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Exact N-wave solutions for the non-planar Burgers 
equation 

BY P. L. SACHDEV1, K. T. JOSEPH2 AND K. R. C. NAIR3 

1Department of Mathematics, and 2TIFR Centre, Indian Institute of Science, 
Bangalore 560 012, India 

3 Central Power Research Institute, Bangalore 560 094, India 

An exact representation of N-wave solutions for the non-planar Burgers equation 

ut + UUx + iju/t = 2-Uxx, 

j = m/n, m < 2n, where m and n are positive integers with no common factors, is 

given. This solution is asymptotic to the inviscid solution for Ixl < V/(2Q0 t), where Q0 
is a function of the initial lobe area, as lobe Reynolds number tends to infinity, and 
is also asymptotic to the old age linear solution, as t tends to infinity; the formulae 
for the lobe Reynolds numbers are shown to have the correct behaviour in these 
limits. The general results apply to all j = m/n, m < 2n, and are rather involved; 
explicit results are written out for j = 0, 1, 1, I and ?. The case of spherical symmetry 
j = 2 is found to be 'singular' and the general approach set forth here does not work; 
an alternative approach for this case gives the large time behaviour in two different 
time regimes. The results of this study are compared with those of Crighton & Scott 

(1979). 

1. Introduction 

One of the most fascinating partial differential equations (PDE) in the description of 
nonlinear phenomena is the Burgers equation 

Ut + UU = Uxx.1) 

(see Lighthill (1956), Crighton (1979), Sachdev (1987) for a detailed physical 
interpretation and important solutions). The well-known Hopf-Cole transformation 
takes (1.1) exactly to the heat equation, and hence the solution to an initial value 

problem for the former can be explicitly obtained. In physical applications, however, 
the model equations often happen to be more complicated than (1.1), involving as 

they do either a geometrical expansion term, a nonlinear damping term, a variable 
coefficient on the right-hand side of (1.1), or a more general convection term, as in 
the so-called modified Burgers equation with u2ux replacing uux. The generalized 
Burgers equation (GBE) 

Ut + uux + d/dt[lnA (t)] u = 18U (1.2) 

describes the propagation of weakly nonlinear longitudinal waves in a gas or liquid, 
subject not only to the diffusion effects associated with viscosity and thermal 

conductivity represented by the term on the right-hand side of (1.2) but also the 

geometrical effects of change of the ray tube area A(t) represented by the last term 
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on the left. The derivation of (1.2) is sketched by Lighthill (1956) and Leibovich & 
Seebass (1974). For almost all these equations no Hopf-Cole-like transformation 
exists. Indeed, the work of Sachdev (1978) and Nimmo & Crighton (1982) shows that 
the only GBE for which a generalized Hopf-Cole transformation exists is the 
inhomogeneous Burgers equation with an additional term, f(x, t), on the left of (1.1). 
Therefore, one must deal with GBES directly, instead of seeking to linearize them. In 
a series of papers, Sachdev and his collaborators (Sachdev et al. 1986; Sachdev & Nair 
1987; Sachdev et al. 1988) treated GBES with reference to single hump initial 
conditions and introduced a new class of nonlinear ordinary differential equations 
(ODE), which they called Euler-Painleve transcendents. 

In this paper, we consider (1.2), where the ray tube area A(t) is of the form 
A(t) = Ao tj, j being a positive constant, with N-wave initial conditions. In this case 
(1.2) takes the form 

Ut+UUx+ 2j/t = 2xx (1.3) 
In this context, we refer to an attempt by Sachdev et al. (1986) to solve this problem 
both analytically and numerically for spherical (j = 2) and cylindrical (j = 1) 
Burgers equations. This study was largely numerical, except for the cylindrically 
symmetric case j = 1. By a curious matching of the exact inviscid solution of (1.3) 
and the exact solution of the linearized form of the same, an exact representation of 
the solution of the cylindrical Burgers equation was found. It turns out that this 
approach can be used for generalj = m/n, m < 2n in (1.3), where m and n are positive 
integers and have no common factors (m = 1, n = 1 for j = 1 and m = 2, n = 1 for 
j = 2; m > n for super-cylindrical area change and m < n for the sub-cylindrical area 
change). We now summarize this approach. It is easy to verify that the inviscid form 
of (1.3) has the exact N-wave solution (3.3). It also has an antisymmetric exact 
solution (3.5) if the nonlinear term uux is dropped. The basic idea is to find an exact 
form which embeds these two forms: it should tend to the former for large initial 
Reynolds number and to the latter as t-> oo. In fact, this idea was implicit in an 
earlier study of Sachdev & Seebass (1973) and is also supported by the singular 
perturbation analysis of Crighton & Scott (1979) who showed that the inviscid 
solution is the right outer solution, correct to all orders in a matched asymptotic 
expansion. A more detailed motivation of the present approach is given in ?2, where 
we adopt it to recover the well-known exact N-wave solution for the plane Burgers 
equation. We first peel off most of the inviscid behaviour from the solution and 
introduce a reciprocal solution function. An infinite series solution for this function, 
in powers of y = X2/2tS, the similarity variable, with coefficients depending on T = 
t/2n, n an integer (recall that j = m/n), is sought such that the solution goes to the 
exact linear N-wave solution as t - co. The substitution of the series in the equation 
for the reciprocal function leads to an infinite system of coupled nonlinear ODES, 
which is solved exactly for the unknown functions of r. The solution ultimately 
involves a large system of coupled nonlinear algebraic equations. These algebraic 
equations can be handled with reasonable effort for m + n < 5; for larger values of 
m + n, this effort mounts rapidly. In fact when m + n < 5, by using an appropriate 
scaling, the coupled nonlinear algebraic equations can be reduced to an algebraic 
equation of finite degree in a single variable (see ?4). In some cases, the algebraic 
system admits either complex roots or more than one real root. The former may be 
ruled out as physically inadmissible; the unique choice of the relevant real root may 
have to be made by reference to the numerical solution. 

The present approach fails for the spherical case j = 2, for which the exact inviscid 
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solution involves a logarithmic term: u = x/(t ln t). For this case, we give in ?6 some 
approximate asymptotic solutions holding in various time regimes, and compare 
them with the matched asymptotic solution of Crighton & Scott (1979). 

The present solution is an exact representation of the N-wave solution for (1.3) in 
the sense that the solution (2.5) is for the planar Burgers equation (2.1). It does not 
hold for some early time when the embryonic shock settles down to a certain steady 
state where the viscous and geometric terms come to a certain balance with the 
convective term. The solution (3.6) involves one arbitrary constant, just as the 
planar solution (2.5) does. The arbitrary constant (which we may refer to as the old 
age constant) is a function of two independent parameters, the initial Reynolds 
number and a spreading parameter denoted by j in this paper (see also equations 
(2.2)-(2.5) and (3.1)-(3.2) of Crighton & Scott (1979)). The explicit solution, for each 
old age constant, would itself arise from very specific, usually singular and 
complicated initial conditions, (see Whitham 1974 for the planar Burgers equation) 
but is an intermediate asymptotic, which the solution of a class of initial value 
problems would approach, as time becomes large (see Barenblatt 1979). 

For related studies, we have already referred to the important matched asymptotic 
expansion approach of Crighton and his collaborators (Crighton & Scott 1979; Lee- 
Bapty & Crighton 1987; Nimmo & Crighton 1986), which we discuss in greater detail 
in ?7. 

The scheme of this paper is as follows: Section 2 deals with the exact solution of 
the plane Burgers equation; it brings out clearly, by reference to the planar N-wave, 
the motivation for the present approach. Section 3 gives the solution of the N-wave 
for general j(= m/n). Explicit solutions for some special values of j = 1,, 1, are 
presented in ?4. Explicit forms for the lobe Reynolds number Rj(t) forj = 0, 1, , j are 

given in ?5. Section 6 deals with the singular case j = 2. Section 7 sets forth the 
conclusions of this study. 

2. Planar N-waves 

We consider the planar Burgers equation with N-wave initial conditions 

ut + UUx = -Ux (2.1) 

(x,0) = x if Ix < 2) 
0 otherwise. 

The well known Hopf-Cole transformation can be used to find explicitly the solution 
of (2.1) and (2.2) and hence its asymptotic form for large t. In fact 

(2) 1 
u(x,t)= (28) +O(1/t) (2.3) 

t2(l + "21, e6 ) 

where O= - le0 ' e-Z dz - (2/7C) 10 (2.4) 

and 6 = x/(2t&)2. This estimate is uniform in 6 as t becomes larger. It is easily 
checked that the first term in (2.3), namely 

x/t1 
t(xt (1 + tI e e2/2t/Co)' ( 
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is an exact solution of (2.1). Let 

Q(t) = u??(x,t)dx. (2.6) 
o 

The lobe Reynolds number for (2.5) at time t is 

R(t) = Q(t) =f u'(x, t) dx 

=-ln 1 + oe-x2/2t1 
o 

= ln(1 + Co/t2). (2.7) 

Let Ro = R(to) = ln(1 +C/to0) and Q = Q(t). (2.8) 

In terms of Ro, Co = (eRo- 1) t, therefore (2.5) can be written as 

u?(x, t) = t I +t) ex -1) (2.9) 

For Ro > 1, (2.9) may be approximated by 

u?(x, t)t L+ +t ()exp LR (2Q (2.10) 

for all x and t. Now for fixed t and Ro - oo, (2.10) gives 

u??G(x t) ; fx/t, -(2Qo t)1 < x < (2Qo t), 
uc"O(x, t) ~ t, lxi > V(2Q0t),(2.11) 

lo, Ixl > v/(2Qot), 

which is the exact inviscid solution for (2.1). On the other hand if we let t-- o, 
keeping 8 fixed, we have, from (2.5), 

u W CO Xe-2 /2t, (2.12) 

which is the old age behaviour. Thus the solution (2.5) appropriately embeds the 
inviscid behaviour and the old age behaviour. This motivates our approach for 
general j. Let 

a= 1/Co, T=t2 and = 62=x2/2t6. (2.13) 

We can rewrite (2.5) as 
u (x, t) = (28) 6/ V(7, T), (2.14) 

oo 

where V(, T)= fS(T) ?/i! (2.15) 
i=0 

and fo(T)= T+ aT2, 

fi(t) = aT2 for all i> 1. (2.16) 

In ? 3, we shall seek a solution of (1.3) for j = m/n which meets the rather 'unusual' 
requirement that it goes to the inviscid form of the solution as the Reynolds number 
tends to infinity and to the linear solution as time tends to infinity. 
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3. Exact N-wave solution for general j = m/n, 0 < j < 2 

In this section we give an analytic approach to the N-wave solution of the equation 

Ut + UUx + 2j/t = 128ux, (3.1) 

where 0 <j < 2, j = m/n, a rational number, with m < n or m > n; the positive 
integers m and n have no common divisors. The inviscid form of (3.1), 

Ut + uu + mu/nt = 0, (3.2) 

has an exact N-wave solution 

U(X, t)= 
2 - (3.3) u(x, t) = 

2n/(2n-m) (2t)1 t2 

The old age (linear) form of (3.1), 

ut +lmu/nt = 16ux, (3.4) 

has the 'anti-symmetric' solution 

x 1 
U(x, t) = Cr e_x2/2t (3.5) ) 

Ct(2n+m)/2ne 
(5) 

where C is an arbitrary constant. The basic idea for the construction of the N-wave 
solution for (3.1) is that the solution should have the form of the exact inviscid 
solution (3.3) for large initial Reynolds number and asymptotic linear form (3.5) as 
t- oo. Motivated by our analysis of the plane Burgers equation in ?2, we seek 
solutions of (3.1) in the form 

(x, t) = (28)1 6/V(y, T), (3.6) 

where 6 = x/(2at)2, V = 62, T = t2. (3.7) 

Using (3.6) and (3.7) in (3.1) we get the partial differential equation 

V(jV-TVT) +(2T-V) (V- 2rV) + 3VV + 21VV,7-4yV] = 0. (3.8) 

We seek a representation of the solution of (3.8) in the form 

00 

V = f(T) q/i !. (3.9) 
i=0 

Substituting (3.9) in (3.8) and equating the coefficients of like powers of y to zero, we 

get 
3f + 2T-Tfo + (j- 1)fo = 0, (3.10) 

5fof2 + 2jfofi-fi- T(fofl)'-2Tf = 0, (3.11) 

7fof3+ [2(j + 1)fo- Tfo- 3f-6]f- Tfof2 + 2fi[(j + 1)f - Tf] = 0, (3.12) 

(- i; \ k ? fvk fi- k 2 fki fi_ fk fi--k+l i 
T-1 

t L +2TA +3 - 
-4T E 

!(J - !ok(i-- ok)! i o k!(i-k)! (i-1)! 

?2i -lfk fi-k+l i-f fi-k 
+2 Jk i-k +2 -4 Jk Jk+l 

(3.13) 
k=ok!(i-k-1)! k=ok! (i-k-1)! k-o k! (i-k-1)! 

for i = 3,4,5,.... 
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The system (3.10)-(3.13) is an infinite system of coupled nonlinear differential 
equations. Its structure is such that once f0, f and f2 are known, all other f, j > 3 are 
obtained by algebraic operations alone. We determine f0, f and f2 from (3.10) and 
(3.11) by making use of the inviscid behaviour (3.3) and the old age behaviour (3.5). 
Set 

T = Tn = t/2n. (3.14) 

In terms of T, equations (3.10) and (3.11) become 

3f + 2n-(T/n)fo + ((m- n)/n)f = 0, (3.15) 

5f0f2+ (2m/n)fof1 -fi2- (T/n) (fofi)' - 27nfi = 0. (3.16) 
The inviscid and old age solutions (3.3) and (3.5) suggest that the first term in the 
expansions for fi(T) (i = 0, 1,2) should be proportional to t2 = Tn, while the last term 
should be proportional to t(2n+m)/2n - T2n+m. Thus, we seek solutions for fi(r) in the 
form 

n+m 

fo(T) = Tn a i, 
i=0 

n+m 

f1(T) = Tn E bi i, (3.17) 
i=-O 

n+m 

f (T)= Tn Ci i 

i=0 

Substituting (3.17) in (3.15) and (3.16) and equating coefficients of like powers of r 
to zero we obtain the following relations amongst the coefficients ai, bi, ci appearing 
in the functions f0, f, and f2: 

a = 2n/(2n-m), b = 0, c = 0, 

am n+m = n+m n+m (3.18) 

bi = [(2n+i-m)/3n] ai, = 1,2, ...,(n+m), 

and 5i + [(2m-2n-i)/n] /i-2bi-y=i = 0, = 1,2,...,(n+m), (3.19) 

5cai+[(2m-2n-i)/n]fli-yi = 0, i = n?+m+ 1,...,2(n+m)-1, (3.20) 
where ai, fi and yi are defined by 

i 

q=O { 

_ , i = 0,1, ..., (n+m), 
a =' n+m (3.21) 

E aqci_q, = (n+m+1),...,2(n+m), 
q=i-(n+m) 

i 

aqbi q, i01,...,(n+m), 
= on+m? (3.22) 

! aqbi_q, i=(n+m+1),...,2(n+m), 
q=i-(n+m) 

i 

bqbi_q, - O, 1 ...., (n+m), 
q=O 

Yi = (3.23) 
E bqbi-q, i=(n+m+1),...,2(n+m). 

q=i-(n+m) 
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Using the expressions for bi as given by (3.18) in (3.20), we get the following linear 

algebraic equations for cl, 2, ..., cn+m-i' 
n+m 

(2m-2n-i\ 
n+m 

(2n+i-q-ma 5 aqci_-+ 3n a-q 
q=i-(n+m) n / q=i-(n+m) / 

n+ 
(2n+i-q-m (2n q-m- ~ 

3n 3n ' 
i= 

q=i-(n+m) }3\q 

i = n+m+ 1, ..., 2(n +m)- . (3.24)i 
We begin with equation (3.24)i for i = 2(n+m)-1. Since we know that Cn+m = 

an+m, we can solve for Cn+m-_ in terms of ai. Then from the equation (3.24)2(n+m)_2, 
we can solve for Cn+m_2. Proceeding in this manner, we can solve for cn+m-1, Cn+m-2, 

..., c in terms of ai, i = 1,2,..., (n+m). Substituting these relations in (3.19) we get 
(n + m) algebraic equations for the (n + m- 1) unknowns a,, a2, ..., an+m-1; (an+m)-l is 
old age constant and must be obtained numerically. 

By construction, fil/2n+m - an+m as T - o0, for i = 0, 1, 2. From (3.12) and (3.13) it 
can be shown by induction that fi/T2n+m -- an+m as -> oo, for i > 3. This confirms 
that the solution (3.6) we have constructed has the correct old age behaviour (3.5) 
with C = (an+m)1. 

The lobe Reynolds number for the N-wave solution u(x, t) of (3.1) is defined as 

R(t) = x u(x, t) dx. (3.25) 

Integrating (3.1) with respect to x from 0 to oo and using (3.6), (3.9), (3.14) and 

(3.17), we get dRrn mR 1 1 
+dt =t- tn+m? (3.26) 

i=0 

Multiplying (3.26) by tim/n and integrating the resulting expression from t to o0, we 
obtain 

R(t) r dS+m (3.27) 
2tm/nft S(2n-m)/2n a l 

L i=o0 

Notice that unlike in the work of Sachdev et al. (1986), we have imposed the 

boundary condition R(t = oo) = 0; in fact, (3.27) requires that Rtim/n > O as t - oo. 

4. Explicit solution for j = 1, ,1 , 

Since the calculations in ? 3 for general j are rather involved, we illustrate them by 
choosing some special values ofj. For these values ofj the solution can be obtained 

explicitly, although the details become more complicated as n+m increases; recall 
that j = m/n. 

(a) j= 
This case was analysed by Sachdev et al. (1986) and we give here the results of their 

study. The constants ai, bi, ci in f0, fi and f2 (see (3.17)) are given by 

a0= 2, a=-+ 3a1, 
b = 0, b1 = 2a, b2 = a, 

CoPr. R. 1 Soc. Lo, C2 = a2( 
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Sachev et al. (1986) ruled out the negative root by reference to the numerical 
solution. Thus f0, fi andf2 can be represented in terms of the old age constant (a2)-: 

fo(t) = 2t + 3a2 t + a t, 

f(t) = 2a t a2 , 

f2(t) = a t + a2 t 

and hence all fi(t), i > 3, can be found from (3.12) and (3.13). The asymptotic form 
of the solutions as t - oo, coincides with the linear solution (3.5). 

(b) j=2 
In this case 

nd (3. t ( 

and (3.15) and (3.16) become 

3f,i-o-2Tf- o + 2T2 = 0, 

5fof2 +fofi -f2- 2T2fi - (fofl) = 0. 

We seek fo, fl and f2 in the form 

fo = T2[a + alT+ a2 T2+a3 3], 

fl = 72[b + blT+b2T2 + b3 T3], 

f2 = 2[Co + T + C 2 + C3 3], 

(4.1) 

(4.2) 

(4.3) 

where aO = j (4.4) 

(see (3.14), (3.17) and (3.18)). 
Substituting (4.3) in (4.1) and equating coefficients of like powers of T to zero we 

get 
bo = 0, bI = -2 a b b3 = a3 (4.5) 

Substituting (4.3) in (4.2) and equating coefficients of same powers of T to zero, we 

get 1 
cO = 0, c1 = 0a1, c2 = --la'? -La2, c3 = a3 ,n? 1 .5 1 2 . 30n1 .12 3 ti.3 3 

a.nd 7 /a.-a- a.nda s.at.isfv 

(4.6) 

... 1) `2 W...3 .W u..J 3.J a3- 6a3 = 0, 

al+a =0, (4.7) i 2 

a3 + 1a a 2-a = 0. 

Here a31 is the old age constant to be determined numerically. The system of three 

equations (4.7) relates two unknowns a, and a2. The only real solution of the first of 
(4.7) is 1 

a1 = 63a0. (4.8) 

From the second equation of (4.7), we get 

a2 = - 63a. (4.9) 

It is easy to check that the last equation of (4.7) is identically satisfied by (4.8) and 
(4.9). Thus we have 

4i 22 
a 0= , = 63a3 , a ---6 3a3 

I 2 2 

b = 0, b1 =63a b =-63a3, b3 =a 
11 2 2 

CO =0, C1 = -6 37 63a C3 = a Proc. . Soc. Lond. A (1994)3 
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(c) j 13 
Here we set r = T = t6, so (3.15) and (3.16) become 

3f1-/f0- Trfo + 2T3 = 0, (4.11) 

5fof2 + fof-f2- 2T3fi -3(fofl)' = 0. (4.12) 

In view of (3.17), for = 3, we seek f, f, andf2 in the form 

fo = 73[ao+ al + a2 + a3 T3 +a4 4], 

f, = r3[bo+bl + b2r2+b3r3+b4 T4], (4.13) 

f = T3[co + clT +c2 T2 + C3 T3+ c r44], 

where ao = . (4.14) 

Substituting (4.13) in (4.11), equating coefficients of different powers of T to zero and 
using (4.14), we get 

bo =0, b1 = 2a, b = a2, b3 = a3, b = a. (4.15) 

Similarly from (4.13) and (4.12) we obtain 

C0 = ?, C 4 = 17752 
3 = 2?a = (4.16) 0 =0, C 9 =1, 2 1 352a 227a1, C a 3 c 27 3 - (4.16) 

where al, a2, a3 and a4 are related by the coupled system of nonlinear algebraic 
equations 

a120, a -25a2 35a2 2= 0 a4 +213al a354-i121 a2 + 162 0 

121a1a4- 2ala3+'6a2a3 = 0, | 
(4.17) 

a2 a4-2 a-a~ a4 = 0, 

a3 25a 3 + 15a a2 = 0. 

Here a41 is the old age constant. Thus, the system of four equations (4.17) relates the 
three unknowns, al, a2 and a3. Solving this algebraic system we get 

-,27 141a 50/ 27 ) a 
4al)l7 5(l)) -(2)l (4.18) aI = (2-50)4)a a2 = 5(0)a a =- 3250 a (44'18) 

From (4.14)-(4.18) we finally have 
= - 272 2 327 

ao = 6 4 a4, al - ( 4 -o a, a, a2 5( 4, 

b^o 0, b1 _= 71 2 bo = O, b, = .(22550)4, a 

b2 =- 352502 a2 b3 =-7250) a4 (4.19) 

C0 __ ? 4427 ? 25- 27- I 
Co = C1 = 9250/ 4a C2 9 \250()a4 

C3 -- 81(250) a4 C4 = b4 = a4. 

(d) j = 

Pursuing the analysis which is a direct extension of that for the cases j = 1, 2 and 
, that we have set out in detail earlier, we were able to obtain the coefficients in fo, 

fi and f for j = - as well. Here we give the final results. With T = t8, fo, f1 andf2 have 
the form 

fo- 
4 

ai], 
f l - T4 b f -Tr4 c r (4.20) fo r.[ ai] f1 = T4L>2biT]l f2 = T4 oCT i], (4.20) 

PL=o Li=o L =o 
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where a0 = 8 b0 = 0, bI = a, b2 = a2, 

b3 = a3, b4 = a b a5, (4.21) '1 = 4 a? 4 ' 
(4.21) 

Co , 5 = 7a1 , C2 = 16a2 721a, 
_ 161 L49 a3 2 193 a . 

C3 9 60aa2 576 1 3a3, 4 240 4, 5 ~ a5 

a5- is the old age constant and al, a2, a and a4 are related to it by the following five 
nonlinear coupled algebraic equations: 

la 4-+ 25a4 a 763a22 a2 3 2 = 0, 7^41576 1 576 1 a2 '32 6a1 a3 '-8a2 

4^, _L7^, ^ _Ll3^13 35.,2 245-2 161~ 2. _ 4a5 al a4 ? + a2 a3 -5a1 a3 + a242 1692aa a2- = , 
75 091 (44 24 45.2 161 3 5761 2 22) a a5 l 5a2 2 + 245a2 -61al a2a 35 a2 = 0, (4.22) 1 5 214 2 4+36 3 57613 

- 
1-921 12 3- ~72 1 4 

a2 5 9 a a4 24a 3 a 6al 2 a 35a 5 a= 0 2 5+59 3 14 1 a4- 481 a2 a4 
- 

y?e a5 
- 

0, 
I 4 245-3 _61 a a5--a4 + 4 a5 -1 6a a 2 a5 = 0. "35 9 4 144 1 5 48 1 2 5 

By an appropriate scaling we were able to reduce (4.22) to a fifth degree polynomial 
equation in a single variable and hence solve the latter numerically. We thus 
obtained 

a = 0.34906a, a2 = 0.47383a, a3 = 1.44718a, a4 = -2.94671a0. (4.23) 

Using (4.23) in (4.21), we get the coefficients off0, fi and f2 in terms of the old age 
constant a-1, which itself must be determined numerically. 

We have also carried out the analysis for the case j = 3 for which m +n = 5, the 
same as for j = 4. All the details, including the structure of the algebraic equations 
analogous to (4.22), are entirely similar; therefore we omit the discussion of this case 
for the sake of brevity. 

5. The lobe Reynolds number 

It is possible to write the explicit form of the lobe Reynolds number Rj(t) for some 
special cases from (3.27). We recall that we here impose the condition tj2Rj(t) -0 as 
t - o. 

(a) j = : R(t)=ln[l+ t (5.1) a a1 t2j 

(b) j= 1: R1(t)= ( ln[ (5.2) 

2 Ft [(63a3t4-4) (6 t4? 1+?/3)^ 1 

(ta2 L 1+ (ta)J' 

(c) j = l' R1(t) = lnL 6atjl- -3)Vl(V +1 ( 
16a t4 (63a t --~ 4- 61 1- X/3) ~/3-2 3^ 3 

(d)j= : Ri(t) = 81/125T 

L (T +pT+q)2(?) (Cp-2D) F ( p+2T _ 

x lnL (T_ )A (T f)B ]-+ / (4q -p2) 
arctan (4q -p2) 2]7t (5.4) 

34)Bj(a2 
V (4q-p2 ) X/V(4q-- 

p2) I2 

where T = (27/250)la t6, A = (cc2-)/a, B = (2 -)/a4, C== (2-_2_ 2)/a, D = 
[(q?p)(l--2)+-(/?+p)(l-/32)]/fl, p = f/-, q = 2-/3- (9/50) and a and ft are 
the real roots of the equation T4- (9/5) T3 + (27/50) T2 + (27/250) + (81/625) = 0; in 
fact ca = (6/5) and f 0.992 22. 
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It is curious that R1 has a form very similar to R0, the additional factor l/(ta2)i 
being simply the geometrical attenuation. It is easy to conclude from these results 
that the Reynolds number formulae, and hence our solution, become valid earlier in 
time, the smaller the initial Reynolds number. This becomes evident if we write for 

(5.1), (5.2) and (5.3) the large-time expansions: 

RO(t)= - + . (5.5) 
allt 2ai t 

1 3 
Rl(t)= - 3 3+ , (5.6) 

a2t 2a01t 

1 4 
Rl(t)= 3 + ... (5.7) 

a3 3t 6ta3 t 

Here we note that the first terms in (5.5)-(5.7) are simply the Reynolds number 
obtained from the old age (linear) solution (3.5). 

In the large Reynolds number regime, if the initial Reynolds number Rj(to) is taken 
into account, Rj(t) for t > to is given by 

(e) j=0: R o(t)=Ro(to)-ln [l+(1/a1t) 
] (5.8) 

1 -+(1/a1to)J 

m- 
a2i2 pal Rif+ I1)(a4 t2+ 2)] 1 2 

(f)j = 1: Rt R(t) - R (t0) I n))(t)n 1 t+2) (5.9) 

(g) j R(t) =R(to)= 

2 3 
--2 J jr61a t1 -4] [(61 a ta-l+ /3 /3-/ a3 -1- /3 (v0/3+) 

l~t 6a o[n 6 1 -nt 

1 

+30 (5.10) 
-63a34 t63a3 t41JR6ia3 1+ /3 J6at-1 -V3J -6 a t 4- A61 'P[1a 3a t-- 1 

- I - -\/ 3J 
3 30 30 3 

If we now expand the expressions (5.8)-(5.10) for t > to and Rj(t) > 1, we obtain 

Ro(t) ) Ro(to)- ln (to/t), 

R,(t) Rl(tO) (to/t)/--( 1-(to/t)O), 

R1(t)(to) (to/t)l--3(1-(to/t)l). 

These are the appropriate large Reynolds number forms, obtained earlier by 
Liebovich & Seebass (1974) forj = 0, 1,2 on using an approximate analysis. We again 
emphasize that Rj(to) does not denote the lobe Reynolds number for any (particular) 
known initial conditions. 

6. Spherical N-wave 

Now we consider the spherical Burgers equation 

ut +uu + U/t = 1xx, (6.1) 

with N-wave initial condition 

u(x,0) ={ if Ix<1, () 
O otherwise. 
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We introduce the new variables, namely t and 

y = xtl(ln t)f, (6.3) 
V(, t) = (t + c)-a (ln (t + c))b u, 

and write (6.1) as 

Vt+ +c (t+c)l n (t+c)_ t [ tlnt] 

+ (t + c)a [In (t + c)]b t"(ln t)f VV, = 1 t2a(ln t)2f V,. (6.4) 

In the limit t > I, different balances of terms in (6.4) are possible, of which only two 
are relevant here. We consider each of these balances separately. 

Case 1. a=O, /f=O, a=-, b=-1. 

In this case (6.4) has the form 

(tv+ V+ vvx =2 ~SVx (6.5) t (t + c) n (t + c) (t + c) In (t + c) (6.5) 

and the initial data (6.2) become 

V(x,0) =\ (clnc)x if Ix < 1, (6.6) otherwise. 

Seeking the solution of (6.5) in the form 

V = VO + / vl+ ..., (6.7) 
(t + c)ln (t+c) 

we have Vt = 12 x 

Vo(X 0) = {(clnc)x if IxI<l, (6.8) 
otherwise, 

and Vt = 7Vlxx + VO-(V), (6.9 

Vl(x,0)= , -00 <x<oo. 

The explicit solution of (6.8) is 

(1 
V?(x, t) = cnc In (e--(y)/t y dy. (6.10) 

(27t1)1J - 

We try to write (6.10) in a more convenient form. For this purpose, consider 

d r 2 d e-(x-Y)2/td dy - (e-2-8) dy = e-l(Z+1t e-i-)/, (6.11) 

dx 3J1 Dyt 
and d 1 e-(x-Y)2/t dy = e-A(y-edy)ta dy-~ e e--(x-y)/t dy. (6.12) 

From (6.11) and (6.12), we have 

y e--(x y)2/tdy = x e-(y)'/t dy+ +(t) [e-l(x+2/t- e-(x-1)2/t]. ( (6.13) 
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Using (6.13) in (6.10), we get 

V?(x, t) = c In ?c L {1 e(x-)2/t& dy + (t (e-(x+1)2/t _- e-(-)2/t) (6.14) 
(2nt)2 \2n 

Once V?(x, t) is known, Vl(x, t) can be found from (6.9): 

V(cn, t) ( V (y, )s) /Z?e- (y)2(t-s)) dy ds. (6.15) 
0J -o [2 -(t -s) 1]2 

Thus we get the following expansion for u(x, t): 

u(x,t) = dy + (\t /)i (eI(x?1)'It8 - e] 
(t + c) In (t + c) (2nt)1 -/ ' 

clnc 1VOy 1V 2 (y 8 

The constant c must be chosen suitably. Since 

1 ( 
I1X.1 l (x+I)/(2td)2_2 

(2xt)y1 
edy = 

I- e-dz-> 1, as 0 
(2nt3)j -i-1 ~j^(X-1)/(2t3)2 

for Ixl < 1, the first term of the right-hand side of (6.16) tends to c(lnc)x/ 
[(t+c)ln(t+c)] as - 0 provided Ixl < 1. Now we find c > 0 such that clnc = 1; 
in fact c w 1.763. It can easily be shown that the second term of (6.16) is of the order 
O(1/(t+c)(ln(t+c))2) as S->0. Thus (6.16) has the correct behaviour as S-0 for 
this choice of c: the first term tends to the inviscid solution which is also the outer 
solution correct to all orders in the matched asymptotic analysis of Crighton & Scott 
(1979). 

Case 2. a = 0, 0, b = 0, a=-1 

In this case (6.4) becomes 

+ - VVx = ldxx. (6.17) t+c ^^ 

The initial condition (6.2) becomes 

V(0) = x if xl < 1,8) 
O otherwise. 

Seeking an expansion of V in the form 

1 
V=V?+ V+..., (6.19) 

t+c 

we get from (6.17) and (6.18) the following systems for V? and V1: 

V Vo = SVxox, 

V?(x f 0) ={cx if Ix < 1, (6.20) 
0 otherwise, 
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and t = 1sVlx-I(VO)2, and 2 )X (6.21) 

Vl(x, ) = O, -o < x < ooJ 
As for the case 1, we obtain 

V?(x, t) = c j e-l(zy)/t dy + (lt/2r)1 (e-(x+1)2/ts_e- (x1)2/t) (6.22) 

and V](x, t)= (V?) (y, s) e-(x_y)2/(2(t-s) d) dy ds. (6.23) 
[ o 2n (t-s) d]-ff 

The solution for the variable u(x, t) becomes 

U(x, t) (t + c) L(2tIs)f e (x-y) /t dy + (t/r) (e-(x+1)2/t _ e-(x-1)2/t8) 

+ Vl(x, t)+..., (6.24) 
(t + C)2 

where Vl(x, t) is given by (6.23). Here the constant c remains to be determined. This 
constant is again a complicated function of two parameters, the initial Reynolds 
number and a spreading parameter. For each pair of values of the parameters, one 
would have to solve the generalized Burgers equation exactly, follow the solution to 
larger times and compare the results with (6.25). We consider the first term of (6.24), 
calling it u?(x, t). We show that is essentially the old age asymptotic form of Crighton 
& Scott (1979), up to a constant, obtained by matched asymptotic expansion. For 
this purpose, we recall that 

erfc (y) =-1 ez2 dz 
2Y 

and note that 

\ 1 1 (x+l)/(2td)2 

?(2tt&)i el(x-y)2/t8 dy = - e2dz (2 j-t()/(1 2 

= j[erfc ((x- 1)/(2t6)1)-erfc ((x+ 1)/(2t)8)]. 

Hence 

(x, t)= 2 (t + ) erfc ( -erfe , + t + c ( e-( +1(2t8)2-_ e(x )2 ) 
(2t) \(2t)] t+-\22- 2 

(6.25) 

Letting t - oo in (6.25), we get 

22c x 2/tz uO(x, t) 2 e- 1/2t ( (6.26) 3,KbM t' 

Using matched asymptotic expansions, Crighton & Scott (1979) obtained the old age 
form as 

iX 1 . 2 
uc(x, t) = [erfc [v(X- 1)]-erfc [v(X+ 1)]] + 2- [e-p(+1) _e- ], (6.27) Proc. R.t 2nvtS 
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where X = x/T\, v = e-lT2 t and T2 solves eT1 e = 1, = , and showed that as 
t-> oo 

(x, t) 
1 1 

T 

x 

eX2/2t (6.28) t 6,2 e(t);2 

Since e = 2, we get 
? 21 x 2 

UOx, t)i T ee-z2 2td (6.29) 
3t~ t~ 

The asymptotic forms (6.26) and (6.29) are the same except for a constant multiple. 
Crighton and Scott were able to find the arbitrary constant in (6.29) by suitably 
matching it to solutions holding in earlier time regimes. Our solution (6.25) would 
have to be supplemented by numerical solution in order to identify the unknown 
constant. 

7. Conclusions 

The non-planar Burgers equation (3.1), like most generalized Burgers equations, 
does not admit a Hopf-Cole transformation, and therefore, must be treated directly. 
In the present paper we are concerned with the N-wave solutions of this equation. 
We attempt to mimic the planar N-wave solution (2.14) by ensuring that the non- 
planar N-wave solution tends, in the limit of large initial Reynolds number, with t 
fixed, to the inviscid solution (3.3) and, in the limit t - oo to the old age solution (3.5). 
Fortunately, it becomes possible to do that for 0 < j < 2, where j = m/n, m and n 

being positive integers with no common factors. The case j = 2 is exceptional since 
the inviscid solution u = x/(t ln t) involves a logarithmic term and our method does 
not work. We return to this special case presently. To obtain the desired asymptotic 
solution we found it convenient to peel off 'most' of the inviscid behaviour and 
introduce a reciprocal function (see equation 3.6). The infinite series form (3.9) of the 
reciprocal function leads to an infinite system of coupled ODES for the time functions 
fi(T). These equations have a special structure, so that if the first three functions f0, 
f, andf2 can be obtained from the first two equations, all otherfi(i j 3) can be found 
by algebraic operations alone. The knowledge of the inviscid form and the (linear) old 

age form of the solution helps us to accomplish this. 
The analysis of the infinite system of ODES leads finally to a system of coupled 

nonlinear algebraic equations for the coefficients a,, a2,..., an+m-, occurring in the 
first unknown function fo(t) = t Emin ai titn, which, after some non-trivial manipu- 
lation and scaling, can be reduced to an algebraic equation of finite degree in one 
of the unknowns. The roots of this equation help us to find all the unknown constants 
in the polynomial functions fi(t) in terms of thte old age constant a lm, which must 
remain unknown and be related to the numerical solution of a given initial value 
problem. The roots of the algebraic equation must be examined for each j. For j = 

2) 3 there is only one real root; forj = 1, of the possible two roots, one was chosen after 
comparison with the numerical solution. The solution that we have found here for 

general j = m/n is an exact representation of the N-wave which holds for all time 
except for some initial time over which all the effects - convective, geometrical and 
diffusive- come to a certain balance (see Leibovich & Seebass 1974). 

Now we turn to the 'singular' case of spherical symmetry with j = 2. In this case, 
our general approach does not work. If there does exist a single exact representation, 
it must be much more complicated than (3.6)-(3.9) and must involve logarithmic 
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terms in fi(t). However, we have adopted a different approach for this case, as 
explained in ? 6, to discover large time behaviour. We introduce new independent and 
dependent variables (6.3) and seek suitable 'balances' in the transformed equation 
to obtain simpler forms of (6.1). It turns out that there are two important balances: 
(a) which leads to a correction to the inviscid solution, u = x/(t In t), to include linear 
diffusive effects (see 6.16), and (b) which corrects the linear diffusive solution to 
incorporate the effects of nonlinearity. 

The approximate solution corresponding to (a) is fully determined in the form 
(6.16) while that corresponding to (b) is found within an arbitrary constant. Indeed 
the latter approximate solution in the limit t -> oo is exactly the same as found earlier 
by Crighton & Scott (1979) using matched asymptotic expansions; they were also 
able to find the arbitrary constant by matching this solution to other solutions 
holding in earlier time regimes. The approximate solution (6.16) is new and has the 
right behaviour in the early evolution of the N-wave. 

Now we compare our exact analytic representation (3.6) of the N-wave solutions 
for general j = m/n with matched asymptotic solutions of Crighton and his 
collaborators (Crighton & Scott 1979; Nimmo & Crighton 1986). Assuming the 
diffusivity to be small (which is a physically correct assumption), Crighton and his 
collaborators have solved the N-wave problem forj = 1,2, using matched asymptotic 
expansions. Crighton & Scott (1979), assuming a discontinuous initial N-wave, found 
some solutions valid for moderate times; these hold if the following conditions are 
met: 

(i) the shock width must be small compared with the overall scale of the N-wave; 
(ii) the correction due to diffusivity must not displace the shock too far from its 

location according to weak shock theory; 
(iii) the Taylor shock solution itself remains valid as a leading order ap- 

proximation. 
They diagnosed the regions of space-time in which one or more of these conditions 

is violated and found new solutions of an asymptotic kind in each of these domains. 
For example in the case of spherical N-waves the complete solution is found with the 
exception of one region of space-time in which an irreducible nonlinear problem 
remains unsolved. In this region the outer limiting behaviour is, nevertheless, 
determined so that the solutions in all other regions are completely fixed. Even the 
form of the old age constant, actually a complicated function of two parameters, the 
initial Reynolds number and the spreading parameter, is completely determined by 
their analysis. For cylindrical N-waves an irreducible problem again results, but the 
motion can be followed right through into its old age phase, aside from an 
undetermined purely numerical constant. Correct results were obtained for the 
'correction due to diffusivity' to the weak-shock theory prediction of shock centre 
location for plane, cylindrical and spherical N-waves. 

We believe ours is the first exact representation of the solution for an important 
and physical generalized Burgers equation, arising from N-wave type of initial 
conditions. We hope to apply the method reported in the present paper to other 
generalized Burgers equations (Sachdev & Joseph 1994). 

We sincerely thank Professor Sir James Lighthill and Professor D. G. Crighton for their careful 
perusal of the original version of the paper, constructive criticism and many useful suggestions. 
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