
Journal of Applied Mathematics and Physics (ZAMP) 0044-2275/83/004545-05 $ 2.50/0 
Vol. 34, July 1983 �9 Birkh~iuser Verlag Basel, 1983 

Kurze Mitteilungen - Brief Reports - Communications br+ves 

On the instability of  internal Alfv6n-gravity waves 
in stratified shear flows 

By A. Satya Narayanan ,  Dept  of Applied Mathematics ,  Indian Insti tute 
of  Science, Bangalore-560012, India 

1. Introduction 

The propagation of internal Alfvrn-gravity waves from the troposphere into the 
ionosphere is of considerable interest from a geophysical point of view. Much attention 
has been given to the detection and measurement of irregular motions in the D, E, and 
lower F regions of the atmosphere and to the occurence of irregular density distributions 
at the same heights. Many of these irregularities may have their origin in disturbances in 
the atmosphere, namely, Compressive and Lorentz forces. 

The stability properties of a Helmholtz velocity profile for stratified shear flows in the 
presence of a lower rigid boundary was studied in Ref. [1]. It was shown that new unstable 
modes, which are similar to internal gravity modes, are present in addition to the Kelvin- 
Helmholtz mode. In Ref. [2] the role played by twisted magnetic fields when fluid motions 
are present along the lines of force was considered. The stability of helical magnetic fields 
on a gravitating cylinder was studied in Ref. [3]. In this paper we study the stability 
properties of internal Alfvrn-gravity waves in a two-layer model with a lower rigid 
boundary. The wavelengths of the unstable modes have resemblance to propagating 
internal Alfvrn-gravity waves in the atmosphere. 

In Section 2 we formulate the problem and derive the dispersion relation. Section 3 
deals with the discussion of the results while Section 4 presents the conclusions. 

2. Formulation and dispersion relation 

The velocity and Brunt-V/iis/il/i frequency distributions in our model (Fig. 1) are 
given below: 

U o ( z ) = U + e z ,  N o = N ,  - D < z < 0  in layerA, 

U o (z) = U, N O = N,  0 < z < oe in layer B, 

where U and N are constants, c~ is the gradient of shear. We assume that the magnetic 
field is zero in layer A while layer B has a uniform magnetic field H. Under the Boussinesq 
approximation, the differential equation governing the internal Alfvrn-gravity waves can 
be shown to be [4] 

d2w 2 k Q2 dUo/dz dw 

dz 2 f2~(f22 _ ~22) dz 

k2N kd2Uo k 2 2 k_~2 g22 (_d Uo/dz)2~ 
+ Q2 _ Q 2  Q d z  2 - f22 (02 _ 02 ) j w = 0 (1) 



546 A.S. Narayanan ZAMP 

Figure 1 
Two-layered model. The rigid boundary is at a distance D 
from the origin. 

,===~> U o ===~> N o 

where g2~ = co - k Uo is the Doppler-shifted frequency, s = k V a is the Alfvrn frequency 
and V a is the Alfvrn velocity. 

The problem of the stability of the inviscid flow of a fluid in which both density and 
velocity vary continuously with height was first considered by Taylor and Goldstein 
independently as early as 1931 Refs. [5, 6 ]. Although they considered various layered 
models, the most relevant one was with a linearly increasing velocity with height and an 
exponentially decreasing density. Taylor speculated that if the number of layers were 
increased indefinitely, a critical value R = 1/4 might be reached for the dynamic stability 
of shear flows, where R is the Richardsen number (R = N2/(dUo/dz)2). Subsequently the 
general statement that stability is assured if the local value of R > 1/4 everywhere was 
proved in Refs. [7] and [8]. The generalization of this proof to compressible flows is given 
in Ref. [9]. Although R < 1/4 is a necessary condition to produce dynamic instability in 
a fluid undergoing shear, it is far from being a sufficient one. 

The solution of Eq. (1) in layer A is obtained in terms of modified Bessel func- 
tions as 

w = C1 Iv(x) + C2 K~(x) ,  

where v = ((1/4) - N2/~2) u2 and x = (co - k U)/a - kz .  For integral values of v, the 
above solution is valid. However, for non integral values of v, the solution is written in 
terms of I,  (x) and I_ ,  (x). Since R = N2/72 is the Richardson number and R = 1/4 is the 
critical value for stability, we choose R = 1/4 throughout the paper. 

In layer B the solution is 

w = B 1 e x p ( i Q ~ z ) ,  (3) 

( c o - k U )  2 - k  2V 2 -  ' (4) 

with Imag (QB) > 0. 
Applying the matching conditions at the interface ([10]) and the boundary condition 

on the rigid boundary, we have the following dispersion relation. 

d l l  (d22 d33 - d32 d2a ) - d12 (d21 d33 - d31 d23 ) --- O, (5) 

where 

at,,. = z, [{(co - k u)t~}  + k D] ,  d ~  = K,, [{(co - k U)t~} + k O], 

d21 = I ,  {(co - -  k U)/~},  d22 = g v {(co - -  k U) /~} ,  d23 = 1, 
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k 
d31 = - ~ (o9 - k U ) [ L +  1 {(a~ + k U)l~} + L - 1  {(~ - k u)I~}] 

+ k ~ L {(o3 - k u ) t~} ,  

k 
d32 = ~ (co -- k U)[K,+I {(co - k U)l~} + K,,_ 1 (o9 - k u)/=}] 

+ k ~ K ,  {oo - k U)/~}, 

d33 = - i QB {ca - k U) + k 2 V~l(o~ - k u ) } .  
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3. Discussion of the results 

The dispersion relation derived in Section 2 is solved numerically for the relevent 
values of the parameters/)  and z. /)  is the non-dimensional parameter characterizing the 
width of the shear layer from the lower rigid boundary, z is the non-dimensional ratio of 
the square of the Alfvrn and the constant basic velocities, i.e. ~ = V ~ / U  2 where U has 
already been defined in the previous section. 

Fig. 2 depicts the normalized imaginary part t2 i of the phase speed for/)  = 18.13 and 
= 10.0 as a function of/r (equal to k U/N) .  Unstable modes at low wavenumbers are found 

which have wavelengths resembling internal Alfv~n-gravity waves. The broken line corre- 
sponds to the most unstable mode for the case ~ = 0. The solution of Eq. (1) in layer A 
for this case is similar to the solution obtained for layer B. Thus the presence of shear has 
a destabilizing effect on the unstable modes. Fig. 3 depicts the nature of the modes for 

Figure 2 
Properties of unstable modes for 
D = 18.13. z = 10.0. 1-4: Atfv~n-gravity 
modes. 
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Figure 3 
Same as in Fig. 2 except for/)  = 22.91. 
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Table 1 
Stability properties for the most unstable internal Alfvrn-gravity waves for the present configura- 
tion. 

Case D U N D wavelength CUU (kCi) -1 
km ms -1 s -1 2, km s 

1 80 75 0.017 18.13 93.64 0.118 1684 
2 100 90 0.022 24.44 100.28 0.113 1569 
3 120 110 0.021 22.91 107.34 0.115 1350 

/) = 22.91 and z = 10.0. We see the emergence of another mode whose growth rate is 
smaller than all the other modes. This confirms the results obtained in Ref. [1]. As the 
width of the shear layer increases, new unstable modes are generated which have growth 
rates small compared to the other modes. As z is increased, the maximum value of (2 i for 
the most unstable mode decreases significantly. Thus the presence of a magnetic field has 
a stabilizing effect on the unstable modes at small wavenumbers. 

In order to  get a quantitative idea of the stability properties of internal Alfvrn- 
gravity modes for the present model we give, in Table 1, the wavelengths of the most 
unstable mode for different values of the parameter/5. The wavelength of these unstable 
modes resemble internal Alfv~n-gravity waves propagating in the atmosphere. 

4. Conclusions 

The stability results obtained for the model under consideration bring out the 
importance of the role played by internal Alfv~n-gravity waves which propagate from the 
troposphere into the ionosphere. The presence of a magnetic field has a stabilizing effect 
on the unstable modes at low wavenumbers while shear has a destabilizing effect. More 
realistic distribution of winds, Brunt-V/iis~il~i frequency, magnetic fields, electrical con- 
ductivity and the other effects need to be incorporated to enhance the relevance of the 
present study. 
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Abstract 

Internal Alfv~n-gravity waves and their stability characteristics for an inviscid, nondissipative, 
Boussinesq fluid undergoing shear in the presence of a lower rind boundary is studied. The model 
consists of a layer of constant shear capped by a layer of constant velocity. The Brunt-V/iis/ilg 
frequency is assumed to be uniform throughout the fluid. The unstable modes have wavelenghts 
which are close to those of the internal Alfv~n-gravity waves which propagate from the troposphere 
into the ionosphere. 

Zusammenfassung 

Es werden in der vorliegenden Arbeit die internen Alfv~n-Gravitationswellen untersucht und 
zwar fiir eine reibungslose nicht-dissipierende Boussinesq-Fliissigkeit, mit einer Scherschicht in 
Anwesenheit einer unteren steifen Grenze. Das Modell besteht aus einer Schicht mit konstanter 
Scherung, worauf eine Schicht mit konstanter Geschwindigkeit liegt. Es wird angenommen, dab die 
Brunt-V/iis~il/i-Frequenz in der ganzen Fliissigkeit gleichf6rmig ist. Die instabilen Schwingungen 
haben Wellenl/ingen, die ganz nahe der Wellenl~ingen der internen Alfv~n-Gravitationswellen sind, 
die sich sich yon der Troposph~ire in die Ionosph~ire fortpflanzen. 
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