of fuzzy decision Z corre-
sponding to X,
Z = fuzzy decision;
.y Be..y = exponents in membership functions of fuzzy

goals;

Subscripts

. O D

< X 3 e

bias index;

minimum satisfaction level; and

maximized minimum (max-min) satisfaction
level.

subscript for river reach;

subscript for crisp constraint g;

water quality parameters that belong to sets
V and S, respectively;

subscript for fuzzy set A;

water quality meshpoint;

discharger;

pollutant;

uncontrollable source of pollutant; and
subscript for fuzzy goal F.
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