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Uncertainty associated with fuzzy membership functions for a water quality management 
problem is addressed through interval grey numbers. The lower and upper bounds of the 
membership functions  are expressed as interval grey numbers, and the membership 
functions are modeled as imprecise membership functions. A grey fuzzy optimization 
model for water quality management of a river system is developed. Application of the 
optimization model with imprecise membership functions is illustrated with a 
hypothetical river system. 
 
INTRODUCTION 
 
A Waste Load Allocation (WLA) model, in general, integrates a water quality simulation 
model with an optimization model to provide best compromise solutions acceptable to 
both PCA and dischargers. Uncertainty due to imprecision in goals and model parameters 
in general has been addressed earlier with fuzzy sets. Sasikumar and Mujumdar (1998) 
[1] developed a Fuzzy Waste Load Allocation Model (FWLAM) for water quality 
management of a river system. A useful feature of FWLAM is its capability to 
incorporate the conflicting and imprecise goals of Pollution Control Agency (PCA) and 
dischargers in a fuzzy optimization framework. A major limitation in FWLAM is that the 
lower and upper bounds of the membership functions (membership parameters) are 
assumed fixed. As the model results are likely to vary considerably with change in the 
membership functions, uncertainty in the bounds and shape of the membership functions 
should be addressed in fuzzy optimization models for water quality management. The 
present work is aimed at relaxing the lower and upper bounds of the membership 
functions by treating them as interval grey numbers [2, 3, 4], thus providing a range of 
“best compromise” solutions to impart more flexibility in water quality management 
decisions. The Grey Fuzzy Waste Load Allocation Model (GFWLAM) [5] described in 
the present work, is a more flexible form of FWLAM developed earlier, and uses the 
concepts of grey programming [2, 4], interval analysis [3] and interval programming [6]. 
Optimal values of the objective function and decision variables are obtained in the form 
of interval grey numbers, enhancing flexibility in decision making. 
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GREY FUZZY WASTE LOAD ALLOCATION MODEL (GFWLAM) 
 
The FWLAM developed earlier, forms the basis for the optimization model developed in 
the present work. The system consists of a set of dischargers, who are allowed to release 
pollutants into the river after removing some fraction of the pollutants. Goals of the PCA 
and dischargers are expressed as fuzzy goals. The fuzzy membership functions 
themselves being imprecisely stated. A terminology “imprecise membership function” is 
used to represent the membership functions with uncertain membership parameters [5]. 
The uncertainty in membership parameters is addressed by using interval grey numbers. 
An interval grey number (x±) is defined as an interval with known lower (x−) and upper 
(x+) bounds but unknown distribution information for x [4].  
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x± becomes a “deterministic number” or “white number” when, x± = x− = x+. Two sets of 
imprecisely defined and conflicting goals (i.e., goals of PCA and dischargers) are 
addressed through an optimization model by using interval grey numbers. 
  
Grey fuzzy goals for water quality management 
 
Goals of PCA 
The PCA sets the desirable concentration level (cD

jl) and maximum permissible 
concentration level (cH

jl) of the water quality indicator j (e.g., DO-deficit, hardness, 
nitrate-nitrogen concentration) at the water quality checkpoint l (cD

jl ≤ cH
jl). The goal of 

the PCA (Ejl ) is to make the concentration level (cjl) of water quality indicator j at the 
checkpoint l as close as possible to the desirable level, cD

jl, so that the water quality at the 
checkpoint l is enhanced with respect to the water quality indicator j, for all j and l. This 
goal is represented by a membership function. For example, if DO-deficit is the water 
quality indicator, a non-increasing membership function suitably reflects goals of the 
PCA with respect to DO-deficit at a checkpoint. The uncertainty associated with 
membership parameters (cD

jl and cH
jl) is addressed using interval grey numbers, and the 

membership parameters are expressed as cD±
jl and cH±

jl. Using non-increasing imprecise 
membership functions, the grey fuzzy goals of PCA are expressed as: 
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The exponent αjl is nonzero positive real number. Assignment of numerical value to this 
exponent is subject to the desired shape of the membership functions. A value of αjl = 1 
leads to linear imprecise membership function. 
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Goals of dischargers 
The grey fuzzy goals of the dischargers are similarly expressed as:  
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where the aspiration level and maximum acceptable level of fractional removal of the 
pollutant n at discharger m are represented as xL

mn and xM
mn, respectively (xL

mn ≤ xM
mn). 

Similar to the exponent αjl in Eq. (2), βjmn is nonzero positive real number. The goal of 
the dischargers (Fjmn ) is to make the fractional removal level (xjmn) as close as possible to 
xL

mn, to minimize the waste treatment cost for pollutant n. These two sets of conflicting 
and imprecise goals are incorporated in the optimization model using “fuzzy decision” 
concept proposed by Bellman and Zadeh [7]. 
 
Formulation 
 
GFWLAM is represented as: 
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The constraints (5) and (6) are constructed from membership functions for the goa
PCA and dischargers, respectively. These constraints define the minimum 
fulfillment level (λ±). The crisp constraints (7) and (8) are based on the water qu
requirements set by the PCA, and possible fractional removal levels by the dischar
respectively. Constraint (9) represents the bounds on the parameter λ±. 

In the expression for goals of PCA [constraint (5)], the concentration level c±

water quality indicator j at checkpoint l, may be mathematically expressed as: 
 

)x(fc jmnjl
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where the transfer function f indicates the aggregated effect of all pollutants
dischargers (located upstream of checkpoint l) on the water quality indicator j. 
(4) 
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transfer function can be evaluated using appropriate mathematical models that determine 
spatial distribution of the water quality indicator due to pollutant discharge into the river 
system from point sources [8]. The fractional removal levels for different pollutants by 
different dischargers (x±jmn) and goal fulfillment level (λ±) are the decision variables in 
this model, as c±jl in Eq. (5) can be expressed in terms of x±jmn using the relation in Eq. 
(10). For most water quality indicators, a high level of fractional removal of pollutants 
(e.g., BOD loading, toxic pollutant concentration) results in a low level of water quality 
indicator (e.g., DO-deficit, nitrate-nitrogen concentration). The lower bound of water 
quality indicator (c-

jl) is therefore expressed in terms of upper bound of fractional 
removal level (x+

jmn) by using Eq. (10). 
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Similarly,                                                                                                   (12) )x(fc jmnjl
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The order of consideration of constraints (5) and (6), along with the selection of 

bounds of decision variables (x-
jmn, x+

jmn, λ-, and λ+) create two different cases of model 
formulation, which are termed as Case 1 and Case 2, with each problem divided into two 
submodels. Submodel 1 maximizes the upper bound, λ+, and Submodel 2 maximizes the 
lower bound, λ-. Lower and upper bounds of the decision variables (x-

jmn and x+
jmn) are 

obtained from these two submodels. 
 
Case 1 
The goals of PCA [expressed by constraint (5)] are considered first. In Submodel 1, λ+ is 
maximized, which should be highest resulting from left hand side of the constraint (5). 
Similar to the goals of PCA, goals of dischargers are expressed, involving the same 
decision variables λ+ and x+

jmn, as in the expression for goals of PCA. The Submodel 1 is 
expressed as follows using a linear imprecise membership function: 
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The Submodel 2 is formulated to obtain the lower bound of maximum goal 
fulfillment level (λ-). 

(19) 
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As the upper and lower bounds of x±jmn are obtained from two different submodels, they 
are linked by incorporating constraint (22). 
 
Case 2 
The constraint based on the goals of dischargers is considered first. 
 
Submodel 1: 

(26) 
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Submodel 2: 
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MODEL APPLICATION 
 
The model is applied to a hypothetical river system shown in Figure 1. The water quality 
indicator of interest is the DO-deficit at 18 number of checkpoints in the river system due 
to the point sources of BOD. The saturation DO concentration is taken as 10mg/L for all 
the reaches. A deterministic value of river flow as 7 Mcum/day is considered. The details 
of the effluent flow and imprecise membership functions are given in Table 1 and 2, 
respectively. 
 
Figure 1. A hypothetical river system. 

 
Table 1. Effluent flow data [8]. 

 

Discharger Effluent Flow Rate 
(104m3/day) 

BOD Concentration 
(mg/L) 

DO Concentration 
(mg/L) 

D1 2.134 1250 1.230 
D2 6.321 1415 2.400 
D3 7.554 1040 1.700 
D4 5.180 935 2.160 

 
Table 2. Details of imprecise membership functions. 
 

 cD
l (mg/L) cH

l (mg/L) xL
m xM

mRiver 
Reach 

Check-
points − + − + − + − + 

(0.00) (3.00) (0.30) (0.85) R1 1-2 0.00 0.00 2.70 3.20 0.25 0.35 0.80 0.90 
(0.10) (3.00) (0.30) (0.85) R2 3-6 0.00 0.10 2.70 3.20 0.25 0.35 0.80 0.90 
(0.20) (3.50) (0.35) (0.85) R3 7 –11 0.17 0.22 3.30 3.70 0.30 0.40 0.80 0.90 
(0.20) (3.50) (0.35) (0.85) R4 12 –18 0.17 0.22 3.30 3.70 0.30 0.40 0.80 0.90 

( ) : Deterministic case, ‘−’ : Lower bound, ‘+’ : Upper bound 
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RESULTS AND DISCUSSION 
 
The results obtained from the model facilitate a comparison between the deterministic 
case, where the membership parameters are deterministic numbers, and the grey 
uncertain case, where the membership parameters are uncertain, and are represented as 
interval grey numbers. The results of the analysis are summarized in Table 3, give a set of  
 
Table 3. Details of fractional removal levels obtained from GFWLAM. 

 
Solutions Gd ( ) of Outputs (%) Type Gd ( ) of 

Inputs (%)∗ λ- λ+ x±1 to x±4  λ± Avg. X± ∗ 

  
D

et
er

m
in

is
tic

 
 0.000 0.4277 0.4277 

[0.615, 0.615] 
[0.615, 0.615] 
[0.636, 0.636] 
[0.636, 0.636] 

0.000 0.000 

Case1 
 

0.3126 

 
 

0.5745 

[0.597, 0.641] 
[0.597, 0.641] 
[0.612, 0.670] 
[0.612, 0.670] 

 
 

59.033 

 
 

8.115 

G
re

y 
U

nc
er

ta
in

 

 
 
 

31.304 

Case2 
 

0.2163 

 
 

0.5745 

[0.641, 0.641] 
[0.641, 0.641] 
[0.670, 0.670] 
[0.670, 0.670] 

 
 

90.584 

 
 

0.000 

(∗) : Average values, Gd ( ) : Grey Degree [4] 
 
flexible policies (optimal fractional removal levels, X∗±, of different pollutants for 
different dischargers) in the form of interval grey numbers for optimal values of λ±, 
which is also an interval grey number. Table 3 shows the optimal fractional removal 
levels of the pollutants by different dischargers for both deterministic case and grey 
uncertain case. For a particular set of membership parameters (Table 2) a set of optimal 
values of decision variables are derived for both Case 1 and Case 2. To evaluate the 
quality of input or output uncertain information, a measure of “Grey degree” is used [4]. 
The expression for grey degree of interval grey number (x±) is Gd(x±) = (xω / xm) × 100%, 
where xm = ½ [x− + x+], and xω  = [x+ − x−]. As the grey degree of optimal value of 
objective function decreases, the effectiveness of the grey model increases with 
decreasing system uncertainties. Therefore, a lower value of grey degree of objective 
function implies the achievement of a more applicable and reliable grey solutions. For 
example, in Case 1 of Table 3, λ± = [0.3126, 0.5745]; where λ- = 0.3126; λ+ = 0.5745; 
whitened mid value, λm = 0.4436; and width, λω = 0.2619; this results in a grey degree of 
λ±, Gd(λ±) = (0.2619/0.4436) = 0.5903, i.e., 59.03%. In Case 1 grey degree of λ± is less 
than the grey degree of λ± obtained in Case 2, indicating that Case 1 describes more 
appropriate imprecise fuzzy decision in this particular problem. The value of λ± in 
deterministic case 0.4277 lies in this closed interval [0.3126, 0.5745].  
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A sensitivity analysis to examine the variation of width of grey output variables with  
grey input variables for different values of river flow is also carried out but is not 
presented here.  
 
CONCLUSIONS 
 
In the present work, uncertainty associated with fuzzy membership functions for a water 
quality management problem is addressed through interval grey numbers. A grey fuzzy 
optimization model for water quality management of a river system is developed. 
Application of the optimization model with imprecise membership functions is illustrated 
with a hypothetical river system. The model application is demonstrated with a 
hypothetical example. 
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