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Abstract. In this paper, we study the performance of high-speed packet switches, where the switch fabric operates at a slightly higher speed
than the links, i.e., a speeded-up switch. Such structures are by no means new and there are two well studied architectures in the literature for
such packet switches: pure input queueing (no speedup) and pure output queueing (speedup ofN , the number of links), with output queueing
switches offering substantial performance benefits. However, as link speeds keep increasing, the speedup ofN needed for pure output queueing
becomes a significant technical challenge. This is one of the main reasons for the renewed interest inmoderately speeded-up switch fabrics. The
aim of this paper is to highlight the result that only a moderate speed-up factor (less than two) is sufficient to achieve full input link utilization.
In particular, we emphasize that this holds, even without relying on a central switch controller making intelligent decisions on which packets to
schedule through the switch. As shown in recent works, i.e., [5, 17, 20, 23, 25] there are clearly benefits to using intelligent controllers, but they
do come at a cost. Instead, in this paper we focus on what can be achieved by relying simply on switch speedup. We do so by means of analysis
and simulations. Our analysis provides explicit expressions for the average queue length in switches with integer and rational speedups. The
results are complemented by simulations that are used to obtain delay estimates, and which also allow us to extend our investigation to shared
memory switches for which we find that good performance can be achieved with an even lower speedup.
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1. Introduction

1.1. Basic switch architecture

A packet switchconsists of input and output ports (or links) connected to a switch fabric. The function of a packet
switch is to transport packets from the input ports to the appropriate output ports. Two classes of packet switches
arise in communication networks namely,blockingandnonblockingpacket switches. In a blocking packet switch,
a packet going to some output port may be blocked because of contention inside the switch with packets destined
for other output ports. On the other hand, a nonblocking packet switch avoids all contentions inside the switch
for packets destined to different output ports. In both blocking and non-blocking switches, contention remains
inevitable among packets addressed to the same output port. In this paper, we limit ourselves to nonblocking
packet switches.

Consider the packet switch of Fig. 1. This switch hasN input ports andN output ports and employs a combi-
nation of input queueing and output queueing. Fixed-length packets, or cells, arrive at the input ports of the packet

1A part of this work was done when Roch Guérin and Kumar N. Sivarajan were at IBM T. J. Watson Res. Ctr. A summary of this paper has
appeared inProceedings of the IFIP Fifth Int. Conf. on Broadband Comm. ’99.
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Fig. 1. AnN × N speeded-up packet switch with input and output queues.

switch. Note that this cell structure is only internal to the switch, so that the links could carry variable size packets.
However, in the rest of the paper, we focus on the case of fixed-size packets. Each packet contains an identifier
that indicates which output2 j, 1 � j � N , it is destined for. In this paper, we are concerned with the performance
analysis of such a switch fabric when it isspeeded-up. That is, the switch fabric runs at a speed greater than that of
the input and output links. For simplicity, we assume in our analysis that all input and output links run at the same
speed.

Another important characteristic of the switch we consider is that each input makes independent decisions on
which packet to send, i.e., there is no coordination amongst inputs aimed at selecting the ‘best’ combination of
packet destinations in a given time slot. As a result, the queueing structure at the inputs is a simple FIFO queue,
with the first packet in the queue attempting to go through the switch. Such a structure can be extended to support
priorities, i.e., have separate queues for each priority class, but this still preserves the lack of destination awareness
at each input, when deciding which packet to send through the switch. This is in contrast to the switch fabrics
of [5,17,20,23,25], which assume that packets are sorted according to their destination, and possibly priority, at the
inputs, so that a central controller can make a selection based on the best possible combination of packets to send
through the switch.

The operation of the simple switch fabric which we consider assumes, therefore, independent transmission
attempts from all inputs. The basic packet transmission time through the switch fabric is called aswitch-slot, and
switch-slot boundaries at all the links are synchronized. For our analysis, we assume that packet arrivals on all
N links are statistically identical, and packet destinations are independent from packet to packet and uniformly
distributed across allN outputs. We denote as alink-slot the time it takes for a packet to arrive on the link. We also
assume that the statistics of packet arrivals on all input links are identical. Because of potential contentions, it may
take several switch slots to transfer a packet through the switch, as only packets with distinct destinations can be
transferred within a given switch-slot. However, the impact on the inputs depends on the relation between switch
slots and link slots, or in other words on the speedups of the switch. For example, an output queueing switch
corresponds to a switch slot that isN times shorter than a link slot, so that independent of the distribution of
destinations, all packets can be transferred through the switch before the start of the next link slot. In switches with
a speedup less thanN , some queueing will occur on the inputs, and in our analysis we assume infinite buffers on
inputs (and outputs), so that no packets are lost. In cases when packets from multiple inputs contend for the same
destination in a switch-slot, one packet is chosen according to acontention resolution policy,e.g., round-robin or
random, and other contending packets wait in their input queue.

1.2. Previous works and motivations

The two extremes, namely pure input queueing and pure output queueing, of the switch fabric we consider in the
paper have been well studied in the literature. In a pure input queueing switch, the switch fabric runs at the same
speed as that of the input and output links, and as a result such fabrics suffer from what has been calledHead-
Of-Line (HOL) blocking[11,16]. This occurs when packets destined to an output currently free of contention are

2In the paper, we limit ourselves to the case of unicast flows.
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blocked because the first packet in their input queue is contending with packets from other inputs and headed to
the same destination. Because of this phenomenon, the saturation throughput of this switch architecture is limited.
Hui and Arthurs [11] and Karol, Hluchyj and Morgan in their seminal paper on input versus output queueing
switches [16] have shown that the saturation throughput of pure input queueing switches for uniform i.i.d. Bernoulli
arrivals at inputs, is 2−

√
2 ≈ 0.586, for largeN . Further results were obtained by Li [18], who showed that the

saturation throughput of pure input-queued switches for the case of bursty traffic tends to 0.5 for large mean burst
size and for largeN . In contrast, anN × N pure output queueing switch does not suffer any such throughput
limitation. As mentioned before, such a switch fabric can always transfer within each link slot, all the packets
arriving at each input. As a result, such a switch achieves a saturation throughput of 100% (of the link speed).

Thus the performance of pure output queueing switches is clearly superior, but this comes at the cost of a much
higher speed for the switch fabric. As link speeds keep increasing, it becomes increasingly challenging to develop
switch fabrics with significant speedups. As a result, it is desirable to better understand the exact trade-off between
performance and speedup. There has been a number of works on moderately speeded-up switch architectures,
whose performance can approximate that of pure output queueing switches. One of the earlier proposal was the
Knockout Switch of [27]. In the Knockout architecture, up toL, 1 � L � N , HOL packets can be transported to
each output in a time slot. Thus,L = 1 leads to a pure input queueing switch, whereasL = N leads to a pure
output queueing switch architecture.L is called theparallelism factor. Oie et al. [22] and Chen et al. [6] have
separately shown that asL increases, the throughput increases rapidly and forL = 4, it is in excess of 99%. Li [18]
also analyzed this and came up with the same result.

While these results showed that near 100% could be achieved with a relatively moderate speedup, they have
also led to the general belief that a speedup ofN was required to get full 100% throughput. However, this is not
so, and this is due to the fact that there is a subtle distinction between parallelism and speedup. For example, in
the case of a parallelism ofL = 2, all the packets that are switched within a link slot must be fromdistinct input
links. On the other hand, a speed-up of 2 does not impose such a constraint, and two packets from the same input
can be switched during one link slot. This seemingly innocuous difference in the operation of the switch fabric,
therefore, has reasonably significant consequences. This had been recognized or hinted to in a few early papers.
In particular, [11] mentioned that the use of parallel switch planes can allow full link utilization, provided the
operation of the two planes is staggered from each other by half a slot. However, probably because this result
was not the main focus of the paper, this statement seems to have been overlooked by most. Similarly, Liew [19]
observed through simulations that a speed-up of 2 was sufficient to ensure a throughput of 100%. But again,
because his focus was on packet loss probabilities, this result was mostly overlooked. As a result, one of the goals
of this paper is to ensure that this result is publicized, as well as provide further evidences of the fact that only a
moderate speedup is required to closely approximate the performance of pure output queueing switches.

Before we proceed with our analysis, it is important to position and contrast this work, and in particular, the
switch structure it assumes, against a number of recent proposals for new input queueing switch architectures.
These architectures share the motivation of closely emulating the performance of output queueing switches using
input queueing switches with no or minimal speedup. The first work in that space was that of McKeown et al.,
who showed in [20] that 100% throughput could be achieved with a pure input queueing switch. Since then, there
have been several recent works which have extended the throughput results of [20] to stronger results, that give the
speedup required toexactlyemulate the behavior of an output queueing switch [5,17,23,25].

While these works certainly represent an important breakthrough in the design of switch architecture, it is im-
portant to realize that they entail a certain cost that can be substantial. In particular, all these results assume that the
switch input adapters demultiplex packets headed to different destinations (or corresponding to individual flows, if
per flow guarantees are required) into different queues, and make available to a central switch controller the state of
the different queues they maintain. Typically, this information needs to be provided to the central controller in each
switch slot, where it is used as input to amatchingalgorithm that determines the ‘best’ pattern of packets to send
through the switch. The complexity, and therefore cost, of such a structure is in both the number of queues needed
in each adapter, and the central controller which must be capable of performing a reasonably complex matching
task in each time slot. There are clearly optimizations and trade-offs that are possible, but in contrast, in the switch
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fabric which we assume, the inputs operate independently of each other and only need a single queue. The perfor-
mance guarantees such simpler fabrics can provide are clearly not as strong, but given a sufficient speedup, they
may be adequate in some environments. A better understanding of this potential is the main goal of this paper.

1.3. Outline of the paper

In Section 2 we study the throughput of speeded-up switch fabrics. In Section 3 we analyze queue sizes in
switch fabrics with speed-up factors of the formr/s. We use a traffic model which is a suitable adaptation of the
uniform i.i.d. Bernoulli arrival model. Input queues and output queues are analyzed separately. An exact model is
developed for input queues whereas an approximate model is developed for output queues. The analysis developed
here is general in the sense that it is applicable to any speed-up factor. In Section 4 we compare the analysis
with the simulations. Various results are shown for three cases: speed-up factors of 1.5, 2 and 3. In Section 5 we
present some simulation results regarding packet delays in moderately speeded-up switch fabrics. Three cases are
described: packet delays for uniform i.i.d. traffic, packet delays for bursty traffic and packet delays in a speeded-up
switch fabric with memory.

2. Switch throughput

Let us denote the transmission time of a packet on any of the links by 1/Rl and the transmission time of a
packet inside the switch by 1/Rs. ThusRs andRl are the transmission rates (in packets per second) of the switch
and input links, respectively. When the switch fabric is speeded up,Rl < Rs, and the ratioRs/Rl is termed the
speed-up factor. Let us denote the expected number of packet arrivals on each input link per link-slot byp. We
termp the input link utilization. The expected number of packet arrivals on each input link per switch-slot is then
q = (Rl/Rs)p. We say that a switch input issaturatedif it has a packet available for transmission through the
switch fabric, in every switch-slot. We define thesaturation throughputof a switch fabric as the expected number
of packets per input link that is transmitted by the switch in each switch-slot, when all switch inputs are saturated.
Clearly the saturation throughput will depend on the distribution of the packet destinations and the speed-up factor.
At one extreme, for a speed-up factor of 1, if all packets on all input links are destined to a single output porti, the
saturation throughput is 1/N . When packets on input linki, 1 � i � N , are always destined for output porti, the
saturation throughput is 1. The saturation throughput has been widely studied in the case when, for each packet,
each output port is equally likely to be the destination. As stated in Section 1.1, this is the case we assume in this
paper. In this case, the saturation throughput can also be interpreted as theoutput link utilization when the input
links are saturated. (Also recall our assumption of independent and statistically identical input links.)

When the switch is not saturated we have to specify the process by which packets arrive on the links, in addition
to the distribution of their destinations. The packets that cannot be transmitted through the switch immediately
upon arrival, due to HOL blocking, are queued in an infinite buffer at each input link. We define thestability
throughputas the maximum link utilization for which these input queues are stable. It has been implicitly assumed
in much of the literature on input queueing that, as long as the arrival rate of packets on each input link is less
than the saturation throughput of the switch, these input queues are stable [12]. However, that this is an assumption
requiring proof has been recognized by Jacob and Kumar [14,15] and their proof for the case of Bernoulli arrivals
(successive packets have independent destinations) with identical rates on all input links may be found in [13].

Saturation-Stability Property: For a specified distribution of the packet destinations, we will say that an arrival
process satisfies theSaturation-Stability Propertyif the input link queues are stable whenever the expected number
of arrivals on each input link per switch-slot is less than the saturation throughput of the switch. We will assume
that the packet arrival processes arising in our discussion satisfy the Saturation-Stability property.

We now ask: For a given input link speedRl what is the switch speedRs required in order to achieve an
input link utilization of unity, i.e.,100%(stability) throughput?Note that, due to our assumptions, specifically the
symmetry among the output links and the equality of the transmission speeds on the input and output links, the
stability of the output queues is assured. Our answer is embodied in the following proposition.
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Proposition 1. The input link utilization of an input queueing switch fabric running at a rateRs > Rl/γ, where
Rl is the rate on the input links andγ is the saturation throughput of the switch with the same distribution for the
packet destinations as that of the packets arriving on any input link, can be made arbitrarily close to one, provided
the arrival process satisfies the Saturation-Stability Property.

Proof. The expected number of arrivals on each input linkper switch-slotis q = (Rl/Rs)p. If Rs > Rl/γ, q <
γp < γ for all p, and the input queues are stable since the arrival process satisfies the Saturation-Stability Property
by assumption. Thus the input link utilizationp can be made arbitrarily close to 1 and the switch achieves a
(stability) throughput of 100%. �

Consider a nonblocking switch fabric of sizeN ×N . AsN grows large, the saturation throughput of this switch
fabric is 0.586 (of switch speed) for the uniform i.i.d. Bernoulli arrival model [16] and tends to 0.5 (of switch
speed) for bursty arrivals [18].3 Hence for this switch fabric,γ = 0.5. In the following discussion, we consider
the bursty arrival process of [18] and we assume that this arrival process satisfies the Saturation-Stability property.

First we analyze the stability throughput of pure input queued switches. We want to show that a pure input
queued switch has a stability throughput of only 50% for the above input process assumptions. Note that, in a
pure input queued switch, it takes a full link-slot to transfer a packet across the switch fabric and a switch-slot
is equivalent to a link-slot. HenceRs/Rl = 1 andq = p. According to the Saturation-Stability assumption, as
long asq < γ, the queues are stable which meansp < 0.5. Thus the maximum input link utilization for a pure
output queued switch is only 50%. The implication of this is we cannot send packets at a rate> 0.5 (per link-slot)
on the input ports of the switch fabric as otherwise the input queues become unstable. Such behavior is clearly
undesirable as we do not want to limit the packet arrival rate on the input ports.

We now analyze the stability throughput of pure output queued switches. We want to show that a pure output
queued switch has a stability throughput of 100%. Note that for a pure output queued switch, there areN switch-
slots in a link-slot and it takes 1 switch-slot to transfer a packet across the switch. ThusRs/Rl = N andq = p/N .
According to the Saturation-Stability assumption, as long asq < γ the queues are stable, which meansp/N < 0.5.
This is true forp � 1. Thus the maximum input link utilization for a pure output queued switch is 100%. What this
means is that even if every link-slot has a packet on an input link, the input queues are stable. Thus the performance
of pure output queueing is clearly superior.

We now apply Proposition 1 to the nonblocking switch fabric to obtain the minimum speedup factor that is
required to achieve 100% stability throughput. That is, givenγ = 0.5 andp = 1, what is the minimum value
of Rs/Rl? Clearly, the speedup factor is between 1 andN . From proposition 1,Rs > Rl/0.5, or,Rs/Rl > 2.
Thus, a speedup factor of 2 can achieve 100% input link utilization. In Section 5.3, we will observe that much less
speedup is required for switch fabrics with memory.

3. Queue length analysis

In this section we analyze the queue lengths at various queueing points in a speeded-up switch fabric. The time
it takes to transmit a packet fully on any link is called alink-slot. A link-slot consists ofr switch-slots. The time
it takes to transfer a packet from an input port to an output port, i.e., inside the switch fabric, iss switch-slots. In
other words, the link speed is less by a factor ofr/s than the switch fabric speed and we say that the speed-up
factor of the switch fabric isr/s. Note that this type of model is applicable to any speed-up factor of the formr/s
and is thus a general model. It can be seen that pure input-queued switches (r = s = 1) and pure output-queued
switches (r = N , s = 1) are also special cases of the above model.

3For small values ofN saturation throughput is higher.
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Fig. 2. Adaptation of uniform i.i.d. Bernoulli arrival process.

3.1. Packet arrival process

In practice, it is very difficult to theoretically characterize the exact nature of packet arrivals because of the
presence of diverse traffic classes in high-speed networks. Hence most of the work on packet switching considers
arrival processes which make the analysis theoretically tractable and reasonably approximate the real life scenario.
Uniform i.i.d. Bernoulli arrival process is one which makes analysis theoretically tractable. We now describe the
packet arrival process which is considered in this paper for analyzing the speeded-up switch fabric. This arrival
process is a suitable adaptation of the uniform i.i.d. Bernoulli arrival process. In the uniform i.i.d. Bernoulli model
a packet arrives at an input port with probabilityq in a link-slot and its destination output port is chosen uniformly
randomly among all theN output ports. The arrival of a packet in a given link-slot and at a given input port is
statistically independent of the packet arrivals in any previous link slots and at any input port, including itself. Note
that this arrival process is such that packets arrive in synchronized link-slots. In practice this need not be the case.
That is, the next packet may arrive after some time which need not be in units of a link-slot. Further, for analytical
simplicity, an arrival process over synchronized switch-slots is really required. For these reasons, we suitably adapt
the above mentioned uniform i.i.d. Bernoulli process as follows:

Consider a typical sequence of packet arrivals at a given input port over the link-slots as illustrated in Fig. 2.
A packet is wholly available to the switch only when the last bit of that packet has arrived at the input port. It takes
one whole link-slot orr switch-slots for all the bits of a packet to arrive. As far as the switch-slots are concerned,
it can be said that packets arrive in switch-slots and there are always (r − 1) idle switch-slots before a packet
arrival in a switch-slot. Therefore a packet arrival in a link-slot is equivalent to (r − 1) idle switch-slots and a
packet arrival in the switch-slot immediately following the idle switch-slots. An idle link-slot corresponds tor
idle switch-slots. This is shown in part (a) of Fig. 2. Observe that even if we consider such a packet arrival model
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Fig. 3. Markov chain modeling the arrival process in the input queues of the packet switch.

over switch-slots, we still have synchronized link-slots. We can get rid of these synchronized link-slots by slightly
relaxing the restriction of one whole idle link-slot when there is no arrival. That is, there must beat least(r − 1)
(and not necessarily exactly (r − 1), or (r − 1) plus an integer multiple ofr) idle switch-slots between successive
arrivals. This is shown in part (b) of Fig. 2.

Such a switch-slot arrival process leads to the Markov chain of Fig. 3. An ON switch-slot corresponds to an
arrival. An OFF switch-slot corresponds to no arrival. The state transition probabilities are given in Fig. 3. The
destination output port of a packet is chosen uniformly randomly out ofN output ports. This is the arrival process
at each input port of the switch fabric. The packet arrival rate,λ, in packets per switch-slot can be obtained by
solving for the steady-state vector of this Markov chain and we get,

λ =
p

1 + (r − 1)p
, (1)

and the rate of packet arrivals in packets per link-slot isrλ.

3.2. Asymptotic analysis of switch performance

The packet switch with the input and output queues forms a complex queueing network. It seems that the exact
queueing analysis of this complex queueing network is intractable for finiteN . In order to get a handle on the
problem, we follow the approach outlined in [16], and try to analyze the different parts of the network separately.
For this, consider the travelogue of a tagged packet from the moment it arrived at an input queue to the moment
it is transmitted fully on its destination output link. The tagged packet encounters queueing at three points in the
network. It is first queued in the input queue where it has arrived. The packets in each input queue are transfered on
a FIFO (first in first out) basis. When all the packets in front of this tagged packet in its input queue are transmitted
across the switch, the tagged packet enters the HOL position of this input queue. At this point, there may be packets
in the HOL position of other input queues whose destination is the same as that of the tagged packet. There may
also be a packet which is already in the transfer process to the destination of the tagged packet, in which case the
destination is busy. The switch can start transferring only one of the former type of packets in a switch slot to the
destinationonly if the destination is free. This is calledHOL contention. This is the second queueing point in the
network. Note that the HOL packets destined for a given output form a contention (or virtual) queue corresponding
to that output. Therefore the tagged packet is queued in the HOL position, i.e., in its contention queue. Which
packet from a given contention queue is to be transferred to the corresponding output (if it is free) in the nexts
switch-slots is decided by acontention resolution policy. The third queueing occurs in the output queue because
the tagged packet is transmitted on the output link only when all the packets that arrived before it are transmitted
fully on the output link.

We analyze the queue-length of these three types of queues for infinite input and output queues, and for the
asymptotic case (N → ∞) in the following subsections. Contention at the HOL positions is resolved thus: Ifk
HOL packets contend for a particular output in a switch-slot, one of thek packets is chosen uniformly randomly
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from thosek packets. The other packets have to wait until that switch-slot in which the output becomes free and a
new selection is made among the packets that are then waiting.

The arrival process of Section 3.1 is assumed to satisfy the saturation-stability property of Section 2. For this,
the arrival rate,λ, should be less than the saturation throughput of the switch. Observe that a switch with only input
queues is exactly the same as a pure input-queued switch on a switch-slot basis. The saturation throughput is 0.586
for the uniform i.i.d. Bernoulli arrival model [16] and tends to 0.5 for bursty arrivals [18] over the switch-slots.
Therefore as long asλ < 0.5, the switch input queues are stable and, due to the symmetry among the output links
and the equality of the transmission speeds on the input and output links, the switch output queues are also stable.

3.2.1. Contention queue analysis
The destination output of a packet is selected uniformly randomly among theN outputs as mentioned before.

The situation at the HOL positions of the input queues is similar to that at the HOL positions of a pure input-
queued switch. That is, in both cases packets encounter the HOL blocking phenomenon. We assume that each
output contention process tends to be independent asymptotically (asN → ∞). This is indeed the case for a pure
input-queued switch with uniform i.i.d. Bernoulli traffic [16]. With this assumption the contention queues can be
analyzed separately.

Consider one such contention queue, say corresponding to outputi. In a given switch-slot, saymth, the con-
tention queue contains backlogged as well as unbacklogged packets. A packet whose transfer is in progress in the
mth switch-slot is also considered as a backlogged packet. We denote the number of backlogged packets byBi

m

and the number of unbacklogged packets byAi
m. An input queue is unbacklogged, if and only if, either a packet

transfer ended in the (m− 1)th switch-slot or it was empty during the (m− 1)th switch-slot. It then follows that,

Bi
m =

{
max (0,Bi

m−1 +Ai
m − 1) : if destination is free inmth switch-slot,

max (0,Bi
m−1 +Ai

m) : if destination is busy inmth switch-slot,
(2)

Ai
m, the number of packet arrivals during themth switch-slot at the unbacklogged input queues and destined for

outputi, has the binomial probabilities

Pr[Ai
m = k] =

(
Fm−1

k

)
(1/N )k (1− 1/N )Fm−1−k, k = 0, 1,. . . ,Fm−1, (3)

where,

Fm−1 = N −
N∑

i=1

Bi
m−1 − ( number of empty input queues). (4)

Fm−1 is the number of unbacklogged nonempty input queues at the end of the (m− 1)st switch-slot.Fm−1 is also
the number of input queues with new packets at their HOL positions during themth switch-slot.ρ0 is the utilization
of the output links (i.e., the switch throughput). When the switch operates below saturation and the arrival process
is assumed to satisfy the saturation-stability property (and we assume these conditions are satisfied),ρ0 = λ. The
binomial form of (3) leads to the assumption that, asN → ∞, the steady-state number of packets moving to the
head of unbacklogged input queues in each switch-slot, and destined for outputi, (Ai), becomes Poisson at rate,

F/N = ρ0,

whereF is the mean steady-state number of new packets at the HOL positions. In other words,

lim
N→∞

Pr{Ai = k} = e−ρ0ρ0
k/k !
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Fig. 4. Arrival, departure and measurement epochs for the analysis of contention queue.

andρ0 = λ below saturation. That this ‘Poisson process’ assumption is correct, is substantiated by the simulated
performance [8].

The above Poisson process assumption and the form of (2) suggest that the contention queue can be modeled as
a discrete-timeBP/Ds/1 queue with random order of service. BP represents discrete-time batch-Poisson process.
Ds represents deterministic service time which, in this case, iss switch-slots (the transmission time of a packet
inside the switch). (Bi

m) is the system queue-length of the contention queue for outputi during themth slot. This
queueing model can be analyzed to get the steady-state queue-length distribution in a random switch-slot and the
delay distribution of the packets in the queue. Each output contention process is assumed to be independent as
N → ∞ and all the output contention processes are identical. Hence it is sufficient to analyze any one of them.

Note that when the speed-up factor is of the formr/1, i.e., integer speed-up factorr, the contention queue is
modeled asBP/D1/1. This is the same queueing model as that of the contention queue in [16]. There this model
is referred to as discreteM/D/1 queue. Thus the analysis of this discreteM/D/1 developed in [16] is directly
applicable to the case ofintegerspeed-up factors. The analysis of the contention queue in [16] is a special case of
the analysis developed below.

3.2.1.1. Distribution of queue-length in a random switch-slot.We cannot model the queue-length of the con-
tention queuealoneby a DTMC. If we know how many switch-slots of service time have been completed for the
current packet in transfer out of the deterministics switch-slots of service time, we can model the queue-length
by a DTMC. The switch status isT0 at the beginning of a switch-slot if the switch is not busy at a switch-slot
boundary. In this status the switch is ready to serve any packet in this switch-slot. If a packet arrives when the
status isT0 and the contention queue is empty, the packet starts service immediately from this switch-slot. If say,n

packets are in the contention queue waiting for service, one of them starts service from this switch-slot according
to the contention resolution policy if no packet arrives in this switch-slot. If a packet arrives in this switch-slot, one
of the total (n + 1) packets starts service from this switch-slot. The statusTi, where 1� i < s, at the beginning
of a switch-slot indicates that there is a packet transfer in progress and that firsti switch-slots of service have been
completed. The precise epochs of arrivals (if any), departure (if any) and the queue-length as well as the switch
status measurements in a switch-slot are shown in Fig. 4. A packet is eligible to get service in the same switch-slot
in which it arrives.

We club the queue-length in a switch-slot and the switch-status of that switch-slot to form a state. This state can
be modeled by a 2-D DTMC over the state space {(i, j) : i � 0,j ∈ {T0,T1, . . . ,Ts−1}}. Then queue-lengths in
successive switch-slots follow this 2-D DTMC. It is assumed that the number of arrivals in the contention queue
during each switch-slot has Poisson probabilities,

ai = Pr{A = i} =
λie−λ

i!
, i = 0, 1, 2,. . . . (5)
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Therefore the state transition probability matrix takes the form,

P =



B0 B1 B2 B3 · · ·
C A1 A2 A3 · · ·
0̃ A0 A1 A2 · · ·
0̃ 0̃ A0 A1 · · ·
...

...
...

...
. . .


 , (6)

whereB0 is an 1× 1 matrix,Bi, i > 0 are 1× s matrices,C is ans× 1 matrix andAi, i � 0 ares× s matrices.
We have ordered the switch-status as follows :Ti = i for all the sub-matrices ofP. E.g., an entryaj,k in anAi

matrix represents a status transition from statusj to statusk. B0 has only one entry which isb0,0 which means the
switch-status of the 2-D DTMC before transition is 0 and after transition it becomes 0. The row and column of a
sub-matrix entry inP give the queue-length before and after transition respectively, e.g.,B0 is at row 0 and column
0, so forB0 the queue-length before transition is 0 (row) and the queue-length after transition is 0 (column).
TheB0 matrix is as follows,

B0 = [a0] =
[
e−λ

]
. (7)

TheC matrix is as follows,

C =




0
...
0
a0


 =




0
...
0
e−λ


 . (8)

TheA0 matrix is as follows,

A0 =




0 0 · · · 0
0 0 · · · 0
...

...
...

...
a0 0 · · · 0


 , (9)

wherea0 = e−λ.
TheBi, i � 1 matrices are as follows,

Bi = [ 0 ai 0 · · · 0 ] , (10)

and theAi, i � 1 matrices are as follows,

Ai =




0 ai−1 0 · · · 0
0 0 ai−1 · · · 0
...

...
...

. . .
...

0 0 0 · · · ai−1

ai 0 · · · 0 0


 , (11)

whereai are given by (5). Note that theP matrix is a structuredM/G/1-type of matrix [21]. Efficient matrix-
analytic methods have recently been developed in queueing theory [2–4] which can be employed to get the
steady-state probabilities vector of such structured matrices ofM/G/1 type. Some of these methods have been
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implemented in a software package called TELPACK [1]. We have used TELPACK to compute the steady-state
probability vector of theP matrix. The steady-state probability vector of theP matrix is of the form,

π =
[
π0 π1 π2 · · · πi · · ·

]
, (12)

whereπ0 = [q0, T0] and,

πi =
[
qi,T0 qi,T1 · · · qi,T(s−1)

]
, : i > 0, (13)

qi,Tj is the steady-state probability of the queue-length beingi and the switch status beingTj in a random switch-
slot. We can now compute the steady state probability vector of queue-length in a random switch-slot which is,

l̃ = [l0 l1 l2 · · · li · · ·], (14)

whereli is the probability that the queue-length isi in a random switch-slot. Thelis are given by,

l0 = q0,T0, (15)

li =
s−1∑
j=0

qi,Tj . (16)

3.2.1.2. Distribution of delay. Karol et al. [16] have developed a simple numerical method for computing the
delay distribution of a discrete-timeBP/D1/1 queue, with packets served in random order (Appendix III of [16]).
In this section we extend this scheme to the case of a discrete-timeBP/Ds/1 queue, with packets served in random
order. The number of packet arrivals at the beginning of each switch-slot is Poisson distributed with rateλ and each
packet requiress switch-slots of service time. We focus our attention on a particular ‘tagged’ packet in the system,
during a given switch-slot. Letpm

k,T0
denote the probability, conditioned on there being a total ofk packets in the

system and the switch status beingT0 during the given switch-slot, that the remaining delay ism switch-slots until
the tagged packet completes service.
Thepm

k,T0
can be obtained by recursion onm as follows,

pm
1,T0

=
{

1 :m = s,
0 :m 	= s,

(17)

ps
k,T0

= 1
k

: k � 1, (18)

pm
k,T0

= (k − 1)ps
k,T0

·
∞∑

j=0
pm−s

k−1+j,T0
· e

−sλ(sλ)j

j !
:



m = x · s,
x > 1,
k > 1,

(19)

andpm
k,T0

= 0 if m is not a multiple ofs.
Averaging overk, the delayD has probabilities as follows:
Form = s · i such thati � 1 andi integer,

Pr{D = m} =
∞∑

k=1

pm
k,T0

· Pr [k packets in system immediately after the tagged packet arrives and status isT0

in the switch-slot in which the tagged packet arrives]

=
∞∑

k=1

pm
k,T0

·
k−1∑
n=0

qn,T0 ·
e−λλk−n−1

(k − n− 1) !
. (20)
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Form = s · i+ j such thati � 1 and 1� j � (s− 1) andi, j integers,

Pr{D = m} =
∞∑

k=1

pm−j
k,T0

· Pr [k packets in the system in thejth switch-slot after that in which the tagged

packet arrives and status isT(s−j) in the switch-slot in which the tagged

packet arrives]

=
∞∑

k=1

pm−j
k,T0

·
k−1∑
n=0

qn,T(s−j) ·
e−(j+1)λ((j + 1)λ)k−n−1

(k − n− 1) !
. (21)

For all the remainingm, the delay probability is zero. Theqi,Tj are obtained from (12). With (20)–(21) we get
the delay distribution of a packet in the system. The moments of the delay distribution are determined numerically
from the delay probabilities in (20)–(21).

3.2.2. Input queue analysis
As N → ∞, successive packets in an input queuei experience the same service time distribution because

their destination addresses are independent and are equiprobable. Observe that the number of switch-slots elapsed
between the entry of a tagged packet in the HOL position of its input queue and the exit of that packet from the
input queue, is equal to the delay of the packet in the contention queue. It is as if the tagged packet is served for
that many switch-slots in its input queue. In other words, the service time distribution of a packet in an input queue
is the delay distribution of a packet in the contention queue. With the arrival process of Section 3.1 and the service
time distribution of Section 3.2.1, we can model the input queue as aG/G/1 queue.

We analyze the queue-length of this queueing system as follows. Note that the queue-length in successive switch-
slots cannot be modeled by a DTMC. Thus it is difficult to compute the steady-state distribution of queue-lengths
in a random switch-slot. Consider the queue-lengths as seen by departing packets. The queue-lengthQn+1 as seen
by the (n + 1)st departing packet depends only on two quantities. The first is the queue-lengthQn as seen by the
nth departing packet. The second is the state of the Markov chain modeling the arrivals in the switch-slot in which
thenth packet departed. A switch-slot is called adeparture-switch-slotif a packet departs in that switch-slot. The
queue-length as seen by a departing packet together with the arrival process state in the departure-switch-slot form
a 2-state DTMC over the state space

{( i, j) : i ∈ {0, 1, . . .}, j ∈ {ON ,OFF1,OFF2, . . . ,OFFr−1} .

The first state is the queue-length and the second state is the arrival process state. Let us rename the arrival process
states asON = 0,OFF1 = 1,OFF2 = 2, . . . ,OFFr−1 = r − 1 for notational convenience. We then refer to the
first state as theleveland the second state as thephaseof the DTMC.

As we are considering departure instants, the level (queue-length) can go down by at most 1 whereas it can go
up by any amount in any transition of the DTMC depending on the number of arrivals. We club the states with the
same level. As there arer phases for each level, there may be (r × r = r2) possibilities for each level transition.
In fact, the transitions from leveli+ 1, i � 0, to levelk + i are governed by anr × r matrix which we denote by
Ai

k, k � 0 whereas the transitions from the boundary level 0 to levelk are governed by anr × r matrix which we
denote byBk, k � 0. Therefore, the transition matrixP of the 2-D DTMC takes the form,

P =




B0 B1 B2 B3 · · ·
A0

0 A0
1 A0

2 A0
3 · · ·

0̃ A1
0 A1

1 A1
2 · · ·

0̃ 0̃ A2
0 A2

1 · · ·
...

...
...

...
. . .


 , (22)
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Fig. 5. Arrival, departure and measurement epochs for input queue analysis.

where0̃ is anr × r zero matrix. Further, consider two successive departure-switch-slots, say,nth and (n + 1)st.
Suppose, at thenth departure-switch-slot, the 2-D DTMC is in state (i,x) and at the (n+1)st departure-switch-slot,
it is in state (j,y) andi � 0. The transition probability from state (i,x) to state (j,y) depends only on the difference
(j − i + 1) and the phasesx andy, where (j − i + 1) gives the number of arrivals between the two departures.
This fact simplifies theP matrix further. We can then say that, the transitions from leveli + 1, i � 0 to level
i+ k, k � 0 are governed by the matrixAk, k � 0, or

A0 = A0
0 = A1

0 = A2
0 = · · · = Ai

0 = · · ·

A1 = A0
1 = A1

1 = A2
1 = · · · = Ai

1 = · · ·
...

Ak = A0
k = A1

k = A2
k = · · · = Ai

k = · · ·
...

TheP matrix then takes the form,

P =



B0 B1 B2 B3 · · ·
A0 A1 A2 A3 · · ·
0̃ A0 A1 A2 · · ·
0̃ 0̃ A0 A1 · · ·
...

...
...

...
. . .


 . (23)

We have deduced the structure of theP matrix without knowing what the transition probabilities actually are. We
now proceed to compute the transition probabilities. The precise epochs of a packet arrival (if any), a departure
(if any) and of queue-length measurement in any switch-slot are shown in Fig. 5. Also, a packet arriving in a
switch-slot can start service only from the next switch-slot.

The transition probabilities are the elements of the matricesAk andBk. We derive the expression for one element
of these matrices for illustration. The other elements can be derived in a similar fashion. Please refer to [8] for their
expressions.

Consider theAk matrix. The elements ofAk areak
i,j where 0� i � (r − 1), 0 � j � (r − 1). ak

i,j is the
probability of transition from the state (l, i) in say, thenth departure-switch-slot, to the state (l − 1 + k, j) in the
(n + 1)st departure-switch-slot wherel > 0. The number of switch-slots elapsed between these two departure-
switch-slots is the service time of the (n+ 1)st departing packet. The distribution of the service time, Pr{D = d},
was calculated in Section 3.2.1. We write,

Pr{D = d} = cd, d = 1, 2, 3,. . .
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If there arek arrivals during this service time and if the arrivals occur in a way so as to leave the arrival Markov
chain in phasej at the end of the service time of this (n + 1)st packet, only then the state of the 2-D DTMC
changes to (l − k + 1,j). Assume that the (n+ 1)st departure receivedd switch-slots of service, say {1, 2,. . . ,d}
switch-slots. Given that the arrival Markov chain is in phasei in the 0th switch-slot, letuk

i,j,d be the probability
that,

– there arek arrivals during thenth and (n+ 1)st departure epochs and
– the arrival Markov chain is in phasej in thedth switch-slot.

Thereforeak
i,j can be written as,

ak
i,j =

∞∑
d=1

uk
i,j,d · cd. (24)

It is not always possible to get closed form expressions for theuk
i,j,d. We can get closed form expressions in this

case due to the nice structure of the arrival Markov chain. Please refer to [8] for these expressions. We give a
method in the Appendix 6 for a more general arrival Markov chain which computes theuk

i,j,d. As the method is
applicable to this arrival Markov chain, it can also be used instead of the closed form expressions for computing
theuk

i,j,d.
To get the steady-state probability vector of theP matrix, we need to solve the set of equations,

π̃ = π̃P ,

‖π̃‖ = 1,

whereπ̃ is a vector of the form,

π̃ =
[
π0 π1 π2 · · · πi · · ·

]
,

andπi is a vector of the form,

πi = [πi,0 πi,1 πi,2 · · · πi,r−1].

πi,j is the steady-state probability of the state (i, j) of the 2-D DTMC.
Note that theP matrix is a structuredM/G/1-type of matrix. We use TELPACK [1] to compute the steady-state

probability vector̃π of ourP matrix. The steady-state probability vectorπ̃ enables us to compute the steady-state
distribution of queue-length as seen by a departing packet. The steady-state queue-length vector is of the form,

q̃ = [q0 q1 q2 · · · qi · · ·],

where,

qi =
r−1∑
j=0

πi,j . (25)

The moments of the distribution of the queue-length as seen by a departing packet are then numerically computed
using the above equations. The transition rates into and out of each state in a discrete-state stochastic process must
be identical. By using the time-average interpretations for the steady-state queue-length probabilities, we see that
the distribution of queue-length as seen by a departing packet is the same as the distribution of queue-length as seen
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by an arriving packet [26, pp. 387–388]. Note that in [26, pp. 387–388], the Markov chain is one-dimensional. In
our case it is two-dimensional. But as we are interested in the steady-state probability vector of levels (i.e., queue-
lengths), the arguments are applicable in this case also. We compare the results of the above analysis with the
results of simulations in Section 4. As it is not possible to compute the distribution of queue-length in a random
slot, we cannot analyze the delay of a packet in the input queue. In Section 5, we show simulation results for the
delay of a packet in the input queue.

3.2.3. Output queue analysis
We have assumed that, asN → ∞, all contention queue processes are identical and independent. It then follows

that all output queue systems are also identical and independent. It is sufficient to analyze only one output queue. It
is difficult to characterize the departure process of a contention queue due to its general queueing model structure.
The exact arrival process at the output queue is then unknown. We use an approximate ON-OFF type of arrival
model to analyze the output queue. An exact analysis like that of input queues may be difficult in this case. A packet
arrives in the output queue afters switch-slots in a busy period. This is because the contention queue service time
is s switch-slots. Therefore we model the arrival process as follows:

A packet arrives at output queuei in a switch-slot only if the switch status isTs−1 at the beginning of the
switch-slot (Section 3.2.1.2). There are always (s − 1) idle switch-slots (corresponding to the switch statusT0 to
Ts−2) before an arrival in the output queue. The group of all these switch-slots is called abusy cluster. In the busy
period of the contention queue, packets depart regularly at the end of the busy clusters. When the contention queue
is empty in a switch-slot, no packet arrives in output queuei in that switch-slot. We construct the ON-OFF arrival
model such that the mean busy period of the contention queue is equal tos times the mean number of busy clusters.
The mean OFF period is equal to the mean idle period of contention queuei.

We turn our attention to contention queuei again. It is necessary to compute the distribution of the idle period
I of this queue. Note that Pr{I � 1} = 1 because the idle period is at least one switch-slot. The idle period ends
when there is an arrival in the contention queuei and arrivals to the contention queuei are Batch-Poisson with rate
λ given by (1). In other words, the idle period continues with probabilitye−λ (probability of no packet arrivals in a
switch-slot) and ends with probability 1− e−λ (probability of at least one arrival in a switch-slot). It follows that,

Pr{I = 2} = e−λ ·
(
1− e−λ

)
, (26)

Pr{I = 3} = e−λ · e−λ ·
(
1− e−λ

)
(27)

...

Pr{I = i} = e−(i−1)λ ·
(
1− e−λ

)
(28)

...

Using (26)–(28) the mean idle period which is,

E[I] =
∞∑
i=1

i · Pr{I = i},

can be computed. It turns out that,

E[I] =
1

1− e−λ
. (29)

The utilizationρ of the contention queue is

ρ = arrival rate× average service time

= λ× s

= sλ, (30)
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Fig. 6. Approximate model of the arrival process in the output queues for a rational speed-up factorr/s.

because the contention queue is modeled as a single server system. The utilizationρ is also the fraction of the time
the server is busy, or,

ρ =
E[B]

E[I] + E[B]
. (31)

Using (29), (30) and (31) we get,

E[B] =
sλ

(1− sλ)(1− e−λ)
. (32)

Note again that, when the contention queue is busy serving a packet, there are no departures from the contention
queue. The busy period is always an integer multiple ofs which is the fixed service time. So there are always at
least (s−1) idle switch-slots between two successive departures. Also a packet departed from the contention queue
enters the output queue. The ON-OFF Markov process takes this fact into account. The ON-OFF Markov process
is depicted in Fig. 6. The ON andOFFi form a busy cluster. Thep andq are computed as follows,

E[Busy Clusters]= 1/(1− p),

s · E[Busy Clusters]= E[B].

Therefore,

p = 1− s/E[B], (33)

E[OFF] = 1/(1− q),

E[OFF] = E[I].

Therefore,

q = 1− 1/E[I]. (34)

Note that forintegerspeed-up factorss = 1. There are no idle slots in a busy cluster and a busy cluster consists of
only ON slot. The ON-OFF Markov chain of Fig. 6 reduces to the simple ON-OFF Markov chain of Fig. 7.

The service time of the output queue isr switch-slots and is deterministic (the transmission time of a packet on
the output link). We analyze this output queue model. The queue-length in a random switch-slot cannot be modeled
by a DTMC. We look at the departure-switch-slots. The output queue-length as seen by a departing packet in a
switch-slot together with the ON-OFF chain status in that switch-slot form a 2-D DTMC over the state space
{( i, j) : i � 0,j ∈ {ON ,OFF1,OFF2, . . . ,OFFs−1,OFF }} where i is the queue-length in a departure-switch-
slot andj is the state of the ON-OFF process. LetON ≡ s andOFF ≡ 0 andOFFj ≡ j. We say thati is the
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Fig. 7. Approximate model of the arrival process in the output queues for an integer speed-up factor.

Fig. 8. Arrival, departure and measurement epochs for the analysis of output queues.

level of the 2-D DTMC andj is the phase of the 2-D DTMC. The precise epochs of packet arrival (if any), packet
departure (if any) and queue-length measurement in a switch-slot are shown in Fig. 8. Note that in this case the
level i can go down by at most 1 in a transition of the 2-D DTMC and it can go up by at mostm = r/s� in a
transition of the 2-D DTMC. We club all the states having the same level so that a level transition is represented by
a (s+ 1)× (s+ 1) matrix. MatrixBk represents a transition from level 0 to levelk. MatrixC represents transition
from level 1 to level 0 and matrixAk represents transition from a leveli to a levelj = i + k − 1 wherei > 0 by
arguing as in the case of input queue model. The state transition matrix is, then, of the form,

P =



B0 B1 B2 · · · Bm 0̃ 0̃ 0̃ · · ·
C A1 A2 · · · Am 0̃ 0̃ 0̃ · · ·
0̃ A0 A1 · · · Am−1 Am 0̃ 0̃ · · ·
0̃ 0̃ A0 · · · Am−2 Am−1 Am 0̃ · · ·
...

...
...

...
...

...
...

...
. . .


 . (35)

An elementbki,j of Bk is given by,

bki,j = Pr{there is a transition from the state (0,i) to the state (k, j)} .

An elementci,j of Ck is given by,

ci,j = Pr{there is a transition from the state (1,i) to the state (0,j)} .

An elementak
i,j of Ak is given by,

ak
i,j = Pr{there is a transition from the state (x, i) to the state (x+ k − 1,j)},

wherex > 0, andx is the row number where theAk matrix appears in theP matrix. By using the method in
Appendix A, we can compute all the sub-matrices and consequently, the wholeP matrix. Note that theP matrix
is a structuredM/G/1-type matrix. The steady-state probability vector of theP matrix is computed by using
TELPACK. The steady-state probability vector is of the form,

π =
[
π0 π1 π2 · · · πi · · ·

]
,
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where,

πi =
[
πi,0 πi,1 · · · πi,s

]
.

The steady-state probability vector of queue-lengths as seen by a departing packet is of the form,

q̃ = [q0 q1 q2 · · · qi · · ·],

where,

qi = πi,0 + πi,1 + · · · + πi,s.

The results of the above analysis are compared with the results of simulations in the next section of this chapter.
It is not possible to compute the distribution of the queue-length in a random switch-slot due to the model of the
output queue. Therefore, we are unable to analyze the delay performance of this output queue. In Section 5 of this
chapter, we show the results of simulations for the delay of a packet in the output queue.

4. Analytical vs simulated performance

Simulations of the actual switch-slotted speeded-up switch fabrics were performed to test the validity of various
assumptions made in the analysis and to substantiate the asymptotic analysis results. We have considered a 64×64
nonblocking speeded-up switch fabric. Results for three speed-up factors are studied: 1.5(= 3/2), 2(= 2/1) and
3(= 3/1). The analysis of the input and output queues gives the mean queue-length as seen by a departing packet.
We obtain the same data from simuation for comparison. We plot the mean input queue-length obtained by analysis
and simulation in Fig. 9. It can be seen that the results are in good agreement. Note that even though the input queue
analysis is exact, it is asymptotic, and thus we compare it with simulations to judge the effect of finite switch sizes.
The mean output queue-length as seen by a departure is plotted in Fig. 10. It can be seen that there is a slight
discrepancy between the analytical and simulated results. The reason for this discrepancy is the approximation of
the arrival process to the output queue by the ON-OFF process. Observe that the discrepancy is more pronounced
for the speed-up factor 1.5. For speed-ups of 2 and 3 the results of both cases are in good agreement. Thus the
approximation works better for higher speed-up factors. Overall, the asymptotic analysis results conform well with
the simulation results.

5. More simulation results

5.1. Delay for modified Bernoulli traffic

We study the simualtion results of the average delay of the speeded-up packet switches for the arrival process
of Section 3.1. We plot the total average delay of a packet in the switch obtained through simulations in Fig. 11.
The average delays for the cases of pure input-queued and pure-output queued switches are also plotted in Fig. 11.
It can be seen from the plot that the delay curves for speed-up factors 2 and 3 are close to the delay curve of
the pure output-queued switch. From the delay curves it can be seen that a speedup factor between 1.5 and 2
is enough to approximately achieve pure output-queued switch performance. This is an important observation
considering the fact that the performance of pure output-queued switches is the best. The interesting result is that,
even with a speed-up of 2, the performance of the pure output-queued switch (speed-up factorN ) can be closely
approximated. In the case of a pure input-queued switch, the HOL blocking phenomenon plays a major role in
degrading the performance. Even a moderate speed-up of 2 quickly overcomes the HOL blocking phenomenon.
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Fig. 9. The mean input queue-length as seen by a departure obtained by analysis is compared to that obtained by simulation, (top) speed-up of
1.5, (middle) speed-up of 2, (bottom) speed-up of 3. The input link utilization isrλ, see (1). The arrival process is of Section 3.1.

We have plotted the input and output queue delays separately for a speed-up factor of 2 in Fig. 12. It can be seen
that the total delay is dominated by the output queueing delay. This result is practically useful for the design and
operation of high speed switch fabrics, more so with ever-increasing link speeds. The speeded-up switch fabric
(with a modest speed-up of 2) has largely overcome the HOL blocking problem of pure input-queued switches and
the high switch speed (preciselyN times) problem of pure output-queued switches and closely approximates the
best performance obtainable.
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Fig. 10. The mean output queue-length as seen by a departure obtained by analysis is compared to that obtained by simulation, (top) speed-up
of 1.5, (middle) speed-up of 2, (bottom) speed-up of 3. The input link utilization isrλ, see (1). The arrival process is of Section 3.1.

5.2. Delay for bursty traffic

We now consider bursty traffic with the following model. A burst of successive packets is destined to the same
output port but the destinations of each burst are chosen uniformly from among theN output ports. The burst sizes
have the followingmodified geometric distribution: If the mean burst size isb, the size of a burst is 1+ B where
B is a geometric r. v. with meanb − 1. For a mean burst sizeb = 50, the saturation throughput calculated from
the result in [18] is 50.6%, for largeN . For a finite switch size, the saturation throughput can be expected to be
a little higher. Nevertheless, by Proposition 1 , a speedup factor of 2> 1/0.506 should be sufficient to achieve
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Fig. 11. The mean total packet delay results for switches with speed-up factors of 1.5, 2 and 3 are compared with the delay results of pure
input-queued and pure output-queued switches. All the results are obtained by simulations. The input link utilization isrλ, see (1). The arrival
process is of Section 3.1.

Fig. 12. The mean delay in input queue and the mean delay in output queue are compared to the total mean delay of a packet for a speed-up
factor of 2. All the results are obtained by simulations. The input link utilization isrλ, see (1). The arrival process is of Section 3.1.

full link utilization. The mean queueing delays achieved by output queueing and input queueing with a speedup
factor of 2 are shown in Fig. 13. It can be seen that the queueing delay performance is nearly identical. Note
that since the saturation throughput for bursty traffic monotonically decreases withb and tends to 0.5 for largeb,
by Proposition 1, a speedup factor of 2 is sufficient to achieve full input link utilization forall burst sizes. For
illustration, Fig. 14 shows the mean queueing delays for an average burst sizeb = 50.

5.3. Switch fabrics with memory

Another option to overcome the throughput limitations of pure input-queued switches, that has been investigated,
is to use switch fabrics with memory [12]. To describe the operation of such fabrics, let us assume that a memory
of m packets per output port is provided within the switch fabric. This means that as long as the number of
packets waiting within the switch fabric for a specific output port, plus the number of head-of-line packets at the
switch inputs for the same output port, is less thanm, there is no head-of-line blocking. When there arem packets
waiting for an output, new packets for that output wait in a queue at their respective input ports, blocking further
transmission from that input port. This causes again the head-of-line blocking phenomenon, albeit in fewer cases
than without the benefit of memory within the switch fabric. The performance of such a fabric approaches that of



182 A.S. Diwan et al. / Performance analysis of speeded-up high-speed packet switches

Fig. 13. The delay performance of a switch with speed-up of 2 is compared with the delay performance of pure output-queued switch. All the
results are obtained by simulations. The arrival of packets on each input link is bursty with a mean burst sizeb = 10. The expected number of
packets in each link-slot equalsp.

Fig. 14. The delay performance of a switch with speed-up of 2 is compared with the delay performance of pure output-queued switch. All the
results are obtained using simulations. The arrival of packets on each input link is bursty with a mean burst sizeb = 50. The expected number
of packets in each link-slot equalsp.

pure output-queued switches whenm is large. Illiadis and Denzel [12] have shown that the saturation throughput
of such a fabric increases withm and approaches unity for largem. They have derived an expression for the
saturation throughput of such a switch, in the limit asN → ∞, for the case of independent cell arrivals (b = 1),
using which they show that the saturation throughput increases considerably over the value obtained form = 0
(pure input queueing) even for moderate values form. For example, the saturation throughput form = 8 (b = 1,
N large) is 0.8426.

Proposition 1 holds for fabrics with memory as well so that a speedup factor equal to the reciprocal of the
saturation throughput is sufficient to achieve full input link utilization. Since this saturation throughput is closer
to unity even for moderate values ofm, a small amount of memory within the fabric can significantly reduce the
speedup factor needed to achieve full link utilization. For example, form = 8, a speedup factor of 1.2 > 1/0.8426
is sufficient. In Fig. 15, we have plotted the mean queueing delays for a switch fabric withm = 8 without
speedup and with a speedup factor of 1.2. The number of switch ports isN = 16 and the packet destinations
are chosen independently (b = 1). The perfrmance of pure output queueing is also plotted for comparison. It can
be observed that not only the throughput, but also the mean queueing delay performance approaches that of pure
output queueing, when the switch fabric is operated at a speedup factor of 1.2.
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Fig. 15. The delay performance obtained by simulations of a switch fabric with a memory within the fabric of eight packets per output port,
with a speedup factor of 1 (no speedup) and a speedup factor of 1.2, is compared with the delay performance of pure output queueing. The
mean burst sizeb = 1 so that the destinations of successive packets are independent. The expected number of packets in each link slot equalsp.

Using memory within the switch fabric can be expensive, especially if it is to be implemented using on-chip
memory; see, for example, [7]. Therefore, reducing the required memory size by speeding up the fabric, even
if modestly, can represent a desirable design trade-off, even if it also increases the required memory speed and
hence its cost. Another possibility to further reduce the total amount of memory and/or speedup factor necessary
to achieve the desired level of performance, is sharing of the available memory within the fabric among the switch
outputs; see [7] again for a sample design.

The above benefits notwithstanding, it should however be noted that the amount of memory required to achieve
a given level of performance increases with the burst size. For example, the amount of memoy that is sufficient to
significantly increase the saturation throughput forb = 1, is quite inadequate for even moderately bursty traffic.
Intuitively, this is so because in this case, a single burst of packets can fill up all the memory dedicated for a
particular output and cause head-of-line blocking. When the mean burst size is much larger than the memory
per output port, the performance approaches that of a fabric with no memory and the required speedup factor to
achieve full input link utilization approaches 2. This phenomenon is illustrated in Fig. 16 where we compare the
mean queueing delays achieved without speedup and with a speedup factor of 2, with the mean queueing delay
achieved by pure output queueing for bursty traffic with a mean burst sizeb = 50 cells.

6. Conclusions

In this paper, we have used matrix-geometric techniques to investigate the impact of speedup on the performance
of combined input and output queueing packet switches. We have also used simulations to investigate the effect of
bursty traffic and the provision of memory within the switch fabric. The important observation is that only a mod-
erate speedup factor (about two) is necessary to approach not only the throughput but also the delay performance
of pure output-queued switches. Moreover, these results hold for random scheduling of the head-of line packets;
no complex scheduling and/or matching algorithms are required within the switch. This is practically significant
for the design and operation of high speed switch fabrics, especially with the continued increase in link speeds and
switch sizes.

Appendix: Probabilities of packet arrivals in a service time

In this appendix we present a programmable method to calculate the probabilities of the numbers of arrivals in
a service time when the initial and final state of the arrival chain are known. We have already seen in Section 3.2.2
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Fig. 16. The delay performance obtained by simulations of a switch fabric with a memory within the fabric of eight packets per output port,
with a speedup factor of 1 (no speedup) and a speedup factor of 2, is compared with the delay performance of pure output queueing. All the
results are obtained using simulations. The arrival of packets on each input link is bursty with a mean burst sizeb = 50. The expected number
of packets in each link slot equalsp.

that these probabilities are required to compute the complete state transition matrix of the queue-length as seen
by a departing packet. In that section we had a nicely structured arrival process which made it possible to obtain
closed form expressions. This is not always the case. We use the method described here to compute complete state
transition matrices in Section 3.2.2. In fact, this method can be used for any arrival process which is modeled by a
Markov chain. It may have more general applications as well.

To illustrate the method, consider an ON-OFF arrival process which has two ON states,ON1 andON2 and one
OFF state. Any of the ON states signifies an arrival in a slot and an OFF state signifies an idle slot. The transition
matrix is of the form,

[
q (1− q) 0

(1− p) 0 p
1 0 0

]
, (36)

where, 0< p < 1 and 0< q < 1 and the 1st row gives all one-step transitions from theOFF state, the 2nd row
gives all one-step transitions from theON1 state and the 3rd row gives all one-step transitions from theON2 state.

Supposing that the service time isd slots and the initial and final states of the arrival chain are known, we want
to compute the probabilities of the numbers of packet arrivals in thesed slots. We use a variablex to keep track of
the number of arrivals and it’s associated probability as follows. A packet arrives only when there is a transition to
one of the ON states. We multiply such transition probabilities in the above matrix byx. The new matrix has the
form,

[
q (1− q)x 0

(1− p) 0 px
1 0 0

]
. (37)

Note thatx is just a variable and no value (quantity) is associated with it. Now consider the case whend = 2. That
is, we want to compute the probability ofi arrivals in 2 consecutive slots for all combinations of initial and final
states. For this we square the above matrix and we get a new matrix which is as follows,


q2 + (1− q)(1− p)x q(1− q)x (1− q)px2

q(1− p) + px (1− p)(1− q)x 0
q (1− q)x 0


 . (38)
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Now consider coefficients of various powers ofx in the matrix elements. Say, the transitions occurred over the
slots {0, 1, 2}. Observe the (1, 1) element of the above matrix which isq2 + (1− q)(1− p)x. In this the coefficient
of x0 gives the probability that there are 0 arrivals over slots 1 and 2 (i.e., service timed = 2) when the arrival
chain was in theOFF state in the 0th slot and it is in theOFF state again in the 2nd slot. Thus the coefficient of
xi in the expression for the entry (j,k) of the matrix gives the probability that there arei arrivals ind = 2 service
slots when the initial state of the arrival chain isj and the final state isk.

Whend = x, we have to calculate thexth power of the matrix. By separating the coefficients ofxi from
the expressions for the entries of the new matrix, we can get the required probabilities. Note that what we have
calculated here is theuk

i,j,d of Section 3.2.2.
The advantage of this method is that it is easily programmable. In our work we have foundMapleas a suitable

software for this method. We have usedMaple to program this method. Note that this method can be suitably
extended to directly compute the required state transition matrix. It may also have applications in other contexts.
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