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Velocity autocorrelation functions~VACF! of a fluid confined in a slit pore have been modeled using
the memory equation. Models for the VACF are based on both the truncation and analytic closure
approximations of the Mori’s continued fraction representation. The performance of the models is
evaluated for gas to liquid-like pore densities and pore widths which accommodate one to four
atomic layers. In all cases we compare the predictions from the models with the VACF obtained
from molecular dynamics simulations. The truncation models predict an oscillatory behavior for the
in-plane VACF with better agreement at lower densities. Among the analytical closure models we
observe that the sech model applied at the first level of closure is not only able to capture the
short-time dynamics but is also seen to give the best predictions to the in-plane diffusivities at
liquid-like pore densities. Although the minima in the VACFs are captured accurately by the sech
model, the subsequent plateau regions in the VACF typically observed in confined systems are not
predicted. This aspect is due to the slower relaxation of the actual memory kernel, which is not
captured by the model. Predictions of the in-plane diffusivities using different levels of analytic
closure have been compared with diffusivities obtained from the simulations.
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I. INTRODUCTION

Fluids confined in molecular dimensions between so
surfaces are encountered in a variety of processes suc
adsorption, wetting, boundary lubrication, and heterogene
catalysis. Such systems are observed in diverse applica
such as chromatography, oil recovery, and membrane s
ration technologies. Due to the strong interactions of
fluid molecules with the confining walls, the fluid is inhom
geneous and the spatial distribution of particles is known
influence the static and dynamic properties of the confi
fluid.1,2

Molecular dynamics~MD! simulations have been exten
sively used to study transport properties of confined fluids
particular, the self-diffusivities of single component fluid
confined in slit-shaped nanopores have been wid
investigated.3–6 The variation of the diffusion coefficients o
the density, layering, and state of the pore fluid is now w
documented.7 Although molecular dynamics simulation
have been widely used to study the transport propertie
confined fluids, theoretical treatments of the transport pr
erties of the confined inhomogeneous fluid are relatively f

A theory for the self-diffusion coefficients of inhomoge
neous fluids based on the Enskog kinetic theory for de
gases has been developed for confined fluids.8 When com-
pared with the self-diffusivity values obtained from M
simulations, the theory is able to qualitatively predict t
variations in diffusion coefficients as a function of po
width for smooth fluid–wall potentials.9,10 However the
theory is seen to underestimate diffusivities for structu
pores.10 Other kinetic theory-based approaches11–15 which
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seek to provide a description for transport properties
strongly inhomogeneous fluids are based on kinetic theo
developed for homogeneous fluids.16 Although kinetic
theory-based approaches for bulk fluids have been exten
to develop a theory for transport properties of highly inh
mogeneous fluids, liquid state theories based on time co
lation functions have not been applied to confined fluids.

Within the framework of equilibrium statistical mechan
ics, the transport properties of a fluid are related to the ti
correlation functions of the relevant dynamic variables
appropriate Green–Kubo relations.17 The velocity autocorre-
lation functions ~VACF! are used to determine the sel
diffusivity of a fluid. If the appropriate time correlation func
tions can be predicted, then the relevant transport prope
can in principle be determined. In the memory function a
proach the autocorrelation of any dynamic variable is rela
to its time derivative through a convolution with a memo
kernel.18 The success of using the memory function form
ism relies on obtaining a suitable form for the memory k
nel. In this regard many different approaches have been u
These include kinetic, hydrodynamic, and mode-coupl
theories.18,19A classical approach is the Mori continued fra
tion procedure, which reduces to determining a hierarchy
memory functions.18 Various levels of truncation of the con
tinued fraction representation give rise to different levels
approximation of the autocorrelation function. This approa
has been widely used in modeling the velocity autocorre
tion function for a bulk fluid, and also has the advantage t
it can be systematically improved. It involves evaluating t
moments of the power spectrum of the VACF, which are a
known as the Mori constants.

An alternative approach is heuristic in nature and rel
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on proposing an appropriate form of the memory ker
whose constants are related to the moments of the po
spectrum of the VACF. Alternatively, this procedure can
viewed as a process of analytic closure20,21 for the hierarchy
of memory functions that arises in a continued fraction r
resentation. In this regard the sech closure22–25 of the
memory kernel is able to predict self-diffusivities obtain
from molecular dynamics data over a wide range of densi
and temperatures.20,23 Recently, methods from signal pro
cessing have been used to obtain the memory function
assuming that the dynamical process is governed by an
derlying stochastic process.26

In this work we apply the memory function formalism
that has been developed for bulk fluids to a fluid confined
a slit nanopore. In all cases the predicted VACF was co
pared with the VACF obtained from MD simulations. S
models which have been successful in capturing most of
features of the VACF of a bulk fluid have been consider
Two of them emerge out of the Mori continued fraction pr
cedure at the second and third level truncations, and the
are analytic closure-based models for the memory funct
The Mori constants which are used as inputs into the mo
are obtained directly from MD simulation. Simulations of th
confined fluid were carried out in the canonical ensem
~NVT! using constrained dynamics.27–30 Simulations were
carried out for different pore widths which accommodate o
to four fluid layers. As the physics of confined fluids c
depend on the molecular nature of the confining walls,
sults were compared for pores with molecularly structu
and smooth walls. Since the fluid molecules experience
unbalanced force in the direction parallel to walls in a str
tured pore, the total momentum of the fluid is not a co
served quantity. Systematic system size checks were ca
out to ascertain the magnitude of this effect.

II. THEORY

A. The memory equation

Within the framework of equilibrium statistical mecha
ics, autocorrelation functions form the starting point for t
study of transport coefficients of fluids. Appropriate Gree
Kubo formulas relate the long-time integrals of autocorre
tion functions to a given transport property. Thus, the s
diffusivity D is related to the VACF in the following manne

D5
kBT

m E
0

`

C~ t !dt, ~1!

wherekB is the Boltzmann constant,T the temperature, and
m mass of the diffusing particle. In Eq.~1! the normalized
velocity autocorrelation function

C~ t !5
^v~0!•v~ t !&

^uv~0!u2&
,

where ^uv(0)u2&5(3kBT/m). The objective of the memory
function approach is to provide a theoretical framework
predict the time evolution of the VACF. The dynamical equ
tion for the VACF is a first kind Volterra integro differentia
operator18 given by
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Ċ~ t !52E
0

t

K1~ t2t8!C~ t8!dt8, ~2!

where the time derivative of the VACF,Ċ(t), is expressed as
a convolution of the memory functionK1(t) and the VACF.
Equation~2!, which is referred to as the memory equatio
~ME! or the master equation, can be formally derived fro
the Liouville equation with an application of the projectio
operator formalism.18 In this development, the memory func
tion, expressed in terms of projection operatorP and Liou-
ville operatorL is

K1~ t !5
^v̇~0!~12P!e~12P!Ltv̇~0!&

^uv~0!u2&
. ~3!

Since the projection operator approach is developed
the time evolution of any dynamical quantity, a hierarchy
memory functionsKn(t), n.0 can be shown to satisfy th
memory equation Eq.~2!. Hence

K̇n~ t !52E
0

t

Kn11~ t2t8!Kn~ t8!dt8. ~4!

For n50, K0(t)5C(t) and Eq.~4! reduces to the ME, Eq
~2!. In order to derive the continued fraction representat
of C(t), one begins by taking Laplace transforms of Eq.~4!,
which results in

sK̃n~s!2Kn~0!52K̃n~s!K̃n11~s!, ~5!

where the Laplace transform

K̃n~s!5E
0

`

Kn~ t !e2stdt. ~6!

Equation~5! can be rewritten as

K̃n~s!5
Kn~0!

s1K̃n11~s!
, n50,1,2,... . ~7!

Noting thatK̃0(s)5C̃(s), Eq. ~5! can be used to derive th
continued fraction representation forC̃(s)

C̃~s!5
K0~0!

s1
K1~0!

s1
...Kn~0!

s1K̃n11~s!

, ~8!

whereKn(0) are referred to as Mori constants.
We next relate the Mori constants@Kn(0)# to the fre-

quency moments of the VACF. Noting thatC(t) is an even
function of time, the Taylor series representation~relating the
even powers oft! aroundt50

C~ t !512
vv

2t2

2!
1

vv
4t4

4!
1¯ , ~9!

where the frequency moments

vv
2n5~21!nS d2nC

dt2n D
t50

, n51,2,... . ~10!

Noting that the Fourier transform pairs are
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C~v!5E
0

`

e2 ivtC~ t !dt, ~11!

and

C~ t !5
1

2p E
0

`

eivtC~v!dv, ~12!

Eqs.~10! and ~12! can be used obtain the following expre
sion for the frequency moments:

vv
2n5

1

2p E
0

`

v2nC~v!dv. ~13!

In order to relate the Mori constantsKn(0) to the mo-
ments vv

2n , we take the Laplace transform of Eq.~9! to
obtain

C̃~s!5
1

s
2

vv
2

s3 1
vv

4

s5 2¯ . ~14!

Comparing Eq.~14! and Eq.~8! at different levels of trunca-
tion yields

K0~0!51, K1~0!5vv
2, K2~0!5S vv

4

vv
2D 2vv

2 ,

and

K3~0!5

S vv
6

vv
42

vv
4

vv
2D

S 12
~vv

2!2

vv
4 D . ~15!

An alternative way of obtaining the results of Eq.~15! is by
taking a time derivative of Eq.~2! and evaluating the resu
at time t50. Using this procedure

K1~0!52
^v̇~0!2&

^v~0!2&
. ~16!

Higher time derivatives of Eq.~2! can be used to relate th
initial values of the memory kernels,Kn(0), n.1, to the
higher order frequency moments ofC(t), recovering the re-
lations given in Eq.~15!.

B. Truncation schemes: The second- and third-order
truncation models

In the truncation method the continued fraction repres
tation is truncated at thenth level by retaining terms in the
fraction up to K̃n(s) and replacingK̃n(s) by K̃n(s50)
[K̃n(0). Using this procedure,18 the expressions forK̃n(0)
for even and odd levels of truncation are

K̃n~0!5
K1~0!K3~0!¯Kn21~0!

K0~0!K2~0!¯Kn22~0!
C̃~0!, n52,4,... ,

~17!

and

K̃n~0!5
K0~0!K2~0!¯Kn21~0!

K1~0!K3~0!¯Kn22~0! S 1

C̃~0!
D , n53,5,... ,

~18!
-

respectively, where

C̃~0!5
mD

kBT
. ~19!

Note thatK̃1(0)5K0(0)/C̃(0) for n51. Hence, the trunca
tion schemes at different orders not only require a knowle
of the Mori constants which are related to the frequen
moments@Eq. ~15!# but also require the value of the sel
diffusivity D. Once K̃n(0) is obtained for a given level o
truncation the corresponding VACF,Cn(t), is obtained by

taking the inverse Laplace transform ofC̃(s). Using this
procedure,18 the expressions forC(t) at the second- and
third-order truncations are given below.

1. Second-order truncation model

C2~ t !5S cosÃ2t1
K̃2~0!

2Ã2
sinÃ2t D expS 2

K̃2~0!t

2
D ,

~20!

whereÃ2
25K1(0)2 1

4K̃2(0)2.0 and

C2~ t !5S coshÃ2t1
K̃2~0!

2Ã2
sinhÃ2t D expS 2

K̃2~0!t

2
D ,

~21!

where Ã2
25 1

4K̃2(0)22K1(0).0. In the above expression

we have used,K0(0)51 andK̃2(0)5K1(0)C̃(0) @Eq. ~17!,
n52].

2. Third-order truncation model

The continued fraction representation for the third ord
is

C̃~s!5
s21K̃3~0!s1K2~0!

s31K̃3~0!s21~K2~0!1K1~0!!s1K1~0!K̃3~0!
.

~22!

Using partial fraction to representC̃3(s) and taking the in-
verse Laplace transform

C3~ t !5aes1t1bes2t1ces3t, ~23!

where s1 , s2 , s3 are roots of the cubic polynomial in th
denominator ofC̃3(s) in Eq. ~22! anda,b,care given by

a5
s1

21K̃3~0!s11K2~0!

~s12s2!~s12s3!
, ~24!

b5
s2

21K̃3~0!s21K2~0!

~s22s1!~s22s3!
, ~25!

c5
s3

21K̃3~0!s31K2~0!

~s32s2!~s32s1!
, ~26!

and K̃3(0)5K2(0)/@K1(0)C̃(0)# from Eq. ~18!.

C. Analytic closure scheme

In the analytic closure schemes, the continued fract
representation given in Eq.~8! is closed at thenth level by
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assuming a particular form forKn(t). This procedure can be
used to obtain analytic expressions for the self-diffusivity
different levels of closure.20 In this manuscript we conside
three analytic closure models that have been proposed
bulk fluid

Kn~ t !5Kn~0!exp~2AKn11~0!t !, ~27!

Kn~ t !5Kn~0!exp~2 1
2Kn11~0!t2!, ~28!

and

Kn~ t !5Kn~0!sech~2AKn11~0!t !. ~29!

We illustrate the derivation of the expression for se
diffusivity for the closure given in Eq.~27!. Taking the
Laplace transform of Eq.~27! at s50

K̃n~0!5E
0

`

exp~2AKn11~0!t !dt

5
Kn~0!

AKn11~0!
. ~30!

In a similar manner, expressions forK̃n(0) from Eq.~28! and
Eq. ~29! are

K̃n~0!5Ap

2

Kn~0!

AKn11~0!
, ~31!

and

K̃n~0!5
p

2

Kn~0!

AKn11~0!
, ~32!

respectively. In order to obtain the self-diffusivity,D, from
the analytic closure models, Eqs.~30!–~32! can be combined
with Eqs. ~17! and ~18! for even and odd closure scheme
The predicted values of the diffusivity from the analytic cl
sure models do not involve any fitted parameters and o
require Mori constants as the input. In addition, we a
evaluate the model

K~ t !5K1~0!expS 2
vGt2

2 D , ~33!

where

vG5
Ap

2
vv

2 D

T
.

This model, commonly referred to as the Gaussian, requ
the self-diffusivity as the input. In our work, we have us
the memory kernels described by Eqs.~27!–~29! at the first
level of closure (n51). Hence, these models require t
knowledge ofK1(0) and K2(0), which are related to the
second and fourth frequency momentsvv

2 andvv
4 @Eq. ~15!#.

In order to obtain the VACF predicted by these various h
ristic forms of the memory kernel, we numerically solve t
ME @Eq. ~2!# by substituting expressions from Eqs.~27!–
~29!, and ~33! for n51. These models are referred to
models E, G1, S, and G2, respectively, whereas the sec
and third-order truncation models discussed in the previ
section are referred to as T2 and T3, respectively.
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D. Fluid–fluid and fluid–wall interaction potentials

We have studied two types of slit-shaped pores. Fig
1~a! is a structured pore, where the pore wall consists
discrete particles and in Fig. 1~b!, the pore wall is smooth
Both the systems are infinite in thex–y plane, but confined
in the z direction. For a confined fluid, the total potenti
energyU5U f f1U f w , whereU f f is the total fluid–fluid in-
teraction energy andU f w is the total fluid–wall interaction.
For a system withN fluid particles with pairwise additive
potentials

U f f5 (
i 51

N21

(
j . i

u~r i j !, ~34!

where u(r i j ) represents the pair potential for the particl
separated by a distancer i j . The fluid–fluid interactions for
both the smooth and structured pores were assumed to
Lennard–Jones~LJ! 12–6 potential

u~r i j !54e f fF S s f f

r i j
D 12

2S s f f

r i j
D 6G , ~35!

wheree f f and s f f are the LJ potential parameters. For t
structured pore, fluid–wall interactions are modeled us
the LJ 12–6 potential with the potential parameterse f w and
s f w . The total fluid–wall potential for the structured po
consisting ofNw wall particles is

U f w5(
i 51

N

(
j 51

Nw

u~r i j !. ~36!

For the smooth pore, where the fluid–wall potential is only
function of the normal distance,z of the fluid particle from
the wall, fluid–wall interactions were modeled using a 10
potential

uf w52pe f wF2

5 S s f w

z D 10

2S s f w

z D 4G . ~37!

FIG. 1. Schematic of structured~a! and smooth~b! slit pore indicating the
pore widthH and box lengthL. Periodic boundary conditions are applied
the x andy directions.
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Equation~37! represents the interaction of the fluid partic
with a single layer of atoms arranged in an fcc lattice. T
total fluid–wall interaction in the smooth pore is the sum
the potential energies arising from two walls located atzw

52H/2 andzw51H/2, respectively,

U f w5(
i 51

N

uf wS zi1
H

2 D1uf wS zi2
H

2 D , ~38!

whereuf w is given in Eq.~37! andzi is thez coordinate of
the i th fluid particle.

The fluid–fluid and fluid–wall LJ interaction paramete
used in this study for both the structured and smooth po
correspond to those of argon,s f f5s f w53.405 Å ande f f

5e f w5120 K. In the case of the structured pore, each w
consisted of 200 particles arranged in an fcc lattice. T
corresponds to a pore of widthL514.14s. The walls were
placed such that the atoms on opposite walls were in regi

E. Evaluation of frequency moments and application
to confined system

We have modeled the VACF of a fluid confined in a s
pore based on truncation as well as analytic closure sche
discussed above. In order to evaluate the expressions
C(t) from the truncation and analytic closure models d
scribed above, one requires the values for the Mori const
Kn(0) which are related to the frequency moments as gi
in Eq. ~15!. We evaluate the frequency moments from traje
tories generated during the molecular dynamic simulatio
From Eq.~10!, the frequency moments can be directly o
tained from the particle velocities,18 using

vv
25

^v̇x~0!21 v̇y~0!21 v̇z~0!2& t,N

^vx~0!21vy~0!21vz~0!2& t,N
, ~39!

where vx , vy and vz are the single particle velocities i
Cartesian coordinates,^...& t,N denotes time as well as pa
ticle averages, and

vv
45

^v̈x~0!21 v̈y~0!21 v̈z~0!2& t,N

^vx~0!21vy~0!21vz~0!2& t,N
. ~40!

As v̇(0) is proportional to the force experienced by
particle, Eq.~39! can be expressed using the zero time fo
autocorrelation function. Hence

vv
25

1

m

^Fx~0!21Fy~0!21Fz~0!2& t,N

^vx~0!21vy~0!21vz~0!2& t,N
. ~41!

Similarly, Eq.~40! is the autocorrelation between first deriv
tive of forces; hence

vv
45

1

m

^Ḟx~0!21Ḟy~0!21Ḟz~0!2& t,N

^vx~0!21vy~0!21vz~0!2& t,N
. ~42!

In addition, the moments can also be evaluated from
interatomic potentials.18,19,31For a confined fluid the expres
sions for v̇x(0) and v̈x(0) in terms of the interatomic pai
potentials are
e
f

s

ll
is

ry.

es
for
-
ts
n
-
s.
-

e

e

^v̇x~0!2& t,N5
kBT

m2 K 1

N (
i

N F(
j Þ i

N
]2u~r i j !

]xi
2

1(
w

Nw ]2u~r iw!

]xi
2 G L

t

, ~43!

and

^v̈x~0!2& t,N5
kBT

m3 K 1

N (
i

N F(
j Þ i

N S (
a

]2u~r i j !

]xi]r ia
D 2

1S (
j Þ i

N

(
a

]2u~r i j !

]xi]r ia

1(
w

Nw

(
a

]2u~r iw!

]xi]r ia
D 2G L

t

, ~44!

wherexi is thex position of particlei, a5x, y, z, andr ia is
the corresponding position of particlei; for instance r ix

5xi . The expressions for the terms involving second deri
tives for an LJ pair potential are

]2u~r i j !

]xi
2 52

24

r i j
2 F S 2

r i j
12D 2S 1

r i j
6 D G1S 96

r i j
4 D

3F S 7

r i j
12D 2S 2

r i j
6 D Gxi j

2 , ~45!

(
a

]2u~r i j !

]xi]r ia
52

24

r i j
2 F S 2

r i j
12D 2S 1

r i j
6 D G1S 96

r i j
4 D

3F S 7

r i j
12D 2S 2

r i j
6 D G~xi j 1yi j 1zi j !xi j .

~46!

III. SIMULATION DETAILS

Table I illustrates the reduced units used in this stu
where all quantities are reduced with respect to the fluid
parameters. The pore widthH* is the center-to-center dis
tance between atoms on opposing walls. The pore den
r* 5N/V* , whereV* is the pore volume based on a squa
simulation box of sideL* . All simulations were carried ou
in a constant temperature,NVT ensemble, atT* 51.2. The

TABLE I. Reduced units used in this work.e f f and s f f are the Lennard-
Jones parameters for the fluid–fluid interactions.

Quantity Reduced unit

Potential energy u* 5u/e f f

Slit width H* 5H/s f f

Box length L* 5L/s f f

Time t* 5tAe f f /ms f f
2

Temperature T* 5kT/e f f

Density r* 5rs f f
3

Velocity v* 5vAm/e f f

Force F* 5Fs f f /e f f

Second frequency moment (vv
2)* 5vv

2ms f f
2 /e f f

Fourth frequency moment (vv
4)* 5vv

4(ms f f
2 /e f f)

2

Diffusivity D* 5Ds f fAe f f /m
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total simulation length consisted of 100 000 with a time s
Dt* 50.004 (Dt50.008 ps), with averages collected ov
the last 50 000 steps. The pore widths and densities stud
and the time averages of the total per particle fluid–fluid a
fluid–wall interaction energies for the structured pore,
reported in Table II. Velocities at every time step were us
to calculate the VACF, with the time origins shifted every
time steps.

A constant temperature was maintained by using a c
strained dynamics method27–30 which is reported to give the
correct values of transport properties and VACFs for a b
fluid.32,33 This constrained dynamics algorithm is based
the Gauss principle of least constraint. In order to check
accuracy of the trajectories for a confined system, we co
pared the VACF obtained using theNVTmolecular dynamics
with NVE dynamics. To make an accurate comparison,NVT
simulations were carried out at the ensemble-averaged
perature obtained from theNVEmolecular dynamics simula
tion. Figure 2 illustrates the comparison for the smooth p
at H* 54.0, r* 50.5 and T* 51.173, where both the in
plane@Fig. 2~a!# and out-of-plane@Fig. 2~b!# components of
the VACF show an excellent match between the two simu
tions, indicating that theNVT dynamics can be used for th
evaluation of transport properties in a slit pore.

The frequency moments,vv
2 andvv

4, which are used to
evaluate the Mori constants@Eq. ~15!#, are the only inputs
required by the various models. We used three differ
methods to validate the accuracy of the computed mome

~a! from velocities of particles@Eqs.~39! and ~40!#;
~b! from forces on individual particles@Eqs.~41! and~42!#,

and
~c! from the interatomic potentials@Eqs. ~43! and ~44!#

with Eqs.~39! and ~40!.

The results are shown in Tables III and IV for thex, y, andz
directions separately for different pore widths and densit
These moments were averaged at every time step
equilibration, and higher derivatives of the velocities a
forces were computed numerically using first-order finite d
ference schemes. The values ofvv

2 obtained from various
methods are in close agreement; however, the difference
greater forvv

4 as higher derivatives have to be compute
The percent differences between the various methods fovv

4

are typically between 1%–1.5% for the smaller pores a
less than 1% for the larger pores. The corresponding M

TABLE II. Results of MD simulations.̂U f f* &/N and^U f w* &/N are the time-
averaged per particle total fluid–fluid and fluid–wall interaction energie

H* r* ^U f f* &/N ^U f w* &/N

2.00 0.26 21.386 03 27.727 51
0.3 21.586 15 27.746 95

2.75 0.3 22.025 42 24.306 02
0.46 23.007 34 24.413 34
0.5 23.242 42 24.438 74

4.00 0.3 22.153 72 22.767
0.5 23.503 47 22.735 07
0.6 24.111 09 22.791 34

4.40 0.68 24.488 42 22.434 75
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constants,K1(0) andK2(0), which are used in this study ar
computed from the frequency moments obtained from
particle velocities are shown in Table V. In order to ass
the significance of the differences associated with the
quency moments~in particular forvv

4) computed using the
three methods, we compared the predicted VACFs for
pore system that showed the largest errors, and found tha
differences in the predicted VACFs were negligible.

We also compared the Mori constants from theNVT
simulations reported here, for some of the slit pores us
NVE molecular dynamics. The comparisons betweenK1(0)
were excellent; however, deviations up to 4% were obser
for K2(0) and up to 9% forK3(0), for the smaller pore
widthsH* 52.0 and 2.75. The deviations for the larger por
were much smaller and within the variations observed us
the different methods for computing the Mori constants. W
attribute the greater differences at the smaller pore widths
part, to the larger unbalanced forces that exist at small c
finements. Perhaps larger system sizes are required to re
cile these differences. Given these differences atH* 52.0
and H* 52.75, we carried out a detailed comparison of t
resulting VACFs, memory kernels, and predicted se
diffusivities using the Mori constants from the two e
sembles. The differences in the higher Mori constants w
found to have a negligible effect on the results reported h
As an added check we also compared our values ofK1(0)
andK2(0) for a bulk fluid using bothNVEandNVTdynam-
ics. The numbers were found to be in good agreement w

FIG. 2. Comparison ofC(t) betweenNVEandNVTdynamics for a smooth
pore.~a! Cxy(t) and ~b! Cz(t) at H* 54.0, r* 50.5, andT* 51.173. Both
components of the VACF show an excellent match between the two si
lation methods.
.



.6953
9788
.4573
5503
5216
.5487
1368
4237
.8687
TABLE III. Comparison ofvv
2 obtained by three different methods. All values are reported in reduced units. Values are reported forx, y, andz components

separately. (vv
2)x,p* is obtained using interatomic potentials@Eq. ~43!#, (vv

2)x, f* from forces@Eq. ~41!#, and (vv
2)x,v* from velocities of particles@Eq. ~39!#. All

values represent averages over particles and time. Values obtained from different methods are in excellent agreement.

H* r* (vv
2)x,p* (vv

2)x, f* (vv
2)x,v* (vv

2)y,p* (vv
2)y, f* (vv

2)y,v* (vv
2)z,p* (vv

2)z, f* (vv
2)z,v*

2.00 0.26 148.5987 149.9674 149.5940 148.4470 149.3623 148.9779 235.9568 237.6422 236
0.3 178.2069 178.9186 178.5377 178.4813 181.4293 180.9082 229.6894 229.7308 228.

2.75 0.3 138.4253 139.4259 139.2228 137.3697 138.6366 138.4544 266.6837 268.1625 267
0.46 229.9128 229.9743 229.7378 229.7165 230.0492 229.8204 405.9732 406.2578 405.
0.5 261.2795 262.1771 261.9765 260.4816 261.532 261.276 439.5713 439.2356 438.

4.00 0.3 111.9336 112.1904 112.055 112.0623 112.4776 112.3379 159.1731 159.8213 159
0.5 212.9814 213.7758 213.6019 212.6439 213.127 212.9488 232.3212 232.3421 232.
0.6 313.2693 314.024 313.806 312.8451 313.9897 313.7705 282.2833 282.6026 282.

4.40 0.68 371.2543 371.7052 371.5188 370.6644 370.9422 370.7576 438.0839 439.1504 438
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those reported in the literature,34 with our values about 1%
larger for bothK1 andK2 . We note that the reported values34

are obtained from a 256 particle simulation with 2600 sim
lation steps and averaging carried out over 32 particles.

For all the analytical closure modelsC(t) was obtained
by solving the memory equation@Eq. ~2!# numerically. The
ME was discretized using the trapezoidal rule with aDt*
50.004. Doubling theDt* did not alter our results. As an
additional check on the method, we also recovered
memory kernel by using the predictedC(t) as input.35

IV. RESULTS AND DISCUSSION

A. Center-of-mass autocorrelations

Prior to discussing the performance of various mode
we first address the issue of center-of-mass motion of
fluid molecules in a structured pore. As the wall molecu
are fixed, the fluid molecules in a structured pore experie
-

e

,
e

s
e

a net unbalanced force, resulting in a time-dependent mo
of the center of mass of the system, and the total momen
of the fluid particles is no longer conserved. Although it c
be formally shown that these correlations between cente
mass10,36,37vanish in the thermodynamic limit, one needs
assess the magnitude of finite size effects on these cor
tions. To this end, rigorous system size checks were c
ducted for the smallest structured pore of widthH* 52.0 and
r* 50.4, where the influence of the structured wall is e
pected to be a maximum. Keeping all other parameters fix
the box length was increased from 5.66s to 20.2s, and the
center-of-mass~COM! autocorrelation was calculated usin

^S~0!•S~ t !&5K 1

N (
i

N

mivi~0!•
1

N (
i

N

mivi~ t !L , ~47!

whereS(t) is the total momentum per fluid particle,N is the
total number of fluid particles, andvi is the velocity of thei th
CF.

416.0
60.1

509.5
509.5
49.8

104.8
93.0
94.9

273.3
TABLE IV. Comparison ofvv
4 by different methods. Notation similar to Table III. (vv

4)x,p* @Eq. ~44!#, (vv
4)x, f* @Eq. ~42!#, and (vv

4)x,v* @Eq. ~40!#. Even though
the difference in values between different methods is higher than that forvv

2 ~Table III!, the differences have a negligible influence on the predicted VA

H* r* (vv
4)x,p* (vv

4)x, f* (vv
4)x,v* (vv

4)y,p* (vv
4)y, f* (vv

4)y,v* (vv
4)z,p* (vv

4)z, f* (vv
4)z,v*

2.00 0.26 129 705.1 128 202.8 130 290.2 128 214.7 126 730.1 128 837.5 104 923.3 104 985.7 107
0.3 159 908.8 159 800.2 162 175.4 164 291.7 162 858.0 164 520.6 103 459.4 102 750.8 105 1

2.75 0.3 126 338.6 127 281.0 128 947.8 127 434.3 126 527.2 128 315.9 227 182.2 227 606.2 229
0.46 230 994.6 230 186.5 232 237.3 229 152.3 229 411.8 231 450.0 388 347.0 387 926.2 229
0.5 270 777.6 270 399.9 272 584.2 271 442.5 270 615.1 272 809.0 430 404.8 429 200.3 431 5

4.00 0.3 102 806.9 101 448.3 102 344.9 101 344.1 100 818.1 101 703.9 117 392.8 116 070.5 117
0.5 217 982.6 217 321.7 218 641.6 216 696.4 215 851.6 216 982.3 198 242.3 198 135.7 199 3
0.6 352 328.8 353 357.6 354 798.3 353 043.1 353 643.1 355 120.4 265 149.5 264 934.3 266 3

4.40 0.68 446 368.1 447 012.1 448 532.8 447 806.7 445 640.5 447 242.0 515 603.3 517 582.0 519

TABLE V. Values of Mori constants@Eq. ~15!# used for category-1 and category-2 models. Frequency moments
from particle velocities. Magnitudes of second-order Mori constants are higher than the first-order constants.

H* r* K1x(0) K1y(0) K1z(0) K2x(0) K2y(0) K2z(0)

2.00 0.26 149.5941 148.9779 236.6953 721.3641 715.8314 217.1203
0.3 178.5377 180.9081 228.9788 729.8165 728.5068 230.2782

2.75 0.3 139.2227 138.4544 267.4572 786.9753 788.3197 590.6594
0.46 229.7377 229.8204 405.5503 781.142 777.2704 556.3804
0.5 261.9765 261.276 438.5216 778.5145 782.8646 545.58

4.00 0.3 112.055 112.3379 159.5487 801.2902 793.0015 574.4262
0.5 213.6019 212.9488 232.1368 809.9919 805.9923 626.8091
0.6 313.806 313.7705 282.4236 816.8231 818.0137 660.822

4.40 0.68 371.5187 370.7575 438.8687 835.7767 835.5348 744.3403
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particle. The total momentum per particle was calculated
every time step after equilibration. Figures 3~a! and 3~b! il-
lustrate the in-plane and out-of-plane correlations, resp
tively, for the COM autocorrelation@Eq. ~47!# as a function
of box length. These plots indicate that the magnitude of
COM correlations decrease as the system size is increa
From the values att50, we note that the magnitude of th
COM correlations for the smallest system (L55.66s) is
about an order of magnitude smaller than the kinetic te
perature,T* 51.2. A plot of initial values of the in-plane
COM autocorrelation function against the reciprocal of t
number of particles in the pore@Fig. 3~c!# reveals that the
COM autocorrelation function scales inversely as the to
number of particles. In order to investigate the influence
the COM autocorrelation on the VACF, which is the quant

FIG. 3. Center-of-mass momentum autocorrelation as a function of
lengthL* ; structured pore,H* 52.0,r* 50.4. ~a! In-plane,~b! out-of-plane
momentum autocorrelation. As the system size increases, the magn
decreases rapidly.~c! Initial value of the in-plane autocorrelation is plotte
against the reciprocal of the total number of particles. A linear dependen
observed, indicating that this effect vanishes in the thermodynamic lim
at

c-

e
ed.

-

l
f

of interest, we computed the VACF using the trajector
v(t) generated directly from the simulation with the traje
toriesv8(t) in the COM reference frame, where

v8~ t !5v~ t !2
1

N (
i

N

vi~ t !. ~48!

The comparison between the VACFs between the prim
and unprimed velocities illustrated in Fig. 4 (r* 50.4, H*
52.0) indicates that even for the smallest system sizeL
55.66s) the COM motion has a small effect on the VAC
At L514.14s the VACFs are indistinguishable, indicatin
that as the system size increases the influence of the C
motion on the particle dynamics is negligible. Based on t
study, all simulations reported in this manuscript were c
ried out atL514.14s.

B. Diffusive behavior in the in-plane and out-of-plane
direction

Since the slit pores represent a geometry where the
tem is finite in thez direction, the particles are not expecte
to be diffusive in this direction.3,38 The mean-squared dis
placement in thex–y and z directions shown in Figs. 5~a!
and 5~b!, respectively, for selected pore widths and densiti
The linear regimes in thex–y plane are rapidly established
however, the absence of the linear regime in thez direction
clearly indicates the nondiffusive character in thez direction.

x

de

is

FIG. 4. Comparison between̂v(0)•v(t)& and ^v8(0)•v8(t)&; structured
pore,H* 52.0,r* 50.4. To obtain the latter, center-of-mass velocities we
subtracted from the velocities of every particle, Eq.~48!. ~a! In-plane VACF,
~b! out-of-plane VACF. Even for the smallest system size (L* 55.66) the
center-of-mass motion has a small effect on the VACF. AtL* 514.14 the
VACFs are indistinguishable. The ordinate forL* 55.66 has been shifted by
one unit for clarity.
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The slopes at shorter times~5–10 ps! in the mean-squared
displacement in thez direction have sometimes been inte
preted as an indication of the mobility of the fluid.3,4,7 Since
we are concerned primarily with the performance of mod
for predicting the VACF in slit pores, we restrict our atte
tion to the in-plane performance of the various models. Ho
ever, in the analytic closure models where the diffusivity
not required as an input we also compare the predicted fo
of the VACF in thez direction with the simulation results
primarily to study the prediction of the short-time out-o
plane dynamics by the models.

While comparing the predictions of various models w
the VACF obtained from the simulations, the models a
grouped into two categories.C(t) obtained from the trunca
tion schemes denoted as T2@Eqs.~20! and~21!# and T3@Eq.
~23!#, respectively, are grouped along with the analytic c
sure model G2@Eq. ~33!#, forming the first category. Sinc
these three models require the self-diffusivity obtained fr
the C(t) as inputs, only their in-plane performance is an
lyzed. The in-plane self-diffusivities which were used in t
category-1 models were computed by integrating the
plane autocorrelation functionCxy(t). These values were
found to be in good agreement with the self-diffusivities o
tained from the slopes of the mean-squared displacem
versus time plots~Table VI!. The analytic closure model
G1, E, and S@Eqs. ~27!–~29!, respectively# which form the
second category do not require any informationa priori from
C(t).

FIG. 5. Mean-square displacements~MSD! for structured pores~a! in-plane
MSD is linear and the slope, which is proportional to the in-plane s
diffusivity, is seen to increase with reduction in density and increase in p
width. ~b! MSD in thez direction; the absence of the linear regime clea
indicates the nondiffusive character in thez direction.
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C. Model performance for VACF

1. One-layered system

We first present results for the structured pores. Figur
illustrates the VACF for a one-layer system (H* 52.0, r*
50.3), whose density distribution is shown in Fig. 6~a!. For
this system the in-plane diffusivities~Table VI! indicate that
the system has a very low diffusivity when compared w
the higher pore widths. The in-plane VACF,Cxy(t), are
compared for the category-1 and -2 models in Figs. 7~a! and
7~b!, respectively. TheCxy(t) obtained from simulations
show broad negative regions characteristic of confin

-
re

TABLE VI. In-plane diffusivities predicted by various analytic closure mo
els (n51) compared with MD simulations. The in-plane diffusivit
Dxy(MD) is obtained by integrating theCxy(t) from MD simulation for 9.6
ps. The values in brackets are obtained from mean-square displacem
Dxy(t) for analytic closure models are obtained from theCxy(t) predicted
by these models in a similar manner. In general the value predicted
models S gives the best agreement with MD results.

H* r* Dxy* (MD) Dxy* (S) Dxy* (E) Dxy* (G1)

2.00 0.3 0.078 88 0.118 26 0.189 41 0.149 56
4.00 0.3 0.274 46 0.199 62 0.320 02 0.252 58

~0.274 4!
0.5 0.102 34 0.105 10 0.168 52 0.132 99

~0.100 6!
0.6 0.050 95 0.072 23 0.115 81 0.091 39

4.40 0.68 0.036 34 0.061 85 0.099 20 0.078 28
~0.037 0!

FIG. 6. Layer density distributions for structured pores.~a! H* 52.0; one-
layered system~b! H* 54.0; three-layered system. Molecules form distin
layers upon confinement. Note that the layering is enhanced by an incr
in density.
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FIG. 7. Predictions of various models for a one-layer system; structured pore,H* 52.0, r* 50.3. The in-plane VACF,Cxy(t), obtained from simulations
shows a broad negative region characteristic of confined fluids. The predictions of the category-1 models~a! in general predict a larger negative region. Amon
category-2 models~b!, model S gives the best performance, especially at short times.~c! Cz(t) is very oscillatory due to the high confinement.~d! Comparison
of model S with the overall VACF,C(t).
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fluids.3,4 The outputs of the category-1 models in gene
predict a larger negative correlation than that observed in
simulations. Among the category-2 models, model S is s
to give the best performance. Except for the overestima
of negative correlations at intermediate times, the short-t
behavior is captured very well. Since the performance
model S was the best among the category-2 models, we c
pared the out-of-plane VACF,Cz(t), with that obtained from
the simulations in Fig. 7~c!. The magnitude of oscillations i
smaller than those observed in the simulation. This is
flected in the overall VACF,C(t), as well @Fig. 7~d!#. For
the one-layer system the fluid–wall potential has a sin
minima situated in the center of the pore. Hence, the mo
of the particle is highly constrained in thez direction, result-
ing in a C(t) @Fig. 7~d!# which is highly oscillatory when
compared with pores with increased number of layers, to
shown later. Regardless of the mismatch at intermed
times all models are seen to perform well at short times
decay to zero in a time scale similar to those observed in
simulations.

2. Three-layered system

As the pore width,H* , is increased from 2.0 to 4.0
three distinct molecular layers are formed inside the p
with density distribution, as shown in Fig. 6~b!. We next
discuss the results for such a three-layered system. Figu
illustrates the predicted VACFs for a low density situation
l
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r* 50.3. At this density the formation of layers is more d
fuse when compared with the distinct layering at higher d
sities @Fig. 6~b!#. The Cxy(t) @Figs. 8~a! and 8~b!# are char-
acteristic of a gas-like system due to the absence of nega
correlations in the VACF. The general gas-like behavior
Cxy(t) is captured by all the category-1 models@Fig. 8~a!#
with G2, T2, and T3 all performing similarly at short time
overestimatingCxy(t) at intermediate times, and tending
underestimate at later times. From the category-2 mod
compared in Fig. 8~b!, the performance of G1 appears to b
the best, although the correlations are slightly lower than
simulated values at longer times. Model E overestimates
model S underestimatesCxy(t), relaxing very rapidly when
compared with the simulated VACF. The trends inC(t) @Fig.
8~d!# are captured rather well, with the model G1 giving t
best prediction.

Figure 9 illustrates VACF for an intermediate dens
r* 50.5 where three layers form in the pore. The best p
dictions for Cxy(t) are observed for model S@Fig. 9~b!#,
where all the features are captured over the entire ran
Except for a small increase in the predicted negative co
lations for 0.2,t* ,0.3, the prediction with model S is re
markably good. Although the larger negative regions
Cz(t) @Fig. 9~c!# are not adequately captured, model S a
pears to predictC(t) @Fig. 9~d!# remarkably well.

As the pore density is increased tor* 50.6, the perfor-
mance of the category-1 models deteriorates@Fig. 10~a!# and
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FIG. 8. Model predictions for a low density gas-like three-layer system; structured pore,r* 50.3, H* 54.0. Although the performance of all models
satisfactory, the predictions by model G1~b! are closest to the simulation results. Comparison ofCz(t) ~c! andC(t) ~d! with models S and G1.
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only model S@Fig. 10~b!# is able to captureCxy(t) in a
realistic manner. As observed in Fig. 10~b!, both the intensity
and temporal location of the negative region is predicted
the model accurately. However, model S fails to capture
broad negative region inCxy(t). Category-1 models in gen
eral predict an underdamped response, a feature observ
bulk fluids,18,39 similar to their performance at smaller po
widths where only a single layer is present~Fig. 7!.

We also studied a four-layered system atH* 54.4 ~Fig.
11!, where the trends in the model are very similar to t
highest density three-layered system investigated@Fig.
10~b!#. It is to be noticed that as the pore width increases,
match of the predictions from model S with simulation r
sults improves. In particular, the improved prediction in thz
direction @Fig. 11~c!# results in a better prediction of th
overall VACF @Fig. 11~d!# when compared with the smalle
pore widths at liquid-like densities.

We have also carried out simulations for a two-layer
system (H* 52.75,r* 50.5). The results~not shown! are
qualitatively similar to the results for the high density thre
layered system~Fig. 10! with the category-1 models, G2, T2
and T3 predicting an oscillatory or underdamped VACF a
improved performance from the category-2 models E, G
and S, with the model S providing the best description.

In order to assess the influence of the structure of
pore wall on the dynamics and performance of the vari
models, we carried out a few simulations using the smo
10–4 wall potential. Results for a three-layered system
shown in Fig. 12. With the exception of an increased os
y
e
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lation in the z direction @Fig. 12~c!#, the structure of the
smooth pore VACF is very similar to the structured po
three-layered system shown in Fig. 10. The relative per
mance of both the category-1 and -2 models is similar to t
observed in the structured pore, with model S@Fig. 12~b!#
having the best performance. The performance of the trun
tion models appear to be similar to those of the structu
pore at the same density. We have also studied the pre
tions of various models for a smooth pore at lower densi
(r* 50.46). The results~not shown! indicate that the predic-
tions of truncation models T2 and T3 are in better agreem
with simulation results than for a structured pore of the sa
density.

D. Memory kernels

Since we have approximated the memory kernels w
analytic closures at the first level (n51), it is instructive to
compare the actual first-order memory kernel,K1(t), with
the analytic closure forms. The actual memory kernel, wh
corresponds to VACF from the MD simulation, can be o
tained by numerically inverting35 the ME, Eq.~2!. The nu-
merical inversion is carried out by transforming the M
which is a first kind Volterra operator, into a second kin
Volterra operator for reasons of improved stability.18,35Since
model S is seen to give the best predictions for the VACF,
have plotted the actual in-plane and out-of-plane mem
kernels against the predictions of model S@Eq. ~29!# in Fig.
13. For a three-layered system at an intermediate den
(H* 54.0, r* 50.5), the actual in-plane memory kern
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FIG. 9. Predictions for an intermediate density three-layered system; structured pore,r* 50.5, H* 54.0. Comparison of model S with MD results are ve
good ~b!. This is reflected in the overall~d! VACF as well.

FIG. 10. Model performance for a high density three-layered system; structured pore,r* 50.6,H* 54.0. As the density increases, performance of categor
models~a! deteriorates. Only model S~b! is able to capture features inCxy(t) rather accurately.~c! and~d! show the results forCz(t) andC(t), respectively.
The only discrepancy is in the intermediate times, where the actual VACF relaxes much slower than the model prediction.
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FIG. 11. Results for a four-layered system; structured pore,H* 54.40,r* 50.68. Performance of model S~b! at intermediate times improves in thez direction
as the pore width increases. This model is able to capture the minima in overallC(t) ~d! very well.

FIG. 12. Performances for a smooth pore, three-layered systemr* 50.64, H* 54.0. Results are comparable with structured pore of same pore widthr*
50.6 ~Fig. 10!. Model S gives best results forCxy(t) ~b!, Cz(t) ~c!, andC(t) ~d!.
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FIG. 13. Comparison between the actual normalized memory kernel obtained by solving the ME@Eq. ~2!# with the simulated VACF and model S.~a! In-plane
memory kernel for a three-layer system,r* 50.5,H* 54.00. The good agreement between the two is reflected in theCxy(t) as well~Fig. 9!. ~b! Comparison
for the out-of-plane memory kernel where the slower relaxation in the actual kernel is not captured by the model.~c! and~d! are the results for a four-laye
system,r* 50.68,H* 54.40. Model is unable to capture the slow decay at intermediate times.
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matches very well with the model, as shown in Fig. 13~a!.
The good agreement between the two is reflected in the
dictions for Cxy(t) as well ~Fig. 9!. The in-plane memory
kernel for a four-layered system (H* 54.4,) r* 50.68) has a
slower decay than that predicted by the model@Fig. 13~c!#.
This is reflected in the correspondingCxy(t) @Fig. 11~b!#,
where the broad negative region in the VACF is not captu
by the model. Comparison of out-of-plane memory kern
@Figs. 13~b! and 13~d!# show that the actual memory kerne
in the z direction decay much slower than their in-pla
counterparts. For intermediate densities and high densi
this delay in the decay of the out-of-plane memory kerne
not captured by model S.

We note that the negative plateau regions observed in
VACFs are due primarily to backscattering of atoms and
memory effects associated with this process. This phen
enon is also seen in bulk fluids at high densities.40 Models
for the memory kernel that attempt to capture this aspec
the VACF typically involve two time constants,18 one for the
short-time decay which is dominated by binary collisio
and the second time constant for the slower decay ari
from collective modes which are responsible for the p
longed negative correlations,19 the latter effect being more
pronounced at higher densities. Under confinement this
teau region is further enhanced due to the lower dimens
ality of the system. Physically, one can view this as a
duced opportunity for the particle to lose memory of
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previous history, when restricted to fewer dimensions. T
effect is predominant in a pure 2D system of hard dis
giving rise to the long-time tails in the VACF.

E. Diffusion coefficients

Since the category-2 models do not require a knowle
of the diffusion coefficient as inputs, they are indicative
the utility of the model in predicting the in-plane diffusivitie
in these systems. Time-dependent diffusivity, obtained as
integral ofCxy(t) for the category-2, analytic closure mode
(n51), are shown in Fig. 14. Since we are interested in
long-time limits of the integrals of the VACF, we have n
used the appropriate short-time forms for the tim
integrals.18 The corresponding in-plane diffusion coefficien
obtained by integrating the predicted VACF upto 9.6 ps
given in Table VI.

For the smallest pore width@Fig. 14~a!# all the models
overestimate the self-diffusivity. With one exception@Fig.
14~b!# model S gives the best prediction for the in-pla
diffusivity in the system. The best performance occurs
model S at intermediate densities (r* 50.5) in the three-
layered system atH* 54.0 @Fig. 14~c!#. In all models, the
magnitude of the self-diffusivity is the least for model S a
the greatest for model E~Table VI!. Although there are dif-
ferences between the predicted and actual diffusion co
cients, we note that at intermediate times, the model capt
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FIG. 14. In-plane time-dependent diffusivities obtained by integratingCxy(t) from the simulations~MD! are compared with the VACFs predicted by th
analytic closure models (n51) for the structured pore.~a! A one-layer system,r* 50.3,H* 52.0.~b! A low density three-layer systemr* 50.3,H* 54.0.~c!
An intermediate density three-layer systemr* 50.5, H* 54.0. ~d! A liquid-like system,r* 50.6, H* 54.0. Model S is closest to the simulation results wi
the exception of~b!, where model G1 is better. Model S predicts the least value of in-plane diffusivity.
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the time-dependent diffusivity very well. This situation ca
be observed in Figs. 14~a! and 14~d!, where the correspond
ing VACFs are liquid-like~Figs. 7 and 10!.

The in-plane self-diffusivities using the category-2 mo
els at different levels of closure are given in Table VII.20 The

TABLE VII. In-plane diffusivities predicted by the analytic closure mode
at different levels of closure compared with MD results. These values
obtained without any fitted parameters or any information from MD sim
lation. Prediction of model S at an odd level~at higher densities! and of
model E at an even level of truncation is in better agreement with the
results.

H* r* n Dxy* (MD) Dxy* (S) Dxy* (E) Dxy* (G1)

2.00 0.3 0 0.128 36 0.081 71 0.102 41
1 0.078 88 0.114 79 0.180 31 0.143 86
2 0.107 84 0.068 65 0.086 04

4.00 0.3 0 0.162 58 0.103 50 0.129 72
1 0.274 46 0.192 03 0.301 63 0.240 67
2 0.202 86 0.129 14 0.161 86

0.5 0 0.117 95 0.075 09 0.094 11
1 0.102 34 0.101 76 0.159 84 0.127 53
2 0.100 56 0.064 01 0.080 23

0.6 0 0.097 14 0.061 84 0.077 51
1 0.050 95 0.069 61 0.109 34 0.087 24
2 0.064 88 0.041 31 0.051 77

4.40 0.68 0 0.089 33 0.056 87 0.071 27
1 0.036 34 0.059 54 0.093 53 0.074 63
2 0.055 28 0.035 19 0.044 11
-

diffusion coefficients are obtained using Eqs.~17! and ~18!,
along with Eqs.~30!–~32! for the analytic closure withn
50, 1, and 2. Note that the diffusivities atn51 compare
well with the values obtained by directly integrating the pr
dicted VACFs~Table VI!, since these are in principle equiva
lent. We attribute the small differences due to numerical
tegration of the VACFs. Some general observations can
made based on the predictions of the self-diffusivities. T
values of diffusivities predicted by model S for closure
odd n at the higher densities,r* 50.5 and 0.6, are in good
agreement with the MD results. The performance of mode
deteriorates at lower densities as expected. Predictions
model E and G1 at evenn are in better agreement with th
MD results in general. The strong dependence on the leve
truncation is not so profound for model S, as is the case w
the other models.

V. SUMMARY AND CONCLUSIONS

A good model for the velocity autocorrelation functio
can be used not only to predict self-diffusivities, but can a
be used to understand the short-time dynamics of molecu
The VACF of a fluid confined in a slit pore exhibits eithe
gas-like or liquid-like behavior depending on the pore de
sities. The time evolution equation of VACF is expressed
terms of the memory kernel. A formal solution procedure
the memory kernel involves a representation as a contin
fraction and truncation at various levels. This method
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quires,a priori, the diffusivities as input. An alternative ap
proach based on various analytical closure forms for
memory kernel does not require diffusivities. In a confin
system, the molecules do not undergo diffusive motion in
direction normal to the wall; hence, we have modeled
in-plane VACF. From our studies, for all pore widths a
densities corresponding to liquid-like VACFs, we see that
truncation models predict an oscillatory behavior for the
plane VACF. The match with the MD results is better
lower densities. All the analytical closure models were us
at the first level of closure (n51) while predicting the
VACF. However, in-plane diffusivities were obtained forn
50, 1, and 2. Among the analytical closure models we
serve that sech is not only able to capture the short-t
dynamics very well but is also seen to give the best pre
tions to the in-plane diffusivities at liquid-like pore densitie
In a specific case of an intermediate pore density (H*
54.0, r* 50.5, T* 51.2), the agreement of the prediction
sech with the simulations is excellent for the in-plane dif
sivity. In this case the memory kernels also are in go
agreement. In general at liquid-like densities we observe
the minima in the VACF is captured very accurately by t
sech model; however, the model is unable to predict the s
sequent plateau regions in the VACF. Predictions of the
fusivities appear to improve for closures atn50 and 2 for
the exponential model. At larger pore widths the sech mo
is seen to capture features in both the in-plane and ou
plane VACFs. At the lower pore density investigated in th
work, where the VACFs are gas-like, the Gaussian form
the closure gives the best performance.

Our study indicates that the analytic closure models
able to capture most of the features in confined fluid VAC
Although limited to a few densities, this study reveals th
the diffusivities can sometimes be predicted with sufficie
accuracy. Similar to the improvements in the theory for h
density bulk fluids, any improvements in the analytic closu
formalism should attempt to capture the sustained nega
correlations in the VACF which are observed at intermedi
times for the confined fluid.
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