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The mean first passage time of cyclizationt of a semiflexible polymer with reactive ends is
calculated using the diffusion-reaction formalism of Wilemski and Fixman@J. Chem. Phys.60, 866
~1974!#. The approach is based on a Smoluchowski-type equation for the time evolution, in the
presence of a sink, of a many-body probability distribution function. In the present calculations,
which are an extension of work carried out by Pastoret al. @J. Chem. Phys.105, 3878~1996!# on
completely flexible Gaussian chains, the polymer is modeled as a continuous curve with a nonzero
energy of bending. Inextensibility is enforced on average through chain-end contributions that
suppress the excess fluctuations that lead to departures from the Kratky–Porod result for the
mean-square end-to-end distance. The sink term in the generalized diffusion equation that describes
the dynamics of the chain is modeled as a modified step function along the lines suggested by Pastor
et al. Detailed calculations oft as a function of the chain lengthN, the reaction distancea, and the
stiffness parameterz are presented. Among other results,t is found to be a power law inN, with a
z-dependent scaling exponent that ranges between about 2.2–2.4.
an
i

pi
ing

ity

io
av
an
in

re
c
u
a

ca
in
uo

ity
ol
p
a
o

in
s
o
o

be
ly-
lgy
–

ly-
ous

ins
by
ing
ed.
n
an
h
he
n of
f

la-
ion
al
al-

d in

a
so

s a
ng
or
I. INTRODUCTION

A number of important genetic processes, including tr
scription, replication, and recombination, are believed
some way to be under the structural control of the hair-
loops in DNA and RNA that are produced by base-pair
within single-stranded polynucleotide segments.1–4 Loop for-
mation itself is controlled by such factors as solvent qual
chain rigidity and degree of polymerization.5 These factors,
therefore, indirectly influence the course of gene express
and regulation. Their effects on single chain dynamics h
recently been studied in the experiments of Libchaber
co-workers6 on the thermodynamics and kinetics of cha
closure in synthetic single stranded DNA~ssDNA!. In these
experiments, single-stranded poly~deoxyadenosine! or
poly~deoxythymidine! of between 8 and 30 repeat units a
designed with terminal 5-base complementary sequen
having a fluorophore and a quencher at either end. In aq
ous solution, the DNA strands cyclize whenever the ends
close enough to allow base-pairing. The average time
chain closure—a measure of the ease of loop formation—
be determined from the extent of fluorescence quench
which varies as a function of the distance between the fl
rophore and the quencher.

The results are sensitive to details of backbone rigid
and cannot be rationalized solely by treating the DNA m
ecule as a Gaussian coil. Such a model is expected to a
only to chains whose overall length is many times larger th
the average persistence length, a condition unlikely to h
for relatively short polynucleotide strands, which are intr
sically semiflexible. A theory of chain closure in these sy
tems must therefore account explicitly for the effects
chain stiffness to be generally valid. We are, therefore, m

a!Electronic mail: cherayil@ipc.iisc.ernet.in
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tivated to develop a model of chain dynamics that can
used to determine cyclization times of semiflexible po
mers. We do this following essentially the same methodo
as Pastoret al.,7 who adapted the many-body diffusion
reaction formalism of Wilemski and Fixman8–10 to treat flex-
ible polymers; our approach is different only in that the po
mer is now treated as an essentially inextensible continu
curve of variable persistence lengthl. The smalll limit of
this model describes the flexible Gaussian chain.

As discussed in Sec. II below, the dynamics of cha
with reactive, loop-forming end-groups can be described
a Smoluchowski equation to which a sink term, represent
the loss of probability from chain closure, has been add
Within this formalism, Wilemski and Fixman have show9

that the closure timet can be expressed as the integral of
equilibrium time correlation function of the sink term, whic
in turn can be related to the time correlation function of t
end-to-end distance. Section III discusses the evaluatio
this latter correlation function, following the introduction o
a continuum model for a semiflexible polymer. The calcu
tion of t is then shown to reduce to the numerical evaluat
of a single integral involving a sum over certain norm
modes. Section IV presents the principal results of this c
culation. Derivations of some of the key expressions use
the text are included in the Appendices.

II. TIME EVOLUTION OF CHAIN CONFORMATIONS

The rate of cyclization of a chain with reactive ends in
neutral solvent~assumed to be at the theta temperature
that excluded volume interactions can be neglected! is gov-
erned by the time evolution of the chain conformations a
whole. Since chain closure takes place on relatively lo
time scales~on the order of microseconds to milliseconds f
the DNA samples of Ref. 6, for instance!, the dynamics of
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the polymer—in the absence of reactions between
ends—is effectively overdamped, and can be adequately
scribed by the Smoluchowski equation. Ifc($r%,t) denotes
the probability density that the chain has the conformat
$r%[r1 ,r2 ,...rn at time t, wherer i is the position of theith
monomer in a chain ofn monomers, then neglecting hydro
dynamic interactions, this equation takes the form

]c~$r%,t !

]t
5D0(

i 51

n
]

]r i
•F ]

]r i
1

]U

]r i
Gc~$r%,t !

[Dc~$r%,t !, ~1!

whereD0 is the diffusion constant, defined as the inverse
the friction coefficient per unit length of the polymer, andU
is the potential energy of the chain. The second line of t
equation provides the definition of the generalized diffus
operatorD .

This equation must be modified when the ends of
chain are reactive. If the reaction~in this case linkage of the
ends of the chain! is assumed to occur instantaneously a
irreversibly whenever the ends come within a distancea of
each other, the overall rate of reaction will be governed
the rate of approach of the end groups. This process is
diffusion controlled, so it can continue to be described b
Smoluchowski-type equation, as in Eq.~1! above. However,
Eq. ~1! is conservative, implying that the total time deriv
tive of c($r%,t) is zero. This is no longer the case whe
reactions at the ends of the chain permanently elimin
closed loops from the distribution of chain conformations.
account for this loss of probability over time,c($r%,t) can
either be made to satisfy appropriate boundary condition11

or an additional ‘‘sink’’ term can be introduced into the di
fusion equation. The latter approach, which is somew
simpler to implement, is adopted here, and it leads to
following equation:

]c~$r%,t !

]t
5Dc~$r%,t !2kS~$r%!c~$r%,t !, ~2!

where k is a rate constant, andS is the sink function, the
choice of which prescribes the minimum contact distance
two ends of the chain when reaction takes place.

The chain dynamics described by Eq.~2! is not neces-
sarily equivalent to the experimental situation that obtains
Ref. 6, where cyclization is generally reversible, and m
surements are made under steady-state conditions. The
ment of steady-state chain closure will be discussed e
where.

To derive an expression for the closure timet, we intro-
duce the probabilityx(t) that the chain is unreacted at timet;
this probability is given by

x~ t !5E d$r%c~$r%,t !. ~3!

By differentiating Eq.~3! with respect to time, and makin
use of Eq.~2! along with the result* d$r%Dc50 ~which
holds because of the vanishing ofc at the boundaries!, one
finds that
ts
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dx~ t !

dt
52km~ t !, ~4!

where

m~ t !5E d$r%S~$r%!c~$r%,t !. ~5!

If x(t) is now assumed to decay as a single exponential, s
that

x~ t !.e2t/t, ~6!

then the closure time is given by

t5E
0

`

dtx~ t !. ~7!

Equation~7! can be re-expressed as an integral over an e
librium time correlation function involving the sink function
as shown in Ref. 7, using results from Ref. 9. For comple
ness, a sketch of the derivation is provided in Appendix A.
this section, we only state the result

t5E
0

`

dtS C~ t !

C~`!
21D , ~8!

where

C~ t !5E dRE dR0S~R!G~R,tuR0,0!S~R0!ceq~R0!.

~9!

HereG(R,tuR0,0) is the conditional probability that a chai
with the end-to-distanceR0 at time t50 has the end-to-end
distanceR at time t; ceq(R0) is the equilibrium distribution
of the end-to-end distance; andS(R) is a sink function,
which is assumed to depend only the magnitude of the se
ration between the ends of the chain. An explicit express
for this sink function will be provided later. As shown i
Appendix A, the derivation of this equation assumes the lim
k→`, which in physical terms means that chain ends
assumed to react immediately and irreversibly when th
satisfy the distance constraints imposed by the sink funct
The closure time is therefore independent ofk, and is actu-
ally a first passage time.

The key unknown in Eq.~9! is the conditional probabil-
ity G(R,tuR0,0). For a completely flexible polymer, thi
probability is Gaussian, becauseR is the sum of a large
number of independent, random bond vectors, and the
tral limit theorem applies.7 For a semiflexible polymer, on
the other hand, successive bond vectors are no longer un
related, butR can still be written as the sum of a larg
number of independent normal modes,12 so in this case too,
for moderate to relatively high degrees of stiffness, it is re
sonable to describeG(R,tuR0,0) by a Gaussian.13 ~Without
this assumption the resulting mathematics would beco
quite intractable.!

A Gaussian distribution is completely specified by
meanmm and variances2; for a polymer, these take the form

mm5^R~ t !&eq5f~ t !R0 , ~10!

s25^R2~ t !&eq2^R~ t !&eq•^R~ t !&eq, ~11!



r-

-
rt

e
he

p
Al

o

m

b

es-
k

ns

a-

f
-

us
ve,

its

x-

e

in
he

ter
de-
s
the

in
c-
the

in,
where the angle brackets^(¯)&eq denote an ensemble ave
age overceq. The functionf(t) is defined as

f~ t !5
^R~ t !•R~0!&eq

^R2&eq
. ~12!

From these definitions one can show that

G~R,tuR0,0!5S 3

2p^R2&eq
D 3/2 1

~12f2~ t !!3/2

3expF2
3~R2f~ t !R0!

2

2^R2&eq~12f2~ t !!G . ~13!

For a semiflexible polymer̂R2&eq is given by14

^R2&eq5
N

p F12
1

2pN
~12e22pN!G , ~14!

whereN[nl is the contour length of the chain, andp[1/l is
the inverse persistence length.

Substituting Eq.~13! into the expression for the correla
tion functionC(t) @Eq. ~9!#, and carrying out the angular pa
of the integrations over the vectorsR andR0 , one can show
that

C~ t !516p2S 3

2p^R2&eq
D 3 1

~12f2~ t !!3/2

3E
0

`

dRR2S~R!E
0

`

dR0R0
2S~R0!

3expF2
3

2^R2&eq

~R21R0
2!

~12f2~ t !!
G

3
sinh@3fRR0 /^R2&eq~12f2~ t !!#

3fRR0 /^R2&eq~12f2~ t !!
. ~15!

The further evaluation ofC(t) requires a specific choic
for the sink function. Here we restrict our attention to t
Heaviside sink, defined as

S~R!51; R<a

50; R.a, ~16!

where a is the closest the two ends of the chain may a
proach before irreversible ring formation takes place.
though this choice does not permit the analytic evaluation
the integrals in Eq.~15!, it is possible to obtain what is
expected to be an accurate approximate expression forC(t)
by expanding the integrand to first order in the small para
eter

x05
3a2

2^R2&eq
, ~17!

and then integrating term by term. This produces

C~ t !5
16x0

3

9p~12f2!3/2F12
6x0

5~12f2!
1¯G . ~18!

To the same order of approximation, this expression may
rewritten in the more convenient resummed form as
-
-
f

-

e

C~ t !>
16x0

3

9p S 12f21
4

5
x0D 23/2

, ~19!

which is of exactly the same functional form as the expr
sion derived by Doi15 using the following Gaussian sin
function:

S~R!5N expS 2
3R2

2a2 D , ~20!

whereN is a normalization constant. The two expressio
are not identical, however; the coefficient ofx0 in Ref. 15 is
4/3, not 4/5, as it is above. In our calculations,C(t) is de-
termined exclusively from the resummed form of the He
vide sink, Eq.~19!.

To calculatet it now only remains to specify the form o
the correlation functionf(t). This is discussed in the fol
lowing section.

III. TIME CORRELATION FUNCTION OF THE END-TO-
END DISTANCE

The semiflexible polymer is modelled as a continuo
curve with a nonzero energy of bending. Points on this cur
at timet, are described by the Cartesian vectorr (s,t), where
s is a real variable that defines where a given point~mono-
mer! is on the curve with respect to an origin located at
mid-point; for a chain of contour lengthN, s lies between
2N/2 andN/2. In terms of the monomer coordinatesr (s,t),
and in units where the thermal energykBT51, the configu-
rational part of the Hamiltonian of this model of a semifle
ible chain can be written as16–19

H5nE
2N/2

N/2

dsU]r ~s,t !

]s U2

1hE
2N/2

N/2

dsU]2r ~s,t !

]s2 U2

1n0~ uu2N/2u21uuNu2!, ~21!

where

n5
3p

2
, h5

3

8p
, n05

3

4
~22!

and

u~s,t ![
]r ~s,t !

]s
. ~23!

The first term in Eq.~21! describes the connectivity of th
chain,~which is purely entropic in origin!, while the second
describes its bending energy. By representing the chain
this form, in terms of first and second derivatives of t
monomer position, the tangent vectoru(s) @Eq. ~23!# should,
strictly speaking, be a unit vector, meaninguu(s)u51. This
constraint is difficult to enforce rigorously, so as a mat
convenience it is replaced by the mathematically less
manding constraint̂uu(s)u2&51, where the angular bracket
refer to an equilibrium average over the conformations of
chain. This constaint is now handled by the last two terms
Eq. ~21!, which act effectively to suppress the excess flu
tuations in the chain ends that lead to departures from
Kratky–Porod result for the end-to-end distance.19

In the foregoing continuum representation of the cha
the end-to-end distanceR(t) at time t can be written as

R~ t !5r ~N/2,t !2r ~2N/2,t !. ~24!
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The equilibrium correlation function of this distance at tw
different times, therefore, becomes

^R~ t !•R~0!&5^r ~N/2,t !•r ~N/2,0!&1^r ~2N/2,t !

•r ~2N/2,0!&2^r ~N/2,t !•r ~2N/2,0!&

2^r ~2N/2,t !•r ~N/2,0!&. ~25!

To evaluate the averages that appear on the right-hand si
the above equation, we need an expression forr (s,t), the
position of thesth monomer at timet. This function satisfies
a differential equation that can be derived from the appli
tion of Hamilton’s principle to the chain Lagrangian

L5( 1
2m)*2N/2

N/2 dsṗ22H, where p(s) is the momentum of
the monomer ats. This differential equation, as shown fo
instance in Ref. 17, is given by

S ]

]t
12D0h

]4

]s422D0n
]2

]s2D r ~s,t !5u~s,t !, ~26!

and satisfies the following boundary conditions:

n
]r ~s,t !

]s
2h

]3r ~s,t !

]s3 U
s56N/2

50, ~27!

n0

]r ~s,t !

]s
1h

]2r ~s,t !

]s2 U
s5N/2

50, ~28!

n0

]r ~s,t !

]s
2h

]2r ~s,t !

]s2 U
s52N/2

50. ~29!

The variableu(s,t) is a random force with white noise sta
tistics whose correlation satisfy

^u~s,t !u~s8,t8!&5
2

z
d~s2s8!d~ t2t8!I , ~30!

I being the unit tensor.
Equation~26! is solved by

r ~s,t !5E
2N/2

N/2

ds1G0~s,s1ut !r ~s1!

1E
2N/2

N/2

ds1E
0

t

dt1G0~s,s1ut2t1!u~s1 ,t1!, ~31!

where the Green’s functionG0 is the solution to

S ]

]t
12D0h

]4

]s422D0n
]2

]s2DG0~s,s1ut !5d~s2s1!d~ t !.

~32!

By direct substitution, the solution to Eq.~32! is found to be

G0~s,s1ut !5u~ t ! (
n50

`

Qn~s!Qn~s1!e2D0lnt, ~33!

whereu(t) is the step function, andQn(s), n50,1,2,... are a
complete orthonormal set of eigenfunctions that are the
lutions to the following eigenvalue equation:

LQn~s!5lnQn~s!, n50,1,2,..., ~34!

whereln are the eigenvalues, andL is the Hermitian opera-
tor
of

-

o-

L52h
]4

]s422n
]2

]s2 . ~35!

The eigenfunctionsQn(s) satisfy the same boundary cond
tions as defined in Eqs.~27!–~29!.

Equation~34! is a simple fourth-order differential equa
tion that may be solved by rewriting it as a system of fo
first-order differential equations in a new set of depend
variables. In matrix notation, this system is of the for
]X(s)/]s5M•X(s). From the solution to this equation, on
can show that12

Qn~s!5A cos~bns!1B cosh~ans!1C sin~bns!

1D sinh~ans!, ~36!

whereA, B, C, andD are constants to be determined from t
boundary conditions, andan andbn are parameters that ar
obtained from the characteristic equation of the matrixM .
They are defined as

an5F n

2h
6F S n

2h D 2

1
ln

2hG1/2G1/2

, ~37!

ibn52F n

2h
7F S n

2h D 2

1
ln

2h G1/2G1/2

. ~38!

The parametersan and bn are related to each other and
the eigenavluesln by the equations

an
22bn

25
n

h
, ~39!

and

ln52han
2bn

2. ~40!

BecauseQn(2s) is also a solution Eq.~34!, the linear com-
binations Qn(s)1Qn(2s) and Qn(s)2Qn(2s) are solu-
tions as well, so the eigenfunctions may be chosen with d
nite parity. In general, then, they are given byQn(s)
5A cos(bns)1Bcosh(ans) ~even parity solutions!, and by
Qn(s)5C sin(bns)1D sinh(ans) ~odd parity solutions!. The
application of the boundary conditions in Eq.~27!, gives the
following expression forQn(s):

Qn~s!5S Cn

N D 1/2F2
cos~bns!

sin~bnN/2!

1S an

bn
D 2 cosh~ans!

sinh~anN/2!G , ~even parity!, ~41!

Qn~s!5S Dn

N D 1/2F sin~bns!

cos~bnN/2!

1S an

bn
D 2 sinh~ans!

cosh~anN/2!G , ~odd parity!, ~42!

whereCn andDn are unknown, but can be chosen to ensu
normalization of the eigenfunctions. The further applicati
of the boundary conditions in Eqs.~28! and ~29! leads to a
pair of eigenvalue equations that correspond to the even
odd parity solutions; these equations are
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bn
3 sinh~anN/2!cos~bnN/2!

1an
3 cosh~anN/2!sin~bnN/2!12p~an

21bn
2!

3sin~bN/2!sinh~anN/2!50, ~even parity!, ~43!

bn
3 cosh~anN/2!sin~bnN/2!

2an
3 sinh~anN/2!cos~bnN/2!22p~an

21bn
2!

3cos~bnN/2!cosh~anN/2!50, ~odd parity!. ~44!

From Eqs.~31! and~33!, an expression for the time correla
tion function of the monomer position can now be derived

^r ~s,t !•r ~s,0!&

5 (
n50

` E
2N/2

N/2

ds1Qn~s!Qn~s1!^r ~s1,0!•r ~s,0!&

3e2D0lnt1 (
n50

` E
2N/2

N/2

ds1E
0

t

dt1Qn~s!Qn~s1!

3^u~s1 ,t1!•r ~s,0!&e2D0ln~ t2t1!. ~45!

The second term in this equation vanishes by virtue of
Gaussian character of the random forceu(s,t), which has a
zero mean, so the sole contribution to the monomer t
correlation function comes from the first term. The evalu
tion of this term requires an expression for the equilibriu
averagê r (s1,0)•r (s,0)&, which is shown in Appendix C to
be given by

^r ~s1,0!•r ~s,0!&

5
min$s,s1%

p
2

1

4p2 @12~e22ps1e22ps12e22pus2s1u!#.

~46!

Substituting Eqs.~43!–~46! into Eq. ~25! and carrying out
the integrations1 , we obtain the following expression for th
time correlation function of the end-to-end distance:

^R~ t !•R~0!&5
Dn

N (
n51
odd

` S 2T1e2D0lnt

p D
3F2T2

bn
2 2

~11e22pN!T3

an
2 1

bn~12e22pN!

2pan
2

3S 12
an

4

bn
4D G , ~47!

where

T15tan~bnN/2!1
an

bn
tanh~anN/2!,

T25tan~bnN/2!2
bn

an
tanh~anN/2!, ~48!

T35tan~bnN/2!2
an

3

bn
3 tanh~anN/2!,

with
s

e

e
-

S Dn

N D5FN

2 S sec2~bnN/2!2
an

2

bn
2 sech2~anN/2! D

1
~3an

22bn
2!T2

~an
21bn

2!bn
G21

. ~49!

There are no contributions tôR(t)•R(0)& from n even.
The explicit expression forf(t), as given by Eq.~12!,

can be found from Eqs.~47!–~49!. This is then substituted
into Eq. ~19! to determineC(t), which along withC(`), is
used in Eq.~8! to obtain the closure timet.

The above procedure can only be implemented num
cally. It begins by assigning a definite value to the stiffne
parameterz[pN by assigning definite values to the conto
lengthN and the inverse persistence lengthp. Variations inz
are effected by varyingp at constantN. Having fixedz, Eq.
~44! is solved for the parameteran , using Eq.~39! to ex-
pressbn in terms ofan , at different fixed values of the mod
number n. The solutions are obtained numerically usin
Mathematica. Thenth eigenvalueln is then calculated from
Eq. ~40!. The time correlation function of the end-to-en
distance is next calculated from Eq.~47! by first assigning a
definite value to the timet ~its units are determined byD0 ,
which is arbitrarily set to 1, as in Ref. 7!, and then summing
over modes using the previously determined values ofan ,
bn , andln in conjunction with Eqs.~48! and~49!. The sum
typically converges within the first 500 modes. The functi
f(t), for the given value oft, is now obtained from Eqs.~47!
and ~12!; f(t) in turn is used to determineC(t) from Eq.
~19! after assigning a definite value to the reaction distanca
~which, like N, is expressed in units ofl, the persistence
length.! The process is repeated for different fixed values
t. C(`) is likewise calculated from Eq.~19! by taking itst
→` limit analytically. KnowingC(t) andC(`), the closure
time t is now calculated from Eq.~8! by numerical integra-
tion using routines available in Mathematica. The entire c
culation can be repeated for different values ofz, N, anda.

IV. RESULTS AND DISCUSSION

A. The flexible limit

As a check of the general methodology developed in
foregoing sections, we first study our model in the flexib
limit, where prior analytical and simulation results are ava
able for comparison.7,11,15,20–24This limit corresponds, in
general, to values ofz much larger than unity. In practice, w
setz to N, thus fixing the persistence lengthl at 1, the fun-
damental bond length. That this assignment does corresp
to the flexible chain limit is verified by noting that the eige
valuesln calculated from Eqs.~39!, ~40!, and~44! are nearly
identical to the known eigenvalues of the continuum Rou
model. With z set to N, we now estimatet for different
values ofN and a. The results are shown in Table I in th
column marked DC, along with results from the simulatio
of Pastoret al.7 ~the column marked Sim.!, the results calcu-
lated by Pastoret al. using a certain approximation in th
Wilemski–Fixman model7–10 ~the column marked WF2! and
the results of two other calculations using the Wilemsk
Fixman model to be discussed shortly~the columns marked
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WF3 and WF4, respectively.! The values ofN anda used in
our calculations were chosen to coincide with the values
ported in Ref. 7.

It is clear from the table that there can be significa
differences between all five sets of predictions, although t
are all consistent in suggesting~a! that t decreases with in-
crease ina at fixedN, and~b! that t increases with increas
in N at fixed a. These trends are physically reasonable:
the one hand, increasinga at fixed N brings the reaction
radius closer to the equilibrium end-to-end separation, m
ing it easieron average for the chain to cyclize; and on t
other, increasingN at fixeda takes the reaction radius farthe
away from the end-to-end separation, making itharder on
average for the chain to cyclize.

The quantitative differences between these predicti
are less easily rationalized, however. One reason for the
ferences may be the functionf(t), the time correlation func-
tion of the end-to-end distance. In Ref. 7,f(t) is written as

f~ t !5
8

N~N11! (
odd n

S 1

ln
2

1

4Dexp~2D0lnt !, ~50!

where the eigenvaluesln are given by

ln5
3

b2 ~2 sinun/2!2. ~51!

Here b is the bond length,un is np/(N11), and the sum-
mation is carried out over a finite number of modes. T
factor of (2 sinun/2)2 in Eq. ~51! coincides with the eigen
values of the discrete Rouse chain, but the coefficient 3/b2 is
extraneous, and has been put in by hand.~On dimensional
grounds alone the presence of the bond lengthb in this equa-
tion would be suspect, but presumably it is really a dime
sionless length of some kind. In any event, it is set to 1 in
calculations, so it effectively drops out of the calculation!
Although the factor of 3 in Pastoret al.’s definition of the
discrete Rouse eigenvalues should be omitted when t
eigenvalues are used in thedenominatorof Eq. ~50!, this

TABLE I. Closure timet for different N and a as estimated by differen
theoretical approaches.

N a

t

Sim. WF2a WF3b WF4c DCd

50.0 0.1 570630 677 393 162 233
0.5 174610 233 169 143 168
1.0 1106 5 163 130 123 136

75.0 0.1 1070670 1313 797 365 500
0.5 410620 498 381 331 378
1.0 250610 367 306 293 317

100.0 0.1 1800680 2104 1306 644 863
0.5 680630 848 673 591 674
1.0 450620 646 558 530 578

aPastor–Zwanzig–Szabo model~PZS!, Ref. 7, in the Wilemski–Fixman ap
proximation, withf(t) andln calculated from Eqs.~50! and~51!, respec-
tively.

bPZS model withf(t) calculated from Eq.~52!. The eigenvalues used in th
calculation are the discrete Rouse eigenvalues.

cPZS model withf(t) calculated from Eq.~53!. The eigenvalues used in th
calculation are the continuum Rouse eigenvalues.

dPresent calculations.
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factor shouldbe retained when the eigenvalues are used
the argument of the exponential~providedD0 is set to 1!.

The normalization off(t) in Eq. ~50! appears to have
been taken care of by the additive factor involving the co
ficient of 1/4.@That is to say,f~0!, as obtained from Eq.~50!,
is unity.# But it would have been more natural to normali
f(t) by writing it as

f~ t !5
(odd nln

21 exp~23D0lnt !

(odd nln
21 , ~52!

with D051 andln given by (2 sinun/2)2. The closure times
t predicted by the use ofthis expression forf(t) in the
Wilemski–Fixman model along with the resummation a
proximation of Ref. 7 lead to the values shown under colu
WF3 in Table I. These values are all considerably lower th
those in WF2, particularly ata50.1, indicating a fairly sen-
sitive dependence oft on f(t).

In our calculations,f(t) is obtained from the largez
limit of Eq. ~47! after normalization. It cannot be express
in closed form, but for a given timet and with z5N, it is
found to yield the same numerical value as the followi
expression:

f~ t !58 (
odd n

` 1

n2p2 e23n2p2D0t/N2
. ~53!

Since the calculations use a continuum model of the chai
may be more appropriate to compare our estimates oft with
the estimates obtained using Eq.~53! in the Wilemski–
Fixman model, rather than either Eqs.~50! or ~52!. Values of
t calculated with Eq.~53! are shown in column WF4 in
Table I, and they are seen to be quite comparable to
figures in the column marked DC.~Because of the wayf(t)
enters into the expression fort @Eqs. ~8! and ~19!#, small
numerical differences in its value can be magnified. So
though the eigenvalues that generate WF4 and DC are ne
the same, the final estimates fort need not be.!

Further inspection of Table I indicates that the great
deviations between the various estimates oft occur for the
smallest value ofa. These differences tend to becom
smaller asa is increased beyond 1. Table II shows this tre
quantitatively in four of the above models~WF2, WF3, WF4,
and DC.!

A simulation study by Srinivaset al.25 on fluorescence
energy transfer between chromophores attached terminal
Rouse chains has recently been carried out using
Wilemski–Fixman approach. The simulation methodolo
was checked by applying it to the polymer cyclization pro
lem and comparing the results with those obtained by Pa
et al.7 for the Heaviside sink of infinite strength. The tw
sets of results were found to be in agreement. The resul
Ref. 25 are obtained with af(t) based on the following
formula derived by Wilemski and Fixman:

f~ t !5
8

p2 (
odd n

`
4

n2 exp~2lnt !. ~54!

The eigenvalues here are defined asln53D0n2p2/N2b2,
with D0 andb set to 1.
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B. Semiflexible chains

The effects of stiffness on chain closure times are st
ied by progressively decreasing the value ofz from its flex-
ible limit of z5100. The limit of complete rigidity is reache
whenz→0, but we do not study this limit since rigid rods d
not cyclize. Nor do we consider the casez!1 ~the limit of
very restricted flexibility! since it is not clear that our as
sumption of a Gaussian distribution for the end-to-end d
tance remains valid under these conditions. Moreover,
equations tend to become numerically unstable in this reg
of z values. Accordingly, we restrict the further calculation
t to the regime 1<z<100. In this regime, we investigate th
effect of semiflexibility ont by plotting t versusN ~on a
log–log scale! for different fixed values ofz anda. Figure 1
shows one such plot forz51 anda50.1, 0.5, and 1.0. The
graphs are seen to be linear, so one can calculate a sc

TABLE II. Dependence of closure timet on reaction radiusa for l 51 at
N5100.

a

t

WF2a WF3b WF4c DCd

0.1 2104 1306 644 863
0.5 848 673 591 674
1.0 646 558 530 578
1.5 547 484 476 510
2.0 477 432 428 454
2.5 422 387 385 406
3.0 376 348 347 365
3.5 337 314 313 328
4.0 303 284 283 297
4.5 273 257 257 269
5.0 247 233 233 244

aPZS model as defined in footnotea Table I.
bPZS model as defined in footnoteb Table I.
cPZS model as defined in footnotec Table I.
dPresent calculations.

FIG. 1. Variation of closure timet with chain lengthN at fixedz51 ~cor-
responding to a chain of limited flexibility! for different values of the reac-
tion distancea ~0.1, 0.5, and 1.0!. Open circles are the calculated values
t using Eq.~8! along with Eqs.~12!–~19!. Full lines are lines of best fit
through the calculated points.
-

-
ur
n

ing

exponent for the variation oft with N. For the chosen value
of z and a, this exponent is roughly 2.4. At differentz ~but
the same set ofa values!, t continues to vary as a power law
in N, but with a different scaling exponent~the graphs are no
shown, but they are qualitatively the same as Fig. 1!. The
results are summarized in Table III, and they indicate,
general, that the rate of change oft with N increases as
stiffness increases.

In the opposite limit, i.e., as the chain becomes m
flexible, the exponent is seen to approach 2. Appendix
calculatest for the so-called harmonic spring model of th
chain, which is the same as the Rouse model, except
only a single mode is retained in the summation of Eq.~54!.
Within the Wilemski–Fixman model using the resumm
form of the Heaviside sink,t for this model can be calculate
exactly. The calculation shows thatt;N2, independent ofa.

Stiff chains of a given persistence length tend to beco
more flexible as the length of the chain increases. One th
fore expects the scaling exponents that describet for such
chains to cross over to values characteristic of flexible cha
as N increases at fixedl. To see if this trend emerges from
our calculations, we calculatet as a function ofN in the
range 50<N<1000 for fixedl 550 anda51.0. At the small-
est value ofN, therefore, the chain can be regarded as s
and thereafter, it becomes progressively more flexible. Fig
2 shows that the variation oft with N is indeed characterized
by at least two distinct scaling regimes, one lying betwe
about 50<N<150, where we estimate the exponent to
about 2.33 by linear least squares fitting, and the other ly
between about 150<N<1000, where we estimate the exp
nent to be about 1.80, again by linear least-squares fitt
Some element of subjectivity obviously enters into the sel
tion of the data points included in the fitting routine. If th
scaling exponent in the flexible limit is determined indepe
dently by studying the variation oft with N at fixed l, rather
than at fixedz, one finds that forl 51 anda51.0, this ex-
ponent is about 2.05. The discrepancy between this re
and the value of 2.20 obtained from a calculation at fixedz is
due to the difference between the two constraints. VaryinN
at fixedz can generatel values less than 1~whenN is 50 and
z is 100, for instance!, which we believe are not strictly com
patible with the model as defined. Nevertheless, both

TABLE III. Scaling exponents in the variation oft with N at different
z anda.

z a
Scaling exponent

DCa

1.0 0.1 2.43
0.5 2.37
1.0 2.39

10.0 0.1 2.30
0.5 2.28
1.0 2.30

50.0 0.1 2.22
0.5 2.20
1.0 2.22

100.0 0.1 2.18
0.5 2.16
1.0 2.20

aPresent calculations.
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proaches yield qualitatively the same predictions.
As a further characterization of the effects of stiffness

t, we plot~in Fig. 3! the variation oft with 1/z at N550 and
three different values ofa ~0.1, 0.5, and 1.0!. As expected,t
increases asl increases at all values ofa for the givenN. The
same qualitative behavior is observed forN575 and N
5100, but these results are not shown. In the region of r
tively high flexibility, the initial increase oft is quite steep,
but thereafter it is much more gradual, and eventuallyt ap-
proaches an asymptotic value asz→1. This asymptotic value
is found to be an increasing function ofN. Figure 3 also
shows thatt is sensitive to the change in the contact distan
a. The decrease ina, for a given value ofN, leads to a
significant increase int.

FIG. 2. Variation of closure timet with chain lengthN for a reaction radius
a51 at fixed persistence lengthl 550 ~corresponding to a chain of limited
flexibility when N550!. Filled circles are data points calculated using E
~8! along with Eqs.~12!–~19!. Straight lines are lines of best fit through th
putative semiflexible and flexible scaling regimes.

FIG. 3. Variation oft with 1/z at N550.0 for different values ofa. Open
circles represent points calculated as in Fig. 1 from Eq.~8!, while the full
lines are guides to the eye.
n

a-

e

One final characterization of stiffness effects is provid
in Fig. 4, which shows the variation off(t) with t ~measured
in units whereD0 andb are unity! at three different values o
z ~1, 2, and 100!. The smallest of these values corresponds
chains that are comparatively stiff, while the largest cor
sponds to chains of essentially complete flexibility. Al
shown on the figure are values off(t) ~the full circles! at
different values oft as calculated from Eq.~53!, the con-
tinuum Rouse expression for the dynamical end vector c
relation function. These data points are seen to fall exa
over the curve withz5100. Curves forz in the range 10
<z<100 ~not shown! also coincide almost exactly with thi
last curve, so chain flexibility seems to set in at abouz
510.

Although part of the motivation for this study was t
rationalize the data of Libchaber and co-workers6 on chain
closure in DNA of different base sequences, the assump
of irreversibility in the present calculations seems to p
clude a direct comparison of their results with ours. T
generalization of our approach to the case of reversible ch
closure is being studied.

APPENDIX A: DERIVATION OF THE CLOSURE TIME

Formally, the solution to Eq.~2! can be written as

c~$r%,t !5ceq~$r%!2kE d$r 8%

3E
0

t

dt8G~$r%,$r 8%ut,t8!S~$r 8%!c~$r 8%,t8!,

~A1!

where the Green’s functionG satisfies

DG~$r%,$r 8%ut,t8!5d~$r%,$r 8%ut,t8!d~ t2t8!. ~A2!

If Eq. ~A1! is multiplied byS($r%) and the result integrated
over all monomer positions, one finds that

FIG. 4. Variation off(t) @as calculated from Eq.~47!# with t ~in units where
D0 andb are unity! at three different values ofz ~1, 2, and 100!. Full circles
are data points obtained from the continuum Rouse expression forf(t) @Eq.
~53!#.
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m~ t !5meq2kE d$r%E d$r 8%E
0

t

dt8

3S~$r%!G~$r%,$r 8%ut,t8!S~$r 8%!c~$r 8%,t8!,

~A3!

wherem(t) has been defined in Eq.~5!; meq is defined in the
same way except thatc($r%,t) is replaced byceq($r%).

Equation ~A1! is a nonlinear integral equation for th
distribution functionc, and as such cannot be solved
closed form. Wilemski and Fixman,11 therefore, introduced a
closure approximation to simplify the equation; this appro
mation takes the form

c~$r%,t !'ceq~$r%!v~ t !, ~A4!

where

v~ t ![
m~ t !

meq
. ~A5!

It is easy to show using Eqs.~A4! and ~A5! into Eq. ~A3!
that

v~ t !512
k

meq
E

0

t

C~ t2t8!v~ t8!dt8, ~A6!

whereC(t2t8), which is given by

C~ t2t8!5E d$r%E d$r 8%S~$r%!G~$r%,$r 8%ut,t8!

3S~$r 8%!ceq~$r 8%!, ~A7!

defines a sink–sink correlation function. In principle, th
function may depend on the details of the chain conform
tion as a whole, but in the present calculations it is a funct
only of the magnitude of the separation between the end
the chain. Without loss of generality, one of the chain en
may be located at the origin of coordinates0. In this case,
S($r%)5S(urnu), wherern is the position of thenth monomer
with respect to0. The sink function may now be rewritte
identically as

S~ urnu!5E dRS~ uRu!d~R2rn!. ~A8!

When this expression is used in Eq.~A7!, C(t2t8) becomes

C~ t2t8!5E dRE dR8S~R!Ḡ~R,R8ut,t8!S~R8!, ~A9!

where

Ḡ~R,R8ut,t8![E d$r%E d$r 8%d~rn2R!

3G~$r%,$r 8%ut,t8!d~rn82R8!ceq~$r 8%!.

~A10!

The function Ḡ(R,R8ut,t8) satisfies the relations
* dRḠ(R,R8ut,t8)5ceq(R8) and * dR8Ḡ(R,R8ut,t8)
5ceq(R). The introduction of a Green’s functio
G(R,R8ut,t8) defined by Ḡ(R,R8ut,t8)
5G(R,R8ut,t8)ceq(R8), satisfying the normalization condi
-

-
n
of
s

tions * dRG(R,R8ut,t8)5* dR8G(R,R8ut,t8)51 allows
the time correlation functionC(t2t8) to be written as

C~ t2t8!5E dRE dR8S~R!G~R,R8ut,t8!S~R8!ceq~R8!.

~A11!

To proceed further, one now takes the Laplace transform
Eq. ~A6!, which produces

ṽ~s!5
1

s
2

k

meq
C̃~s!ṽ~s!, ~A12!

or equivalently

ṽ~s!5s21F11
kC̃~s!

meq
G21

. ~A13!

Similarly, the Laplace transform of Eq.~4! and the definition
Eq. ~A5! leads to

x̃~s!5s21@12kmeqṽ~s!#. ~A14!

Now introduce the function

H~ t ![C~ t !2C~`!, ~A15!

whereC(`) is the long time limit ofC(t). From the defini-
tion ~A7! and the limitG($r%,$r 8%ut,t8)→ceq($r%) when t
→`, C(`) is seen to be given by

C~`![ lim
t→`

C~ t !5meq
2 . ~A16!

Hence, from Eq.~A13! and the Laplace transform of Eq
~A15!

ṽ~s!5Fs1
k

meq
sH̃~s!1kmeqG21

, ~A17!

which in turn when substituted into Eq.~A14! produces

x̃~s!5F11
k

meq
H̃~s!G ṽ~s!. ~A18!

Furthermore, from Eq.~7!, t can be written as

t5x̃~0!, ~A19!

while from Eqs.~A18!, ~A17!, and ~A15!, respectively, we
have

x̃~0!5F11
k

meq
H̃~0!G ṽ~0!, ~A20!

ṽ~0!5k21meq
21, ~A21!

and

H̃~0!5E
0

`

dt@C~ t !2meq
2 #. ~A22!

After substituting Eqs.~A21! and ~A22! into Eq. ~A20!, the
expression forx̃(0) becomes

x̃~0!5k21meq
211E

0

`

dtFC~ t !

meq
2 21G . ~A23!
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Since chain cyclization is assumed to take place essent
instantaneously, the rate constantk is effectively infinite, so
that in this limit, using Eq.~A23! in the definition of the
closure time, one finally obtains

t5x̃~0!5E
0

`

dtF C~ t !

C~0!
21G . ~A24!

APPENDIX B: THE HARMONIC SPRING MODEL

The closure time for the harmonic spring~HS! model
within the PZS reformulation of the Wilemski–Fixman a
proximation is derived as follows: recall that in this appro
mation the time correlation functionC(t) is given by

C~ t !5
16x0

3

9p S 12f21
4x0

5 D 23/2

. ~B1!

Therefore,

C~ t !

C~`!
215 (

k51

`
~2k11!!!

k! S f2

2XD k

, ~B2!

whereX[114x0/5. The harmonic spring model is define
by retaining only the first mode in Eq.~53! @which defines
the functionf(t)#, i.e.,

fHS~ t !5
8

p2 exp~23p2D0t/N2![Be2Ct. ~B3!

From the above equation, and from the definition of the c
sure time as the time integral from 0 tò of Eq. ~B2!, it
follows that:

tHS[
1

2C
S~a!5

1

2C (
k51

`
~2k11!!!

kk!
ak, a5

B2

2A
.

~B4!

Using the identities

~2k11!!! 5
2k11

Ap
G~k13/2!5

2k11

Ap
~k11/2!G~k11/2!

~B5!

and

G~k11/2!5Ap222k
~2k!!

k!
~B6!

the sum S(a) can be written as (2/Ap)S1(a)
1(1/Ap)S2(a), where

S1~a!5Ap(
k51

`
~2k!!

~k! !2 ~a/2!k,

~B7!

S2~a!5Ap(
k51

`
~2k!!

k~k! !2 ~a/2!k.

The sumS1 is known; in closed form, it is given by

S15ApF 1

A122a
21G . ~B8!

SinceS1 can be expressed in terms of a derivative with
spect toa of S2 , it follows thatS2 can be calculated as:
lly

-

-

S2~x!5E
0

x

dy
1

y
ApS 1

A12y
21D . ~B9!

The change of variablesy5sin2 u and the use of the trigo
nometric identities cosu5122 sin2(u/2) and sinu52 sin~u/
2!cos~u/2! allows this integral to be evaluated at once. T
result is

S2~a!524Ap ln~cos~ 1
2 sin21~A2a!!. ~B10!

Therefore,

tHS5
1

C F 1

A122a
2122 lnS cosS 1

2
sin21~A2a! D D G .

~B11!

APPENDIX C: DERIVATION OF THE CORRELATION
FUNCTION OF THE MONOMER POSITION

The quantity of interest is the average^r (s1,0)•r (s,0)&
@see Eq.~46!#. It can be obtained from the expression for t
mean-square distance between any two monomers on
chain, which can be written in terms of the correlation
tangent vectors as

^@r ~s!2r ~s8!#2&5E
s8

s

ds1E
s8

s

ds2^u~s1!•u~s2!&. ~C1!

The tangent vector correlation function in turn is given by

^u~s1!•u~s2!&

5
1

Z E dufE du2E du1E duiu2•u1K~uf ,u2 ;N/2,s2!

3K~u2 ,u1 ;s2 ,s1!K~u1 ,ui ;s1 ,2N/2!, ~C2!

where the propagatorK, in general, is given by

K~uf ,ui ;N/2,2N/2!5E
u~2N/2!5ui

u~N/2!5uf
D@u~s!#exp@2S@u##,

~C3!

with

S@u#5nE
2N/2

N/2

dsuu~s!u21hE
2N/2

N/2

dsU]u~s!

]s U2

1n0~ uuN/2u21uu2N/2u2!. ~C4!

Z is the configurational partition function of the semiflexib
chain, and is identical to the numerator of Eq.~C2! except
for the absence of the factoru1•u2 .

The propagatorK(uf ,ui ;N/2,2N/2) can be evaluated
by minimizing the actionS@u#, i.e., by finding the trajectory
ū(s) such thatdS@u#/du50. The required trajectory satisfie
the equation

]2ū~s!

]s2 2
n

h
ū~s!50, ~C5!

which is readily solved. The solution, when substituted
Eq. ~C4!, gives the following expression for the minimize
action:
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S@ ū#5
3

4 sinh~2p~s22s1!!
@~u1

21u2
2!cosh~2p~s22s1!!

22u1•u2# ~C6!

Since S is quadratic in u, the substitutionu(s)→u(s)
1ū(s) in Eq. ~C3! leads to

K~uf ,ui ;N/2,2N/2!5exp@2S@ ū##K~0,0;N/2,2N/2!.
~C7!

The above expression for the propagator can be used in
~C2! to calculatê u(s1)•u(s2)& by carrying out the integra
tion overui , uf , u1 , andu2 . The result is

^u~s1!•u~s2!&5e22pus12s2u. ~C8!

Integration overs1 and s2 , as given in Eq.~C1!, produces
the following expression

^@r ~s!2r ~s8!#2&5
us2s8u

p
2

1

2p2 @12e22pus2s8u#. ~C9!

The left-hand side of the above expression can be expan
and rearranged to obtain Eq.~46!.
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