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The recently developed Enskog theory for binary friction for fluids withcontinuous potentials, such
as the Lennard-Jones, has been extended to calculate the frequency dependence of this friction,
zE(v). This zE(v) is then applied to study vibrational energy relaxation of low-frequency modes
via the Landau–Teller expression. The agreement with simulation results is found to be satisfactory.
In the present approach we provide an exact prescription for the binary friction and thus remove a
lacuna in this area.zE(v) shows an interesting structure with a hump at low frequency, the signature
of which has already been seen in many simulation studies.
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I. INTRODUCTION

The study of vibrational energy relaxation~VER! forms
an essential part of physical chemistry and has a l
history.1,2 This long interest in VER comes from the critic
role that it plays in chemical reactions. However, it was n
easy to obtain information about the rates of vibrational
ergy relaxation in a bond. The study of VER gained mom
tum after laser spectroscopy allowed a measurement of
population of vibrational levels. Theoretical studies on vib
tional energy relaxation have mostly been carried out by
voking two basic models—the isolated binary collisio
~IBC! model3 in which the collision frequency is modified b
the liquid structure, and the weak coupling model,1 where the
vibrational motion of the molecule weakly couples to the r
~translational and rotational! degrees of freedom so that
perturbative technique can be employed.

The IBC model was developed by Herzfeldet al.3 In this
model, one starts with the assumption that the VER rate f
two level system can be given by

t i j
215Pi j tc

21, ~1!

wheretc
21 is the collision frequency andPi j is the probabil-

ity per collision that a transition from level ‘‘i’’ to level ‘‘ j’’
will take place.Pi j is independent of density but does d
pend on temperature whereastc depends on both these sta
parameters. In the gas phase,tc can be obtained from kinetic
theory, but it is difficult to obtain in the condensed phase
the colliding molecules are approximated by effective h
spheres with radiuss, then an expression for the collisio
frequency can be obtained from the Enskog theory, wh
gives the frequency as proportional tog(s), whereg(s) is
the value of the radial distribution function at contact.tc is
also proportional to the friction and hence to the viscosity
the gas. Thus, the IBC model with Enskog collision fr

a!Electronic mail: bbagchi@sscu.iisc.ernet.in
b!Electronic mail: k.miyazaki@iri.tudleft.nl
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quency predicts a rate proportional to the viscosity of
gas. The point of interest here is that there does not exist
reliable calculation of the binary frictionin a dense liquid
within the Enskog theory for a continuous potential.

The second line of approach considered the vibratio
energy relaxation as a classical process where energy is
sipated to the medium by the usual frictional process. Th
one can adopt a stochastic approach. For VER involving
frequencies, it is reasonable to assume that the vibratio
harmonic. Under this condition, one can write a generaliz
Langevin equation of motion for the normal coordinateQ(t)
as4–6

mQ̈~ t !52mv̄2Q~ t !2E
2`

t

dt8zbond~ t2t8!Q̇~ t8!

1RQ~ t !, ~2!

wherem is the reduced mass of the diatomic comprising
vibrating bond andv̄ is the renormalized bond frequenc
that is shifted from the bare bond frequency due to the p
ence of solvent molecules,6 zbond(t) is the time-dependen
bond friction coefficient, andRQ(t) is the random force re-
lated tozbond(t) by the fluctuation–dissipation theorem. Th
following important observation is made at this point. Ev
at as low a bond frequency as 100 cm21, the solvent fric-
tional force on the bond is very small. Thus, while the ze
frequency friction can be large, the relaxation ofQ probed at
large frequency can be in the underdamped limit.

The rate of the VER, 1/T1 , of a classical oscillator is
given by the simple Landau–Teller expression,4–7

1

T1
5

zbond~v̄ !

m
, ~3!

wherezbond(v) is the Fourier–Laplace transform ofzbond(t).
This friction is responsible for population redistribution
vibrational levels since energy dissipates through this f
tion.



m
ffi

n-

s

g.
y-
e

rn

dy
ot
ion
u–
de
en

a
ee
v

d
o

th

gh

cr
l

ee
ef

la
ng
a
m
ta
d
s
t

a

fre
tio
fr
n

on
on
II
rk

og
ail-
arts.
cts

ed

o-

is

t
f-

ing

of
r,

ng

f a

ere

cles,
tand
le.

tor
s-
If the cross-correlation between the forces on two ato
is neglected, one can approximate the bond friction coe
cient zbond(v̄) by that of the single atom~free-draining ap-
proximation!. Especially, for the homonuclear diatomic co
sisting of the same atoms, it is given by

zbond~v̄ !5
z~v̄ !

2
, ~4!

wherez(v̄) is the friction experienced by one of the atom
of the vibrating homonuclear diatomic. Equation~4! was also
used by Oxtoby in his theory of vibrational dephasin2

Equation ~4! gives a simple way to relate the solvent d
namic response to the VER rate. The validity of the fre
draining approximation is systematically examined by Be
et al. using molecular dynamics simulations5 and the
Zwanzig–Bixon model based on the continuous hydro
namic equation,8 and it is found that the approximation is n
verified for a short bond length. However, this approximat
is still semiquantitatively reliable, and so is the Landa
Teller expression, at least for the low-frequency mo
Therefore, the success of the weak coupling method dep
on an accurate frequency-dependent friction. However,
analytic calculation of frequency-dependent friction has b
a difficult task and several different approximations ha
been used. The most successful is the scheme use
Egorov and Skinner,4 who fitted the short time expansion t
a cos(at)/cosh(bt) form, where the constantsa andb are ob-
tained from the second and fourth time derivatives of
force–force time correlation function at timet50. The other
method is the instantaneous normal mode~INM ! analysis,
which has also been fairly successful in getting the hi
frequency response of the liquid.6

In a recent paper9 ~hereafter refer to as paper I!, we have
presented a novel method to obtain an Enskog level des
tion of binary friction of continuous potential. Numerica
implementation of this new method gave excellent agr
ment of the time-dependent friction and self-diffusion co
ficient with simulation results.

In this paper, this new Enskog theory is used to calcu
the frequency-dependent binary friction for fluids interacti
with the Lennard-Jones potential. We use this friction to c
culate the rate of the vibrational energy relaxation and co
pared the theoretical result with available simulation da
The agreement between the theory and simulation is foun
be satisfactory. In a sense, this work can be regarded a
amalgamation of IBC and the Landau–Teller approach
VER.

Another interesting aspect of this work is the fact th
the frequency-dependent binary frictionzE(v) shows an in-
teresting frequency dependence with a hump at low
quency, which has already been seen in many simula
studies. We regard this hump describing the crossover
quency below which the collective effects become importa

This paper is organized as follows. In the next secti
the formulation of the binary frequency-dependent fricti
under an Enskog approximation is summarized. In Sec.
we present results and Sec. IV contains concluding rema
s
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II. FORMAL THEORY

The frequency-dependent friction from the Ensk
theory is rather involved. The details of the theory are av
able in paper I. In this section, we present the essential p

We shall consider an atom in a simple fluid that intera
with other identical atoms with a pairwise potentialf(r ).
The motion of an atom in a gas or a liquid is often describ
in terms of the velocity autocorrelation function,c(t)
5^v(t)•v(0)&, wherev(t) is the velocity of the atom at time
t and^¯& is the equilibrium ensemble average. Its time ev
lution is described by a generalized Langevin equation.10 If
one takes Laplace transform in time, this equation
written as

@mz1z~z!#c~z!5c~ t50!, ~5!

wherem is the mass of the atom,c(z) denotes the Laplace
transformation ofc(t), andz(z) is the frequency-dependen
friction coefficient or the memory kernel. The friction coe
ficient is given by the Green–Kubo formula as10

z~z!5
1

kBT E
0

`

dt e2zt^Fx~ t !Fx~0!&. ~6!

Here F(t) is the force between the solute and surround
solvents at a timet, kB is the Boltzmann constant, andT is
the absolute temperature. Note that the time evolution
F(t) in Eq. ~6! is not driven by the usual Liouville operato
but given by

F~ t ![exp@ iQLNt#F~0!, ~7!

whereiL N is the Liouville operator for theN-particle system
andQ512P andP is a projection operator defined byP*
5^* vx&vx /^vx

2&. This equation can be established by usi
the Mori–Zwanzig projection-operator method.10,11Equation
~6! can be rewritten as

z~z!5
1

VkBT E d1E d2E d3E d4
]f~r 12!

]x1

3G~1,2;3,4;z!
]f~r 34!

]x3
, ~8!

where V is the volume of the system,r 125ur12r2u, and
G(1,2;3,4;z)5V^@(z2 iQLN)21f 2(1,2)# f 2(3,4)& is the
four-points propagator that describes the time evolution o
particle interacting with other particles.12 In this expression,

f 2~1,2![d~12q1!(
i 52

N

d~22qi !

is the two-particle phase-space distribution function, wh
15(r1 ,p1) and qi5(Ri ,Pi) ( i 51,2,...,N) are the phase-
space coordinates and the actual coordinates of the parti
respectively. This representation makes it easy to unders
how the binary collision approximation comes to play a ro
Mazenko13 showed that the equation forG(1,2;3,4;z) can be
expressed without invoking the projected Liouville opera
iQLN . Keeping only the binary collision term in his expre
sion, we have

@z1 iL 2~1,2!#G~1,2;3,4;z!5G~1,2;3,4;t50!, ~9!
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where iL 2(1,2) is the Liouville operator for the two-bod
system. Therefore, the friction coefficient under the bin
collision approximation, which we shall refer to aszE(z),
can be written as

zE~z!5
1

VkBT E d1E d2E d3E d4
]f~r 12!

]x1

3@z1 iL 2~1,2!#21G~1,2;3,4;t50!
]f~r 34!

]x3
. ~10!

Furthermore, one may use the following identity:

E d3E d4 G~1,2;3,4;t50!
]f~r 34!

]x3

52rkBT f0~p1! f 0~p2!
]g~r 12!

]x1
,

where f 0(p)5(2pmkBT)23/2exp(2p2/2mkBT) is the Max-
well distribution function,r is the number density of the
system, andg(r ) is the radial distribution function. Then, w
may simplify the expression as

zE~z!52
r

V E d1E d2 f 0~p1! f 0~p2!
]g~r 12!

]x1

3@z2 iL 2~1,2!#21
]f~r 12!

]x1
. ~11!

Equation ~11! can be further simplified by introducin
the center-of-mass coordinate and relative coordinates. I
grating over the irrelevant center-of-mass coordinate,
arrive at

zE~z!52rE dpE dr f 0
red~p!

]g~r !

]x

3@z2 iL ~r ,p!#21
]f~r !

]x
, ~12!

where

iL ~r ,p!5
2p

m
•

]

]p
2

]f~r !

]r
•

]

]p

is the Liouville operator for the relative coordinate (r,p) and
f 0

red(p)5(pmkBT)23/2exp(2p2/mkBT). In the real time rep-
resentation, Eq.~12! becomes

zE~ t !52rE dpE dr f 0
red~p!

]g~r !

]x

]f~r t!

]xt
, ~13!

where r t5eiL (r ,p)tr is the relative position at timet for the
two colliding particle systems for a given initial conditio
r t505r . Equations~12! and~13! are the Enskog expression
for the frequency- and time-dependent friction coefficie
respectively, which are valid for arbitrary potentials.

It has been shown in paper I that~i! Eq. ~13! satisfies the
exact initial condition, i.e.,zE(t50)5z(t50); ~ii ! Eq. ~12!
reduces to the well-known Chapman–Enskog expression
the friction14 in the low-density and low-frequency limit; an
~iii ! for the hard-sphere potential, Eq.~12! reduces to the
well-known Enskog expression if one neglects contribut
from the inhomogeneity ofg(r ).
y

te-
e

,

or

n

The time-dependent friction coefficient, Eq.~13!, can be
calculated, provided that the positions of all possible traj
tories of the two particle system are known. This can be d
easily by solving the equation of motion. We evaluate t
positions (r t ,u t) at timet in the polar coordinates for a give
initial condition (p,r ,u), where we choose the direction o
the velocity parallel to the polar axis. The problem can
reduced to the one-dimensional problem of the motion in
effective potential given byfeff(r)5f(r)1p2b2/mr2, where
b[r sinu is the impact parameter. The solution of the equ
tion of motion is given by

t5E r t
dr 8 f ~r 8!, u t5

2bp

m E r t
dr 8

f ~r 8!

r 82 . ~14!

Here f (r )51/A4@E2feff(r)#/m, whereE is the total energy
of the two particle system.r t for arbitrary t is evaluated by
solving the first equation of above equations.u t can be
evaluated from the second equation usingr t evaluated from
the first. The constants of integration can be chosen such
they satisfy the initial condition.

III. NUMERICAL RESULTS

In this section, we shall consider a homonuclear
atomic molecule consist of identical atoms as the surrou
ing solvent atoms. The intermolecular potential is assume
be given by the Lennard-Jones potential, defined by

f~r !54eF S s

r D 12

2S s

r D 6G , ~15!

wheree ands are the standard Lennard-Jones paramete
First let us consider the frequency-dependent friction

efficient for a single solute atom. We calculate the tim
dependent friction@Eq. ~13!#, using r t evaluated from Eq.
~14! and, then transformed the result to the frequency rep
sentation using fast Fourier transform~FFT!. In Fig. 1, we
show the comparison between the calculated Enskog fric
and the single-particle frequency-dependent friction obtai
from the molecular dynamic simulation of Straubet al.15 for
r* [rs351.05 andT* [kBT/e52.5.

In the theoretical calculation, we have usedg(r ) ob-
tained both from the molecular dynamics simulations a
from Percus–Yevick~PY! theory. In Fig. 1 we show theoret
ical results only with simulatedg(r )—the results with
PY—g(r ) are not significantly different. The agreement b
tween our theory and simulation is satisfactory at all frequ
cies above 50 cm21.

Note that in view of the fact that Fig. 1 depicts the fr
quency dependence of pure binary friction, the hump on
low-frequency side acquires a special significance. T
hump is also seen in simulation studies. One can regard
hump as the signature of a crossover. At frequencies be
this hump, the collective effects like density or current rela
ations become important.

The bond friction is obtained in terms of atomic frictio
by using Eq.~4!. We present the calculated rate of the vibr
tional energy relaxation in Table I. The atomic mass and s
of the diatomic solute are the same as those of an ar
atom. In this table, the theoretical prediction is compa
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both with the simulation results of Berneet al.5 and the INM
predictions.6 In Ref. 5, zbond(v̄) has been calculated. W
have used Eq.~3! to evaluate 1/T1 . The agreement is sem
quantitative. Note that Theorysim and TheoryPY represent the
results obtained by using theg(r ) obtained from the presen
MD simulation and PY scheme, respectively. It is hearten
to see that a purely theoretical scheme@with PY-g(r )# repro-
duces the results reasonably well.

Note that over the frequency range covered in Table
the frequency varies approximately almost by a factor o
and the rate varies by more than an order of magnitu

FIG. 1. Frequency-dependent friction for the solvent atom calculated f
the Enskog theory@Eq. ~13!# is compared with that obtained from MD
simulation by Berneet al. ~Ref. 15!. The half-valuez~v!/2 is plotted for
T* 52.5 andr* 51.05. The parameters used are from argon atom;sAr

53.41 Å, e/kB5120.0 K, andmAr539.5 amu. Solid line shows the resu
of Enskog theory by using theg(r ) obtained from the present MD simula
tion. The result of Straubet al. is shown by a dashed line.

TABLE I. The vibrational energy relaxation rates calculated by using E
~3! and ~4! along with Eq.~13! of the text. Theorysim and TheoryPY repre-
sents the result obtained by using theg(r ) obtained from the present MD
simulation and PY scheme, respectively. The system studied here is a h
nuclear diatomic solute consist of the same atom as solvent atoms ar*
51.05 andT* 52.5. The argon parameters given in Fig. 1 are used.
comparison, the simulation results of Berneet al. ~Ref. 5! and the INM
results of Strattet al. ~Ref. 6! are also shown in the same table.

v̄/2pc ~cm21!
1/T1 ~ps21!
(Theorysim)

1/T1 ~ps21!
(TheoryPY)

1/T1 ~ps21!
~simulations!

1/T1 ~ps21!
~INM !

39.7 8.83 9.29 11.26 12.69
68.7 10.19 10.77 9.64 12.5

145.0 5.37 5.70 3.16 3.26
221.6 1.93 1.70 0.99 0.05
g

I,
6
e.

Since the theory involves a series of approximations, like
use of a Landau–Teller approximation and the neglect
cross-correlations between the forces on the two atoms,
agreement can be considered satisfactory, and it can be
mised that the binary part alone is capable of explaining
rate of the vibrational energy relaxation. The agreemen
satisfactory, even at low frequency, where frequen
dependent friction clearly derives considerable contributio
from collective dynamics.

IV. CONCLUDING REMARKS

The comparison between the theoretical predictions
the simulation results shown in Table I seems to suggest
the binary part alone is capable of explaining the rate of
vibrational energy relaxation, at least semiquantitatively.

Note that, in the present work, we have assumed
there is no coupling between the translational and rotatio
motions. However, in real systems the coupling between
rotational and the translational motions may become ra
important. The study of VER becomes even more challe
ing and interesting if a direct calculation of the rate of VE
is carried out by using the Enskog method developed in
per I. In this future problem, one can address the role
rotational and vibrational coupling in an explicit way. Such
calculation may throw considerable light on VER in supe
critical fluids.
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