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In this article, the time-dependent spherical indenta-
tion response of a linear, isotropic, viscoelastic mate-
rial to different load histories is studied. To this end, 
finite element computations and depth-sensing micro-
indentation experiments using polymethyl methacry-
late specimens are undertaken. The validity of viscoela-
stic indentation theories is assessed by comparing with 
the finite element and experimental results. Finally, 
the creep response function is extracted from the experi-
mentally recorded indentation displacement histories 
and is compared with that obtained from a conventional 
mechanical test. It is shown that accurate characteriza-
tion of viscoelastic response of materials is possible from 
depth-sensing indentation, which has potential applica-
tions to components with small size scales such as thin 
films and biological tissues. 

 
VISCOELASTIC materials exhibit features which combine 
those of elastic solids and viscous fluids1. Thus, when a 
viscoelastic material is subjected to constant stress, the 
strain slowly increases with time, which is called as 
creep. On the other hand, under constant strain, the stress 
gradually decreases with time (i.e. the material relaxes). 
A variety of materials such as soils, polymers, biological 
tissues and cartilages display viscoelastic response. This 
behaviour in polymers, which can undergo large visco-
elastic strains (say, up to 0.05) before deforming plasti-
cally, has been extensively studied. It is generally assumed 
from an analytical standpoint that the viscoelastic response 
is linear, which implies that it must show both linear scal-
ing and superposition1. The latter leads to stress versus 
strain relationship in terms of hereditary integrals that 
typically involve the creep or relaxation response func-
tion. 
 The viscoelastic response functions can be obtained for 
bulk materials by performing conventional creep or re-
laxation tests. They involve precise specimen preparation 
confining to relevant standards, accurate control of ex-
perimental parameters and testing of a number of such 
specimens in order to obtain reliable results (see, for ex-
ample, Lu et al.2). However, it is impossible to conduct 
these tests when the sample size is small like in the case 
of thin films, MEMS components or biomaterials like tis-

sues. Hence, depth-sensing micro- or nano-indentation is 
being explored in recent years as a possible experimental 
technique for determining the creep or relaxation res-
ponse function of viscoelastic materials3–5. In this context, 
it must be mentioned that the above technique has been 
extensively used to measure properties such as Young’s 
modulus and hardness of materials that show time-
independent behaviour6–8. However, application of this 
technique to viscoelastic materials can lead to large errors 
in mechanical properties3,5. Hence, there is a need to de-
velop the depth-sensing indentation procedure for charac-
terizing the time-dependent behaviour of these materials. 
This requires a thorough understanding of the mechanics 
of contact of viscoelastic bodies. 
 The solution to a quasi-static boundary value problem 
involving a linear, isotropic viscoelastic body is generally 
obtained using the correspondence principle1. However, 
this principle breaks down under certain situations, such 
as during indentation by a curved or pointed indenter. Lee 
and Radok9 obtained expressions for contact load and 
pressure distribution during spherical indentation of a lin-
ear viscoelastic material by replacing the elastic modulus 
in the Hertz solution10 by hereditary integrals involving 
the relaxation response function. However, this solution 
was found to be invalid when the contact radius a de-
creases with time because negative pressure develops in 
the contact zone9. This issue was addressed by Hunter11 
and Ting12. The latter suggested a method which can be 
applied for axisymmetric indentation with arbitrary a(t). 
 Sakai4 and Lu et al.5 have recently employed the equa-
tions of Lee and Radok9 to obtain expressions for time 
variation of indentation depth, h(t), corresponding to 
simple load histories such as ramp loading. Sakai4 ideal-
ized the material as a Maxwell fluid or solid, whereas a 
more realistic Prony series representation of the creep re-
sponse function J(t) was used by Lu et al.5. In the latter 
work, a procedure was also developed for obtaining the 
creep response function directly from the slope of the 
measured h(t) curve. However, due to scatter or noise in 
the experimental data, accurate evaluation of dh/dt be-
comes difficult and may lead to large errors in J(t). It 
must be mentioned here that the validity of the viscoelastic 
indentation theory enunciated by Lee and Radok9 and 
Ting12, needs to be first carefully assessed by comparing 
with numerical solutions obtained, for example, by the fi-
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nite element method. This is particularly important for 
the unloading part of the load versus displacement curve, 
which is routinely employed in extracting the elastic 
modulus in indentation studies6–8. The above issue consti-
tutes one of the main objectives of the present work. 
Also, the time-dependent spherical indentation response 
of a viscoelastic material to different load histories is 
studied. Finally, the accuracy of determining the creep 
response function from indentation displacement records 
is examined by conducting both conventional mechanical 
tests and micro-indentation experiments using polymethyl 
methacrylate (PMMA). 

Indentation theory for viscoelastic materials 

A thorough discussion of contact stress theory for linear 
elastic solids is given by Johnson10. The Hertz contact 
pressure distribution when a frictionless, rigid, spherical 
indenter of radius R is pressed onto a linear elastic solid 
is given by: 
 

 2 2 1/ 2
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= −  (1) 

 
Here, the subscript e refers to the linear elastic case. Also, 
r is the radial coordinate measured from the indenter axis, 
and E* = E/(1 – ν2), where E and ν are the Young’s 
modulus and Poisson ratio respectively. Further, the in-
dentation depth he(t) is related to the contact radius and 
load P(t) by: 
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Lee and Radok9 extended the above equations to linear 
viscoelasticity by replacing the Young’s modulus with 
hereditary integrals involving the response functions. 
Thus, assuming the Poisson ratio ν to be time-indepen-
dent, eqs (1) and (2) for linear viscoelasticity become, 
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where G(t) and J(t) are the relaxation and creep compli-
ance functions in uniaxial compression. These are related 
by1: 
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Also, the constant C1 is given by, 
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In this work, two types of load histories, namely step 
loading and triangular loading are considered. Since 
quasi-static step loading is difficult to achieve in practice, 
the load is ramped to its terminal value P0 in a finite rise 
time tr = 1 s and thereafter held constant. Thus, the applied 
load history for this case (which is referred to in the se-
quel as ramp and hold loading) can be expressed as: 
 

 0 0 r r( ) ( ) ( ) ( ),P t P tH t P t t H t t= − − −
. .

 (8) 

 
where 0P

.
 = P0/tr and H(t) is the heaviside step function. 

On first considering t ≤ tr, eq. (4) becomes: 
 

 3 / 2
01

0

( ) ( )d .
t

h t C P J θ θ= ∫
.

 (9) 

 
The integral on the right hand side of eq. (9) can be 
evaluated by assuming a Prony series representation of 
the creep response function J(t), which is given by1: 
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On substituting eq. (10) into eq. (9), it follows that5, 
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Similarly, for t > tr, one obtains, 
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In the triangular loading history, the load is ramped to a 
peak value of P0 in a time t0 and then reduced to zero at 
2t0. It can be expressed as: 
 

 0 0 0 0( ) ( ) 2 ( ) ( ),P t P tH t P t t H t t= − − −
. .

 (13) 

 
where 0P

.
 = P0/t0 represents the loading rate. Thus, for 

t ≤ t0, eq. (9) or (11) will apply. On the other hand, by 
differentiating eq. (9) with respect to t, it follows that, 
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Equation (14) provides one method for evaluating J(t) 
from experimentally measured h(t) or h(P) curve5 for 
constant loading rate. 
 Next, considering the time interval t0 < t ≤ 2t0, it can be 
shown from eqs (4) and (9) that, 
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However, as will be seen later, when eq. (15) is used in 
conjunction with eqs (4) and (3), it gives rise to negative 
pressure in the contact zone and results in large errors, 
particularly close to complete unloading. Ting12 addressed 
this issue and showed that for any prescribed a(t) which 
increases to a peak value at t0 and thereafter decreases, 
the load history P(t) for t > t0 is given by, 
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Here t1(t) is the time instant during the interval (0, t0) at 
which a(t1) = a(t). In the present context, since P(t) is 
prescribed, the function t1(t) is determined from the 
above equation by an iterative procedure. This is then 
used to obtain the evolution history of the contact radius 
a(t). Finally, the contact pressure distribution p(r, t) and 
indentation displacement h(t) are derived from the follow-
ing equations given by Ting12: 
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As in the earlier development, Prony series representa-
tions of J(t) and G(t) can be employed to evaluate the in-
tegrals occurring in eqs (16)–(18). The validity of the 
above equations will be examined below, by comparing 
with results of finite element simulations. 

Relaxation tests in uniaxial compression 

Standard relaxation tests are conducted on specimens fab-
ricated from a cast PMMA plate of thickness 25.4 mm to 
characterize its linear viscoelastic response. To this end, 
cylindrical specimens according to ASTM D695 are ma-

chined from blanks cut from the PMMA plate. These 
blanks are annealed before machining to eliminate effects 
of prior processing history. The annealing involved hold-
ing the blanks at 105°C for 2 h and then cooling to room 
temperature at a rate of 5°C/h in a closed air furnace. 
Subsequently, these blanks are machined to the dimen-
sions of φ12.7 × 25.4 mm. The finished specimens are 
again annealed to remove any residual stresses. These 
specimens are subjected to relaxation tests in uniaxial 
compression at different initial strain levels ε0 ranging 
between 1 and 3% on an INSTRON machine at room 
temperature. As a true step strain pulse is not possible to 
apply in practice, each of these initial strain levels is at-
tained as a ramp in 1 s, which is then held constant for an 
hour. The stress relaxation response of the specimen under 
this strain is continuously monitored. 
 The relaxation response function is deduced from each 
test following the procedure suggested by Lee and 
Knauss13. The response curves obtained from the tests 
with ε0 = 1 and 1.25% are fairly close to each other. 
However, as ε0 increases further, this curve is found to 
decrease, which implies breakdown of linearity of consti-
tutive response. Thus, the threshold of linear viscoelastic 
regime is taken to be a strain level of about 1%. The cor-
responding relaxation response function G(t) is plotted 
against time in Figure 1. The creep response function J(t) 
is determined by numerically solving the Volterra integral 
equation (eq. (5))1. This function (represented in the form 
of a three-term Prony series, eq. (10)) is employed to 
evaluate the analytical equations for viscoelastic indenta-
tion presented above. 

Indentation experiments 

Indentation experiments on PMMA are conducted using a 
micro-indentation set-up that is designed and fabricated  
 
 

 
 
Figure 1. Relaxation response function for PMMA material consid-
ered here, determined from a conventional mechanical test. 
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to work in conjunction with an INSTRON machine14. 
This design is such that the compliance of the machine 
does not affect the measurements taken during indenta-
tion experiments. In addition to the mechanical attach-
ments for assembling this set-up onto the INSTRON 
machine, its main elements include a spherical indenter, a 
load cell, an LVDT and a multichannel data-acquisition 
system14. 
 PMMA specimens for indentation experiments are fab-
ricated from the same plate used for making the relaxation 
specimens. They are also subjected to the annealing cycle 
mentioned earlier, both before and after machining. 
Spherical indentation experiments (using a stainless steel 
indenter of radius 3.5 mm) are then conducted at room 
temperature by subjecting the specimens to ramp and 
hold, and triangular load histories. The former (with rise 
time tr = 1 s) closely approximates step loading, while in 
the latter, three values of t0 = 10, 100 and 500 s are consi-
dered. The peak load in all tests was limited to 100 N, 
which was decided on the basis of trial finite element 
computations, as explained later. The experiments are re-
peated for each loading/unloading programme on a new 
specimen for checking the consistency of the material be-
haviour. During each of these experiments, the load and 
displacement data are acquired at a sampling rate of 50/s, 
which are later filtered to remove undesired noise, and 
processed for analysis. 

Finite element analysis 

In this work, axisymmetric simulations of spherical in-
dentation are conducted using the ABAQUS finite ele-
ment software. In Figure 2, the mesh used in the compu-
tations is shown in the r–z plane along with the applied 
boundary conditions and the indenter (which is taken to 
be rigid) at incipient contact. The contact between the in-
denter and the specimen is assumed as frictionless and is 
modelled using the slideline approach. The mesh shown 
in Figure 2 is comprised of about 2700 four-noded, iso-
parametric, quadrilateral elements and is well refined 
near the zone of indentation. The size of the smallest 
elements located along the contact surface is around 0.02 
mm. This is expected to accurately resolve the steep 
stress gradients as well as enable precise determination of 
the contact radius. The dimensions of the domain mod-
elled are five times the radius R of the indenter (see Fig-
ure 2) in order to avoid boundary interaction effects. 
 The material is assumed to obey linear, isotropic visco-
elasticity. The experimental relaxation response function 
G(t) for the PMMA material considered in this work 
(Figure 1) is employed in the analyses. The maximum 
time period for which the viscoelastic response is simula-
ted is 1000 s. Since for this duration, it has been demon-
strated by Lu et al.2 that the Poisson ratio ν changes only 
negligibly, a constant value of ν = 0.38 is assumed. The 

analyses are carried out for the two types of load histories 
employed in the experiments. In both load histories, the 
peak load is taken as 100 N. This was arrived at on the 
basis of trial computations using time-independent linear 
elastic and elastic–plastic material models (wherein ex-
perimentally determined quasi-static stress versus strain 
curve of PMMA was employed). It was found that the 
load versus displacement curves obtained from these two 
trial computations agree closely within the above load 
level, which implies that inelastic effects are minimal. 

Results and discussion 

In this section, results pertaining to the ramp and hold 
load history are first presented followed by those for tri-
angular loading. The simulation and analytical results 
(based on the indentation theories) are compared along 
with some experimental data. Finally, the creep response 
function is extracted from the measured displacement his-
tory and compared with that deduced from the conven-
tional mechanical test. 
 The time variations of indentation depth h, contact ra-
dius a and peak contact pressure, p0 = p(0, t) for ramp 
and hold load history are shown in Figure 3 a–c. Here, the 
analytical results based on the theory of Lee and Radok9 
(see eqs (3) and (4)) are presented along with those from 
the numerical analyses. In order to provide further com-
parison, the measured experimental indentation depth 
data are plotted in Figure 3 a. Here, the mean datapoints  
 
 

 
 
Figure 2. Axisymmetric finite element model used for simulating 
spherical indentation of a viscoelastic (PMMA) specimen. 
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(from three tests) are indicated by ‘x’ symbols and the 
scatter is shown by bands. Figure 3 a–c demonstrates a 
close agreement between simulations and the indentation 
theory. The experimental data for h(t) in Figure 3 a also 
corroborate well with the analytical variation. It can be  
 
 

 

 

 
 
Figure 3. Time variation of (a) indentation depth, (b) contact radius 
and (c) peak contact pressure for ramp and hold loading history. 

seen from Figure 3 a that the indentation depth increases 
by more than 15% in the time interval from 1 to 1000 s 
during which the load is held fixed at 100 N. This is due 
to the creep behaviour of the material. 
 The time variations of contact radius displayed in Figure 
3 b show an increase of about 8% under fixed load over 
the time duration from 1 to 1000 s. From Figure 3 c, it 
can be seen that the peak contact pressure decreases with 
time even though the load is held constant. This drop is 
quite steep initially and then becomes more gradual. The 
features discussed above illustrate the viscoelastic res-
ponse of the material. By contrast, in an elastic material, 
h, a and p0 would remain constant under quasi-static con-
ditions when the indentation load is held fixed. 
 The time variation of contact radius a for triangular 
loading history with t0 = 100 s, obtained from the analyti-
cal solutions of Ting12 and Lee and Radok9 is compared 
with that determined from finite element analysis in Fig-
ure 4. For t ≤ t0, a(t) given by the two analytical solutions 
is the same (see eq. (4)). Figure 4 shows an excellent 
agreement between Ting’s solution and finite element re-
sults for the full time range from 0 to 2t0 (see solid and 
dashed line curves). Similar good comparison was found 
for the other triangular loading histories with t0 = 10 and 
500 s. It may be seen from Figure 4 that the contact ra-
dius increases to a peak value of around 0.47 mm at t = t0 
and thereafter reduces. By contrast, Lee and Radok’s so-
lution (represented by the dash-dot curve in Figure 4) dif-
fers from the other two curves beyond about 175 s (i.e. 
1.75 t0) and, in fact, does not reduce to zero at complete 
unloading. The reason for this discrepancy will be explai-
ned later. 
 In Figure 5 a and b, indentation depth h versus time, 
and load versus indentation depth are plotted for triangular 
loading with t0 = 10 s. The analytical solution of Ting12 is  
 
 

 
 
Figure 4. Time variation of contact radius for triangular loading with 
t0 = 100 s. The analytical solutions proposed by Ting12, and Lee and 
Radok9 (L&R) are compared with the finite element results. 
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Figure 5. (a) Time variation of indentation depth and (b) load versus indentation depth for triangular loading with t0 = 10 s. The analytical solu-
tion of Ting12 is compared with finite element and experimental results. 

 
 

Table 1. Values of indentation depth h and contact radius a at peak load obtained from nu-
merical and analytical solutions (eq. (4)) along with experimental data for hmax corresponding to  
  triangular loading histories 

 Displacement hmax (mm) Contact radius amax (mm) 
 

t0 (s)  Numerical  Analytical  Experimental  Numerical  Analytical  
 

 10 0.0581 0.059 0.0574  0.461 0.454 
100 0.0613  0.0622 0.0615 0.474 0.467 
500 0.0634  0.0644 0.0639 0.482 0.475 

 

 
compared with finite element results as well as with the 
experimental data. This solution is determined from eq. 
(4) for t ≤ t0 and from eq. (18) for t > t0. In order to 
evaluate the latter, the contact radius a(t) shown in Figure 
4 is employed. Again, an excellent agreement between 
Ting’s solution and finite element as well as experimental 
results can be perceived in Figure 5 a and b. The peak 
values of h and a (which occur at t = t0) determined from 
the analytical and finite element solutions for the three 
triangular loading histories are summarized in Table 1. 
Also included in Table 1 are average experimental meas-
urements of hmax. The three sets of results for hmax are 
within 3% of each other. The numerical and analytical re-
sults for amax also agree to within 2%. Further, it can be 
observed from Table 1 that reduction in loading rate (i.e. 
increase in t0), causes increase in hmax and amax, which is 
again a characteristic feature of viscoelastic response. 
 On examining Figure 5 b, it can be seen that the loading 
and unloading curves differ, resulting in some residual 
depth at complete load removal. This is akin to that exhi-
bited by an elastic–plastic material (see, for example, 
Bhattacharya and Nix6). However, unlike the latter, the 
residual impression would disappear slowly with time 
when the viscoelastic specimen is left in the unloaded 
state. This was indeed observed from the tested speci-

mens and has also been reported by Lu et al.5. The initial 
slope of the unloading curve is generally used to obtain 
the Young’s modulus of the material according to the re-
lation7: 
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PE
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The values of Young’s modulus thus extracted from the 
unloading curve shown in Figure 5 b as well as from 
similar curves for the other two loading rates, are summa-
rized in Table 2 along with those determined from the re-
laxation response function G(t) (Figure 1) pertaining to 
the chosen time instants. Also presented in Table 2 are 
the values of G corresponding to these time instants, 
which are deduced from the indentation depth measure-
ments as explained below. It can be seen from Table 2 
that while the latter are close to those obtained from the 
conventional relaxation tests, Young’s modulus values 
computed by applying eq. (19) show large errors. In fact, 
these errors increase with t, attaining almost 50% at 
t = 500 s. Thus, it is clear that the usual interpretation of 
the initial slope of the unloading curve by employing eq. 
(19) is incorrect for viscoelastic materials. 
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Table 2. Values of Young’s modulus corresponding to various time instants obtained from conventional relaxation test and from  
  indentation tests using the traditional method based on unloading slope (eq. (19)) and the method proposed in this work 

 Young’s modulus (MPa) 
 

 Conventional Indentation test Indentation ramp test Indentation ramp and hold 
Time (s)  relaxation test (from unloading slope) (proposed method) (proposed method) 
 

 10  2309  2716  2455  2470  
100  2141  2850  2229  2190  
500  2040  3025  2097  2007  

 
 
 

  
 
Figure 6. (a) Time variation of peak pressure and (b) contact pressure distribution at two time instants for triangular loading with t0 = 500 s. The 
analytical solutions proposed by Ting12 and Lee and Radok9 are compared with the finite element results. 

 
 
 
 Figure 6 a and b shows the time variation of peak pres-
sure p0 = p(0, t) and the contact pressure distribution cor-
responding to two time instants for the loading history 
with t0 = 500 s. Here, the analytical solutions based on 
Lee and Radok’s theory (eq. (3)) and Ting’s theory (eq. 
(17)) are compared with the finite element results. As al-
ready mentioned, the two analytical solutions coincide for 
t ≤ t0 and also agree well with the finite element solution 
(see Figure 6 a and b). However, it can be observed from 
Figure 6 a that while p0 based on eq. (17) matches closely 
with the finite element solution even for t > t0, Lee and 
Radok’s theory (eq. (3)) shows large errors as t → 2t0. 
The reason for this discrepancy can be understood by ex-
amining Figure 6 b, which illustrates that while the pres-
sure distribution predicted by eq. (17) over the entire 
contact zone is positive, that given by eq. (3) becomes 
negative close to the edge of contact (r/a = 1). This leads 
to the failure of Lee and Radok’s theory to model the 
unloading behaviour of viscoelastic materials. 
 The equations for time variation of indentation depth 
presented earlier, such as eq. (11) for ramp loading (i.e. 
triangular load history with t ≤ t0) or eqs (11) and (12) for 
ramp and hold loading are fitted to experimentally meas-

ured h(t). To this end, a nonlinear least squares procedure 
based on the Levenberg–Marquardt algorithm15 is emplo-
yed and the Prony series parameters are determined. These 
are used to reconstruct J(t) from eq. (10). The creep re-
sponse function thus deduced from the indentation data for 
h(t) pertaining to ramp and hold test (Figure 3 a) and trian-
gular load history with t0 = 500 s (referred to here as ramp 
loading) is plotted in Figure 7. Also shown in Figure 7 is 
J(t) obtained from the conventional mechanical test de-
scribed earlier. It is clear from Figure 7 that J(t) extracted 
from the indentation experimental results is in good agree-
ment with that derived from the conventional test. Thus, the 
instantaneous creep compliance J(0) from the indentation 
tests is within 7% of that determined from the conventional 
test, while the long-term compliance (at t = 1000 s) agrees 
to within 3%. Also, the ramp and hold indentation test 
yields slightly better results than ramp loading. 
 Finally, it must be noted that relaxation response func-
tion G(t) can be obtained by inverting J(t) determined 
from the indentation tests (i.e. by numerically solving the 
Volterra integral equation (eq. (6)1)). The values of G 
thus computed corresponding to three time instants are 
presented in Table 2, as mentioned earlier. 
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Figure 7. Comparison between creep response function J(t) deter-
mined from the indentation tests and conventional mechanical test. 

 

Concluding remarks 

Some interesting aspects of time-dependent indentation 
response of viscoelastic materials are observed from this 
work. Thus, there is a gradual increase in h and a when 
the load is held fixed, and h at the same load increases 
when the loading rate decreases. The finite element results 
have clearly validated the spherical indentation theory of 
Ting12 for linear viscoelastic materials. The experimental 
data for indentation depth corresponding to ramp and 
hold, and triangular loading histories, conducted with 
PMMA specimens, corroborate well with the finite ele-
ment results and the analytical solution of Ting. Finally, 
it has been demonstrated that depth-sensing indentation 
test data can be used to accurately extract the viscoelastic 
response functions. By contrast, the conventional method 
based on slope of the unloading curve may lead to large 
errors in the elastic modulus. 
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