On the Number of Minimum Cuts in a Graph

L. Sunil Chandran^⋆ and L. Shankar Ram^{⋆⋆}

Indian Institute Of Science, Bangalore, India

Abstract. We relate the number of minimum cuts in a weighted undirected graph with various structural parameters of the graph. In particular, we upper–bound the number of minimum cuts in terms of the radius, diameter, minimum degree, maximum degree, chordality, expansion, girth etc. of the graph.

1 Introduction

Let G = (V, E) be a graph or a multi-graph with positive weights on its edges. We denote |V | by n and |E| by m. By an unweighted graph, we mean that all the edges have unit weight. Let (A, A) denote a cut of G, defined by the subsets A ⊂ V and A = V − A. We denote by E(A, A), the set of edges in the cut, i.e., E(A, A) = {(u, v) ∈ E : u ∈ A and v ∈ A}. The weight of the cut (A, A) is defined as the sum of weights on all the edges in E(A, A), and will be denoted by w(A, A). A minimum cut (S, S) is one with the minimum weight over all cuts in G. (Some authors use the words global minimum cuts or connectivity cuts instead of minimum cuts). We will denote the weight of the minimum cut in G by λ(G). Note that if G is unweighted, λ(G) is same as the edge connectivity of the graph, i.e., the minimum number of edges whose removal disconnects the graph.

Note that the minimum cut in a graph may not be unique. We use Λ(G) to denote the number of minimum cuts in G. The problem of counting the number of minimum cuts in a weighted undirected graph arises in various aspects of network reliability, like testing the super–λ–ness of a graph [2], estimating the probabilistic connectedness of a stochastic graph in which edges are subject to failure with probability p [4–6, 16] and other areas [17]. For example, for a sufficiently small p, the probabilistic connectedness of G can be approximated as P (G, p) ≈ 1 − Λ(G)p^{λ(G)}(1 − p)^{|E|−λ(G)}, suggesting the importance of counting and bounding Λ(G).

It is well known that for any weighted graph G, Λ(G) ≤ (_n 2 ) and this upper bound is achieved if G is a cycle C_n of n nodes with each edge having weight λ(G) 2 [7, 1, 11]. It is interesting to explore whether there exist tighter bounds for

⋆ Dept. of Computer Science and Automation, Indian Institute of Science, Bangalore, 560012. Email : sunil@csa.iisc.ernet.in This research is supported in part by the Infosys Fellowship.

⋆⋆ Dept. of Computer Science and Automation, Indian Institute of Science, Bangalore, 560012 Email:shankar@csa.iisc.ernet.in

Λ(G) when the graph satisfies various properties. For example, Bixby [1] studies Λ(G) in terms of the weight of the minimum cuts λ(G), in the special case where all the edge weights are positive integers and λ(G) is an odd integer. For this case, Bixby [1] shows that Λ(G) ≤ ⌊_{3n} 2 ⌋ − 2. In the case of unweighted simple graphs it is shown by Lehel, Maffray and Priessmann [12] that if λ(G) = k where k ≥ 4 is an even positive integer, then Λ(G) ≤^{2n2}_{(k+1)2} +^{(k−1)n}_{k+1} . When k > 5 is an odd integer, they show that Λ(G) ≤ (1 +^4_{k+5} )n. The inherent structural difference between graphs with odd and even edge connectivity was pointed out by Kanevsky [13] also.

In this paper, we provide upper bounds for Λ(G) in terms of many other important parameters of graphs. We assume weighted graphs. Multi-graphs, as far as the results here are concerned, can be considered as a special case of weighted graphs, since the multi-edges can be replaced by a single edge of appropriate weight without affecting the value of Λ(G). Our only assumption about the weights is that they are positive. Note that, for the purposes of this paper, this assumption is equivalent to the assumption that the weights are at least 1, since multiplying the weights on every edge by the same constant will not change Λ(G). While our upper bounds are valid for weighted undirected graphs and multi graphs, in most cases, the properties in terms of which the upper bounds are stated depend only on the structure of those graphs. In other words, the radius or minimum degree in terms of which we describe the upper bounds are those of the underlying unweighted simple graph and do not depend on the weights of the edges.

There is an abundance of literature regarding the determination of λ(G) and finding a minimum cut in G. The problem of enumerating all the minimum cuts is considered by many authors [7, 15, 10, 8], and various structures (for example, the cactus structure) are invented to efficiently represent all the minimum cuts in a graph. The fact that the performance of some of these algorithms depends on the number of minimum cuts in the graph also makes it interesting to look for tighter upper bounds for Λ(G) when G satisfies certain properties. (For example a randomized algorithm due to Karger builds a data structure that represents all minimum cuts in O(Λ(G) + n log n) space). See [10] for a brief survey of results regarding the enumeration of all minimum cuts.

The slightly different question of upper–bounding the number of approximate minimum cuts– i.e., those cuts having weight at most fλ(G), where f > 1 is a constant, is considered in [18, 11, 14, 19] etc. For example, Karger [11], using probabilistic analysis shows that there are at most O(n^{2f} ) cuts of the above kind in a graph of n nodes. Nagamochi et.al. [14] show that the number of cuts of weight at most^4_3 λ(G) is upper–bounded by (_n 2 ) . Williamson and Henzinger [19] show an upper bound of O(n^2) for the number of cuts of weight at most^3_2 λ(G), extending the arguments of [14].

1.1 Our results

Radius and Diameter : If G = (V, E) is a connected graph, the eccentricity of a node v ∈ V is defined as e(v) = max distance(v, u) over all the nodes u ∈ V .

The radius of the graph G, r(G) = min_{v∈V} e(v). A vertex v is a central node if e(v) = r(G). Diameter of G, d(G) = max_{v∈V} e(v). (Note that, in this paper, by “distance”, we mean only the distances in the underlying unweighted graph. Thus radius, eccentricity, diameter etc. have nothing to do with the weights). We show that Λ(G) ≤ (r + 1)n − (2r + 1) ≤ (d + 1)n − (2d + 1), where G is a weighted graph and r, d are the radius and diameter of G. As a special case, we observe that if there is a node which is a neighbour of every other node in the graph, i.e., if r(G) = 1, then Λ(G) ≤ 2n − 3. We illustrate the tightness of this bound by constructing a weighted clique K_n for which Λ(K_n) = 2n − 3. Minimum and Maximum Degree : Let the minimum degree and maximum degree of G be δ and Δ respectively. (Note that minimum and maximum degrees have nothing to do with the weights, i.e., δ = min_{u∈V} |N(u)| and Δ = max_{u∈V} |N(u)|, N(u) being the set of neighbours of the node u). We show that Λ(G) ≤ (^{3n}_{2(δ+1)} + 1.5)n − (^{3n}_{δ+1} + 2) and Λ(G) ≤^{(n−Δ+3)n}_2 − (n − Δ + 2). Note that these bounds become significant when the concerned parameters are reasonably large. Also it is easy to get an upper bound involving both δ and Δ, by extending the techniques discussed in the paper.

Chordality : Let C be a simple cycle of a weighted undirected graph G. Any edge in the induced subgraph on the nodes of C, G(C), other than the cycle edges themselves is called a chord of C. C is called an induced cycle (or chordless cycle), iff C does not have any chords. The length of the largest induced cycle in a graph G is called chordality of G. A graph G is called k–chordal iff the chordality of G is at most k. Λ(G) ≤^{(k+1)n}_2 − k, where k is the chordality of the underlying unweighted (simple) graph, corresponding to G. We also show the tightness of the bound by exhibiting a k-chordal graph G for arbitrarily large n, such that Λ(G) =^{(k+1)n}_2 − k.

The word “chordality” originates from the well known subclass of perfect graphs, the chordal graphs. A graph G is chordal iff there is no induced cycle of length 4 or more in G. We define the chordality of a chordal graph to be 3. All graphs other than chordal graphs have chordality ≥ 4. Some other important classes of graphs with low chordality value are the cocomparability graphs, chordal bipartite graphs and weakly chordal graphs, all of which are known to be 4–chordal.

Note that C_n (the cycle on n nodes) is the graph with maximum chordality amongst all graphs on n nodes. Also, it is a graph which contains the maximum number of minimum cuts possible, namely (_n 2 ) . (In fact our bound given above, shows that C_n with each edge having weight^λ_2 is the only graph which contains (_n 2 ) minimum cuts, the weight of the minimum cut being λ). The fact that the maximum value of Λ(G) is achieved by the graph of largest chordality motivates a study of the influence of chordality on Λ(G).

Edge Expansion : Let E(X, X) be the set of edges in the cut (X, X). Then the edge expansion β_e(G) is defined as β_e(G) = min^{|E(X,X)|}_{|X|} , over all subsets X of V

with |X| ≤^n_2 . We define the weighted edge expansion, β_w(G) = min^{w(X,X)}_{|X|} over all subsets X of V , such that |X| ≤^n_2 . A related concept is that of vertex expansion (or simply the expansion), β_v (G), which is defined as β_v(G) = min^{|N(X)|}_{|X|} over all subsets X of V , such that |X| ≤^n_2 where N(X) denotes the set of neighbours of X, namely the set {u ∈ V − X : (u, v) ∈ E for some v ∈ X}.

We show that Λ(G) ≤^{( λβ +3)}_2 n − (^λ_β + 2) where β = β_w(G). It is easy to note that (since we can assume without any loss of generality that all weights are at least 1) β_w(G) ≥ β_e(G) ≥ β_v (G). Thus we can substitute β_v(G) or β_e(G) in the place of β in the above formula.

Expansion is a concept which has found application in areas ranging from complexity theory to coding theory. A further motivation for looking for a bound in terms of the expansion properties of the graph is the well known fact that almost all graphs are good expanders, i.e., if we randomly construct a graph by selecting each edge with certain probability p (greater than a threshold value), the probability that the expansion of the resulting graph being bounded below by a constant tends to 1 as n → ∞.

Girth : Girth is the length of the smallest (induced) cycle in G. The intuition that expansion properties can control the number of minimum cuts in a graph, leads us to a bound in terms of girth also. We show that if G is an unweighted graph with girth g and minimum degree δ, the Λ(G) < (^n_{x+1} + 1)n − (^{2n}_{x+1} + 1),

where x = (_{δ−3} 2 )^{g−3}_2 . Note that this is in contrast with the bound in terms of chordality, the length of the largest induced cycle.

2 Preliminaries

Consider an undirected graph G = (V, E) with a weight function w : E → ℜ^+. Let U and W be disjoint subsets of V . Let E(U, W ) = {(u, v) ∈ E : u ∈ U, v ∈ W }, be the set of edges between the vertices in U and the vertices in W . Also, let w(U, W ) be the sum of the weights on the edges in E(U, W ). We denote the induced subgraph on the set of nodes U by G(U). The set of neighbours of a node u ∈ V , will be denoted by N(u), i.e., N(u) = {v ∈ V : (u, v) ∈ E}. Also N(U) = ⋃ u∈U N(u) − U. As mentioned in the introduction, λ(G) denotes the weight of a minimum cut and Λ(G) denotes the number of minimum cuts in G.

Lemma 1. If (S, S) is a minimum cut of a connected undirected graph G, then G(S) and G(S) are connected.

Proof. Suppose that G(S) is not connected. Let G(S_1) be a connected component of G(S), where S_1 ⊂ S. Clearly (S_1, S_1) is a cut of G and w(S_1, S_1) < w(S, S), since E(S_1, S_1) ⊂ E(S, S). But this is a contradiction since (S, S) is assumed to be a minimum cut.

Definition 1. Let (X, X) and (Y, Y ) be two cuts in a weighted undirected graph. (X, X) and (Y, Y ) are said to cross each other iff all the four sets X ∩ Y , X ∩ Y , X ∩ Y and X ∩ Y are non empty. Then (X, X) and (Y, Y ) are called a crossing pair of cuts.

Lemma 2. A pair of cuts (S, S) and (P, P ) does not cross if and only if S(or S) is a subset of P or P . (i.e., S ⊆ P , S ⊆ P , S ⊆ P or S ⊆ P )

Proof. Follows from the definition of a crossing pair of cuts.

Lemma 3 (Bixby [1], Dinitz, Karzanov and Lomosonov [7]). Let (X, X) and (Y, Y ) be a crossing pair of minimum cuts in a weighted undirected graph G. Let A = X ∩ Y , B = X ∩ Y , C = X ∩ Y and D = X ∩ Y . Then, 1. w(A, B) = w(B, D) = w(D, C) = w(C, A) =^{λ(G)}_2 2. w(A, D) = w(B, C) = 0. That is, E(A, D) ∩ E(B, C) = ∅

Lemma 4. If (P, P ) and (S, S) are a crossing pair of minimum cuts, then E(P, P ) ∩ E(S, S) = ∅. Proof. E(P, P ) ∩ E(S, S) = E(S ∩ P, S ∩ P ) ∪ E(S ∩ P, S ∩ P ) = ∅, by Lemma 3. Definition 2. A circular partition C = (U_0, U_1, U_2, · · · , U_{k−1}) of the vertices of a graph G is a partition of the set of vertices V of G into disjoint non–empty subsets U_0, U_1, · · · , U_{k−1} such that

1. w(U_i, U_{i+1 mod k}) =^{λ(G)}_2 , for 0 ≤ i ≤ k − 1.

2. w(U_i, U_j ) = 0, if i ≠ j + 1 mod k or i ≠ j − 1 mod k, i.e., E(U_i, U_j ) = ∅. 3. For 0 ≤ i ≤ k − 1, the cut (U_i, U_i) – which is a minimum cut by conditions 1 and 2 – does not cross with any other minimum cut (A, A) in G.

Definition 3. A cut (A, A) is called a union cut with respect to a circular partition C = (U_0, U_1, · · · , U_{k−1}) iff A = ⋃_{i+b−1 mod k} j=i U_j where 2 ≤ b ≤ k − 2. (Note that both A and A contain at least 2 subsets in C).

The cut (A, A) is called a subset cut with respect to C iff A ⊆ U_i or A ⊆ U_i for some i.

Lemma 5. Let C = (U_0, U_1, · · · , U_{k−1}) be a circular partition of G. Then any minimum cut (S, S) of G is either a union cut or a subset cut with respect to C. Moreover, every union cut with respect to C is a minimum cut in G.

Proof. By the definition of a circular partition, (S, S) does not cross with any of the minimum cuts (U_i, U_i). Therefore, by Lemma 2, S ⊆ U_i, S ⊆ U_i, S ⊆ U_i or S ⊆ U_i. Suppose (S, S) is not a subset cut. Then, we have U_i ⊂ S or U_i ⊆ S, for all i. Since by Lemma 1, G(S) and G(S) are connected, we infer that (S, S) is a union cut. Also, that a union cut is a minimum cut follows easily from conditions 1 and 2 of the definition of a circular partition.

Lemma 6. Let G be a weighted undirected graph. Then G has a circular partition C = (U_0, U_1, · · · , U_{k−1}), where k ≥ 4, if and only if there exists a crossing pair of minimum cuts in G.

Proof. If there is a circular partition C = (U_0, U_1, · · · , U_{k−1}) with k ≥ 4, clearly the minimum cuts (U_0 ⋃ U_1, U_0 ⋃ U_1) and (U_1 ⋃ U_2, U_1 ⋃ U_2) cross with each other. On the other hand, if there is a crossing pair of minimum cuts in G namely (S_1, S_1) and (S_2, S_2), due to a Theorem of Bixby [1], Dinits, Karzanov, Lomosonov [7], etc. there exists a circular partition C = (U_0, U_1, · · · , U_{k−1}) such that each of S_1 ∩ S_2, S_1 ∩ S_2, S_1 ∩ S_2 and S_1 ∩ S_2 equal ⋃_{b−1} i=a U_i for appropriate choices for a and b. The if part of the Lemma follows immediately from this.

For a circular partition C of G, let the partition number p(C) be defined as the number of subsets in C. We define the partition number of the graph G as follows.

Definition 4. The partition number p(G) of a graph G is defined as p(G) = 3, if there is no circular partition for G. Otherwise, p(G) = max p(C), over all circular partitions C of G.

Note that if there is a crossing pair of minimum cuts in G, then p(G) ≥ 4, by Lemma 6. Otherwise, p(G) = 3.

Definition 5. By contraction of a subset of vertices X ⊂ V , we mean replacing all the vertices in X by a single vertex x and adding the edges (y, x) for each y ∈ N(X). The weight of the edge (y, x) (where y ∈ N(X)) is assigned to be w(y, x) = ∑ z∈X w(y, z), where (y, z) ∈ E(G). We denote the graph obtained after the contraction operation by G/X. We will refer to the operation of undoing the effect of a contraction (i.e., restoring G from G/X) by putting back X in the place of x as expanding the node x.

Lemma 7. If (S, S) is a minimum cut in a weighted undirected graph G such that no other minimum cut (A, A) crosses with (S, S), then Λ(G) = Λ(G/S) + Λ(G/S) − 1. Proof. Note that since (S, S) is a minimum cut, the value of the minimum cut in G/S and G/S will be the same as that in G. First we claim that Λ(G) ≤ Λ(G/S) + Λ(G/S) − 1. This can be seen by observing that corresponding to each minimum cut in G there is a minimum cut in either G/S or G/S. This follows from the assumption that no minimum cut (A, A) of G crosses with (S, S) and so exactly one of the four cases A ⊃ S, A ⊃ S, A ⊃ S, A ⊃ S is true by Lemma 2. Thus the minimum cut (A, A) remains intact either in G/S or G/S. Also, (S, S) appears in both G/S and G/S which accounts for subtracting 1. To see Λ(G) ≥ Λ(G/S) + Λ(G/S) − 1, observe that any minimum cut (A, A) in G/S or in G/S has a corresponding minimum cut in G. For example, consider a minimum cut (A, A) in G/S. Without loss of generality, let the node s in G/S (which corresponds to the contraction of S) be in A. When we expand s, clearly, the minimum cut (A ⋃ S − {s}, A ⋃ S − {s}) of G corresponds to the minimum cut (A, A) of G/S. Moreover, it can be easily verified that the cuts of G which correspond to the cuts of G/S are distinct from the cuts of G which correspond to the cuts of G/S except for (S, S), which is accounted by subtracting 1. Hence the result follows.

Lemma 8. If there are no crossing pairs of minimum cuts in G, then Λ(G) ≤ 2n − 3. Moreover, there exists a graph on n nodes, G_n, (for every n ≥ 2), such that Λ(G_n) = 2n − 3.

Proof. If n = 2, clearly Λ(G) = 1 and the Lemma is true. Assume that for all graphs with number of nodes < n (where n ≥ 3), the Lemma is true. Consider a graph G on n nodes with no crossing pairs of minimum cuts. If all the minimum cuts of G are single–node cuts (i.e., of the form ({u}, {u})), then clearly there are at most n minimum cuts. Then, Λ(G) ≤ n ≤ 2n − 3. Otherwise, there is a minimum cut (S, S) such that |S| ≥ 2 and |S| ≥ 2. Let G_1 = G/S and G_2 = G/S. Also, let the number of nodes in G_1 and G_2 be n_1 and n_2 respectively. Since any minimum cut (A, A) of G does not cross with (S, S), by Lemma 7, we have Λ(G) = Λ(G_1) + Λ(G_2) − 1. Also, it can be easily verified that there will not be any crossing pair of minimum cuts in G_1 or G_2, since such a pair will give rise to a corresponding pair of crossing minimum cuts in G also, which is a contradiction. Thus since G_1 and G_2 have < n vertices, we have Λ(G) ≤ 2n_1 −3+2n_2 −3−1 = 2(n + 2) − 7 = 2n − 3, since n_1 + n_2 − 2 = n. In Theorem 3, we show a way to assign weights to the edges of a clique K_n such that Λ(K_n) = 2n − 3, illustrating the tightness of the bound given by this Lemma.

3 The Partition Number and the Structural Parameters

3.1 Partition Number, p(G)

Lemma 9. Let G be a weighted undirected graph. If (X, X) is a minimum cut of G such that no other minimum cut crosses with (X, X), then p(G/X) ≤ p(G).

Proof. Suppose p(G/X) = p^′ > p(G) = p. Clearly, p^′ ≥ 4 (since by definition of partition number, p(G) = p ≥ 3). Consider a circular partition C^′ = (U_0, U_1, · · · , U_p′_{−1}) of G/X. Without loss of generality, assume that the node x obtained by contracting X is present in U_0. We claim that C = (W_0, · · · , W_p′_{−1}) where W_0 = U_0 − {x} ∪ X and W_i = U_i for 0 < i ≤ p^′ − 1, is a circular partition for G. (This will clearly contradict the assumption that p(G/X) = p^′ > p(G), proving the Lemma).

Suppose C = (W_0, W_1, · · · , W_p′_{−1}) is not a circular partition for G. Then, by definition of circular partition, there exists a minimum cut (A, A) of G which crosses with (W_i, W_i) for some i.

Case 1 : (A, A) does not cross with (W_0, W_0) but it crosses with (W_i, W_i) for some i > 0. Since (A, A) does not cross with (W_0, W_0), by Lemma 2, we have (1) A ⊆ W_0, (2) A ⊆ W_0, (3) A ⊆ W_0 or (4) A ⊆ W_0.

Case 1.1 : A ⊆ W_0 or A ⊆ W_0. Since W_0 ⊆ W_i, we have A ⊆ W_i or A ⊆ W_i respectively. So, in both cases (A, A) does not cross with (W_i, W_i) by Lemma 2, contradicting the assumption of Case 1.

Case 1.2 : A ⊆ W_0 or A ⊆ W_0, i.e., W_0 ⊆ A or W_0 ⊆ A respectively. Since X ⊆ W_0, X ⊆ A or X ⊆ A, which means that all the nodes in X are on the same side of the cut (A, A). Thus, the cut (A^′, A^′) of G/X corresponding to (A, A) is a minimum cut of G/X. Since X ⊆ W_0 ⊆ W_i, X ⊆ W_i ∩ A or X ⊆ W_i ∩ A, i.e., all the nodes in X are either in W_i ∩ A or W_i ∩ A. But since (W_i, W_i) crosses with (A, A), the sets W_i ∩ A, W_i ∩ A, W_i ∩ A and W_i ∩ A are non-empty. Therefore, clearly when we contract X to get G/X, the corresponding four sets U_i ∩A^′, U_i ∩A^′, U_i ∩A^′ and U_i ∩A^′ are also nonempty. This means that in G/X, (A^′, A^′) crosses with (U_i, U_i) contradicting the assumption that C^′ = (U_0, U_1, · · · , U_p′_{−1}) is a circular partition for G/X.

Case 2 : (A, A) crosses with (W_0, W_0). Remember that by assumption (A, A) does not cross with (X, X). We have the following 4 cases by Lemma 2. (1) A ⊆ X, (2) A ⊆ X, (3) A ⊆ X or (4) A ⊆ X.

Case 2.1 : A ⊆ X or A ⊆ X. Since X ⊆ W_0, we have A ⊆ W_0 or A ⊆ W_0 respectively, which means by Lemma 2 (A, A) does not cross with (W_0, W_0) in both cases, contradicting the assumption of Case 2.

Case 2.2 : A ⊆ X or A ⊆ X, i.e., X ⊆ A or X ⊆ A, which means that all the nodes in X are on the same side of (A, A). Thus, the cut (A^′, A^′) of G/X corresponding to (A, A) is a minimum cut of G/X. Since X ⊆ W_0, we have X ⊆ W_0 ∩ A or X ⊆ W_0 ∩ A, i.e., all the nodes in X are completely in W_0 ∩ A or W_0 ∩ A. But since (W_0, W_0) crosses with (A, A), the sets W_0 ∩ A, W_0 ∩ A, W_0 ∩ A and W_0 ∩ A are non-empty. Therefore, clearly when we contract X to get G/X, the corresponding 4 sets U_0 ∩ A^′, U_0 ∩ A^′, U_0 ∩ A^′ and U_0 ∩ A^′ are also non-empty. This means that in G/X, (A^′, A^′) crosses with (U_0, U_0) contradicting the assumption that C^′ = (U_0, U_1, · · · , U_p′_{−1}) is a circular partition for G/X.

Thus, we infer that no minimum cut (A, A) can cross with any cut (W_i, W_i) in the circular partition C = (W_0, W_1, · · · , W_p′_{−1}) for G. But p(C) = p^′ > p = p(G), a contradiction. Thus we have p(G/X) ≤ p(G).

In the following Lemma, we upper–bound Λ(G) in terms of the partition number. The tightness of the Lemma will be established in Theorem 8.

Lemma 10. Let G = (V, E) be a weighted undirected graph, where |V | = n ≥ 2 and let the partition number p(G) ≤ p. Then, Λ(G) ≤^{(p+1)n}_2 − p.

Proof. The proof is by induction on n. If n = 2, by definition, p(G) = 3 and it is easy to verify that Λ(G) ≤^{(p+1)n}_2 − p. Now, assume that for all graphs with number of nodes < n (where n ≥ 3), the Lemma is true. Let G be a graph on n nodes (n ≥ 3) with p(G) = p. If p = 3, then by Lemma 6, there are no crossing pairs of minimum cuts in G and hence by Lemma 8, Λ(G) ≤ 2n−3 =^{(p+1)n}_2 −p. Now, let p ≥ 4. By Lemma 6, there exists a circular partition C = (U_0, U_1, · · · , U_{p−1}) of G. If p = n, then |U_i| = 1 for each i and clearly G = C_n, a cycle of n nodes with each edge having weight^{λ(G)}_2 . Therefore, it has (_n 2 ) =^{n(n−1)}_2 =^{(n+1)n}_2 − n minimum cuts. If p < n, then there exists a U_i ∈ C, such that |U_i| ≥ 2. Let G_1 = (V_1, E_1) = G/U_i and G_2 = (V_2, E_2) = G/U_i be the graphs obtained by contracting U_i and U_i respectively. Since |U_i| ≥ 2 and |U_i| ≥ 3 (note that this follows from p(G) ≥ 4), clearly, n > |V_1| ≥ 3 and n > |V_2| ≥ 4. Let p_1 = p(G_1) and p_2 = p(G_2). Note that by the definition of a circular partition, no minimum cut (A, A) of G crosses with (U_i, U_i). Hence by Lemma 7, we have Λ(G) = Λ(G_1)+Λ(G_2)−1. Now, by the induction assumption, Λ(G_j ) ≤^{(pj +1)nj}_2 − p_j (for j = 1, 2) and we have, Λ(G) ≤ (p_1 + 1)n_1 2 − p_1 +

(p_2 + 1)n_2 2 − p_2 − 1 (1)

By Lemma 9, we have p_1 = p(G/U_i) ≤ p and p_2 = p(G/U_i) ≤ p since the minimum cut (U_i, U_i) does not cross with any other minimum cut in G. For n_i ≥ 2 and p_i ≤ p (i = 1, 2), it is easy to verify that^{(pi+1)ni}_2 − p_i ≤^{(p+1)ni}_2 − p. Substituting in Inequality (1) and noting that n_1 + n_2 − 2 = n, we get Λ(G) ≤ (p+1)n 2 − p. In the rest of the paper, we show that various structural parameters of a graph can influence the partition number p(G). Thus by means of Lemma 10, we relate the number of minimum cuts, Λ(G), with many seemingly unrelated properties of the graph.

Remark : Please note that if n ≥ 2 and x ≥ p, then^{(x+1)n}_2 − x ≥^{(p+1)n}_2 − p. In most of the theorems below, we show that p is upper–bounded by a function f(y) of y where y is some parameter of G, thereby showing that Λ(G) ≤^{(f (y)+1)n}_2 − f(y). 3.2 Radius and Diameter

If G = (V, E) is a connected graph, the eccentricity of a node v ∈ V is defined as e(v) = max distance(v, u) over all the nodes u ∈ V . The radius of the graph G, r(G) = min_{v∈V} e(v). A vertex v is a central node if e(v) = r(G). Diameter of G, d(G) = max_{v∈V} e(v). (Note that, in this paper, by “distance”, we mean only the distances in the underlying unweighted graph. Thus radius, eccentricity, diameter etc. have nothing to do with the weights).

Theorem 1. If r is the radius of a weighted undirected graph G, then Λ(G) ≤ (r + 1)n − (2r + 1) (where n ≥ 2).

Proof. Suppose there are no crossing pairs of minimum cuts in G. If follows by Lemma 8 that Λ(G) ≤ 2n − 3. Since the radius is at least 1, it is easy to verify that Λ(G) ≤ (r+1)n−(2r+1) in this case. Otherwise, by Lemma 6, there exists a circular partition C = (U_0, U_1, · · · , U_{p−1}) for G, where p = p(G) ≥ 4. Let x ∈ U_i be a central node of G. Let y ∈ U_{i+}⌊ p_2 ⌋_{mod p}. Clearly, distance(x, y) ≥ ⌊_p 2 ⌋ . That is, r ≥ ⌊_p 2 ⌋ or p ≤ 2r + 1. Now, by Lemma 10, we get Λ(G) ≤ (r + 1)n − (2r + 1).

We note that the bound given by the above Theorem can be tight. For example, consider C_{2n+1}, the cycle on 2n + 1 nodes. Clearly, the radius of C_{2n+1} is n and the number of minimum cuts =

(_{2n+1} 2 ) = (n + 1)(2n + 1) − (2n + 1).

Observe that similar arguments as given for the case of radius hold good for the diameter also. Thus,

Λ(G) ≤ (d + 1)n − (2d + 1)

This can also be verified from Λ(G) ≤ (r + 1)n − (2r + 1) ≤ (d + 1)n − (2d + 1) by noting that d ≥ r and n ≥ 2.

3.3 Politician node

An interesting special case of Theorem 1 is when radius(G) = 1. Then, there exists a node which is adjacent to every other node of the graph. (Such a node is called a politician node). Thus, if there is a politician node in the graph, then Λ(G) ≤ 2n − 3, by Theorem 1. In fact more is true.

Theorem 2. If there is a politician node u in G, then there cannot be any crossing pairs of minimum cuts in G.

Proof. If there is a crossing pair of minimum cuts, then by Lemma 6, there is a circular partition C = (U_0, U_1, · · · , U_{k−1}) (k ≥ 4). Without loss of generality let u ∈ U_0. Clearly, u cannot be adjacent to any node in U_2, by the definition of circular partition, contradicting the assumption that u is a politician node.

Note that in a complete graph, K_n, every node is a politician node. Thus, there are no crossing pairs of minimum cuts in a clique. Below, we show a way to assign weights to the edges of K_n such that the number of minimum cuts Λ(K_n) = 2n − 3, thus illustrating that the bound of Lemma 8 is tight. Moreover, since radius of a clique is 1, this is a tight example for Theorem 1 too. Since a complete graph is a chordal graph, the example below illustrates the tightness of Theorem 7 also.

Theorem 3. For any n ≥ 2 and λ > 0, there exists a weighted complete graph K_n such that λ(K_n) = λ and Λ(K_n) = 2n − 3. Moreover every node x of K_n defines a minimum cut ({x}, {x}) of K_n.

Proof. For n = 2, it is trivial. For n = 3, let K_3 be the triangle with each edge having weight^λ_2 . Clearly, Λ(K_3) = 2.3 − 3 = 3. Also, note that every node x in K_3 defines a minimum cut ({x}, {x}). Now inductively assume that there exists a weighted complete graph on n−1 nodes K_{n−1} (n ≥ 4), such that λ(K_{n−1}) = λ, Λ(K_{n−1}) = 2n − 5 and every node x of K_{n−1} defines a minimum cut ({x}, {x}) in K_{n−1}. We show how to construct a weighted complete graph K_n from K_{n−1}, such that λ(K_n) = λ, Λ(K_n) = 2n−3 and every node x of K_n defines a minimum cut ({x}, {x}) in K_n. Let u be any node of K_{n−1}. We remove u from K_{n−1} (along with the edges incident on it) and then add two other nodes u^′, u^{′′} in its place. From each node y in K_{n−1}, (y ≠ u), we add the edges (y, u^′) as well as (y, u^{′′}) to the new nodes and assign weights w(y, u^′) = w(y, u^{′′}) =^{w(y,u)}_2 . Also add the edge (u^′, u^{′′}) with w(u^′, u^{′′}) =^λ_2 .

It is easy to see that the new graph K_n is a complete graph. Let S = {u^′, u^{′′}}. Since ({u}, {u}) is a minimum cut of K_{n−1}, w(S, S) = λ(K_{n−1}) = λ. We claim that λ(K_n) = λ. If not, there exists a cut (A, A) in K_n such that w(A, A) < λ. If both the nodes of S = {u^′, u^{′′}} are present on the same side of the cut (A, A), then the corresponding cut in K_{n−1} obtained by contracting S will also have weight < λ, contradicting the assumption that λ(K_{n−1}) = λ. Therefore, without loss of generality, we can assume that u^′ ∈ A and u^{′′} ∈ A. Then clearly, (u^′, u^{′′}) ∈ E(A, A). Also, for each y in K_n, (y ≠ u^′ and y ≠ u^{′′}), exactly one of the edges (u^′, y) or (u^{′′}, y) belongs to E(A, A). Now recall that w(y, u^′) = w(y, u^{′′}) =^{w(y,u)}_2 and ∑ y≠u w(y, u) = λ in Kn−1. So we have

w(A, A) ≥ w(u^′, u^{′′}) +^1_2 ∑ y≠u^′ ,u^{′′} (w(y, u ′) + w(y, u^{′′})) =^λ_2 +^λ_2 = λ, which is a contradiction to the assumption that w(A, A) < λ. Hence, λ(K_n) = λ and (S, S) is a minimum cut of K_n. Also, since K_n is a clique, by Theorem 2, no minimum cut (A, A) of K_n crosses with (S, S). By Lemma 7, we have Λ(K_n) = Λ(K_n/S) + Λ(K_n/S) − 1. But, K_n/S = K_{n−1} and K_n/S = K_3. Thus we have Λ(K_n) = 2n − 5 + 3 − 1 = 2n − 3. Also it is easy to verify that every node x of K_n defines a minimum cut ({x}, {x}) of K_n.

3.4 Maximum and Minimum Degree

The maximum degree Δ(G) (when it is reasonably high) can also constrain the number of minimum cuts Λ(G).

Theorem 4. If Δ is the maximum degree of a weighted undirected graph G, then Λ(G) ≤^{(n−Δ+3)n}_2 − (n − Δ + 2), where n ≥ 2.

Proof. Suppose there is no crossing pairs of minimum cuts in G, then by Lemma 8, Λ(G) ≤ 2n−3 ≤^{(n−Δ+3)n}_2 −(n−Δ+2), which will be true if 0 ≤ n^2−(Δ+3)n+ (2Δ+2) or 0 ≤ (n−Δ−1)(n−2) which is true since n ≥ 2 and Δ ≤ n−1. Now, if there is a crossing pair of minimum cuts in G, then by Lemma 6, there is a circular partition C = (U_0, U_1, · · · , U_{p−1}) (p = p(G) ≥ 4). Without loss of generality , let the maximum degree node u ∈ U_1. Then, |U_0 ∪ U_1 ∪ U_2| ≥ Δ + 1 since every neighbour of u must be in U_0, U_1 or U_2. Thus, p ≤ 3 + (n − Δ − 1) = n − Δ + 2 since each U_i of the circular partition must contain at least 1 node. By Lemma 10, Λ(G) ≤^{(n−Δ+3)n}_2 − (n − Δ + 2).

Interestingly, the minimum degree of the graph can also control the number of minimum cuts.

Theorem 5. If δ is the minimum degree of a weighted undirected graph G, then Λ(G) ≤ (^{3n}_{2(δ+1)} + 1.5)n − (^{3n}_{δ+1} + 2) , where n ≥ 2.

Proof. If there are no crossing pairs of minimum cuts in G, it can be easily verified that Λ(G) ≤ 2n − 3 ≤ (^{3n}_{2(δ+1)} + 1.5)n − (^{3n}_{δ+1} + 2) for n ≥ 2. Otherwise consider a circular partition C = (U_0, U_1, · · · , U_{p−1}) (p = p(G) ≥ 4). Group the subsets in C into ⌊_p 3 ⌋ triplets (U_{3i}, U_{3i+1}, U_{3i+2}) for 0 ≤ i ≤ ⌊_p 3 ⌋ − 1. |U_{3i}| + |U_{3i+1}| + |U_{3i+2}| ≥ δ + 1 since each neighbour of a node u ∈ U_{3i+1} must be in one of the three sets in the corresponding triplet. Thus, ⌊_p 3 ⌋ (δ + 1) ≤ n and the result follows by Lemma 10.

3.5 Chordality

Recall that the chordality of a graph is the length of the longest induced cycle in the graph. We upper–bound Λ(G) in terms of chordality in the following Theorem. Its tightness is established in Theorem 8.

Theorem 6. If G is a weighted undirected graph with chordality k, then Λ(G) ≤ (k+1)n 2 − k, where n ≥ 2.

Proof. If there are no crossing pairs of minimum cuts in G, then by Lemma 8, Λ(G) ≤ 2n − 3 ≤^{(k+1)n}_2 − k, since k is at least 3 by definition and n ≥ 2. Otherwise, consider a circular partition C for G such that p(C) = p(G). If p(C) > k, clearly there is an induced cycle in G with length > k, contradicting the k-chordality of G. It follows that p(G) ≤ k. Therefore, by Lemma 10, Λ(G) ≤ (k+1)n 2 − k. Theorem 7. If G is a weighted chordal graph, then Λ(G) ≤ 2n−3, where n ≥ 2. Moreover there are no crossing pairs of minimum cuts in G. Also, there exists a weighted chordal graph G, for every n ≥ 2, such that Λ(G) = 2n − 3.

Proof. Since for chordal graphs k = 3 (by definition), Λ(G) ≤ 2n − 3 follows from Theorem 6. If there is a crossing pair of minimum cuts in G, then there is a circular partition C for G with p(C) ≥ 4 by Lemma 6. This immediately implies an induced cycle of length ≥ 4, contradicting the fact that G is chordal. Finally since complete graphs are chordal graphs, the construction of Theorem 3, establishes the tightness of this bound.

3.6 A Tight Construction

We establish the tightness of Theorem 6 and Lemma 10, by the following construction.

Theorem 8. For k ≥ 3 and λ > 0, there exists a family G of weighted undirected k-chordal graphs such that for each graph G_n ∈ G with n nodes, Λ(G_n) = (k+1)n 2 − k, weight of the minimum cut = λ and p(G_n) = k. Moreover, every node u of G_n defines a minimum cut ({u}, {u}).

Proof. When k = 3, the family of cliques constructed in Theorem 3 has the desired properties, i.e., λ(K_n) = λ, Λ(K_n) = 2n − 3, p(K_n) = 3 and every node x of K_n defines a minimum cut ({x}, {x}). In the rest of the proof we assume that k ≥ 4. First note that G_k = C_k , the cycle on k nodes with each edge of weight^λ_2 is a k-chordal graph with the desired properties, i.e., λ(C_k ) = λ,

Λ(C_k) = (_k 2 ) =^{(k+1)k}_2 − k and p(C_k ) = k. Also every node x ∈ C_k defines a minimum cut.

Now we show how to inductively construct the desired family. Let G_n = (V, E) be a k-chordal graph on n nodes such that Λ(G_n) =^{(k+1)n}_2 −k, p(G_n) = k and λ(G_n) = λ. Also assume that each node x in G_n defines a minimum cut. We describe how to construct a k-chordal graph G_n′ = (V^′, E^′) from G_n where |V^′| = n^′ = n + k − 2, such that Λ(G_n′ ) =^{(k+1)n′}_2 − k, λ(G_n′ ) = λ, p(G_n′ ) = k and every node of G_n′ defines a minimum cut, thereby proving the existence of the desired family.

Construction of G_n′ from G_n : Let u be any node in G_n. Then, let V^′ = V − {u} ∪ P , where P = {y_1, y_2, · · · , y_{k−1}} are not already present in V . Let N(u) = {z_1, z_2, · · · , z_l} be the neighbours of u in G_n. Let E^′ = E − {(u, z_i) : 1 ≤ i ≤ l} ∪ {(y_1, z_i) : 1 ≤ i ≤ l} ∪ {(y_{k−1}, z_i) : 1 ≤ i ≤ l} ∪ {(y_j , y_{j+1}) : 1 ≤ j ≤ k − 2} where the weights w(z_i, y_1) = w(z_i, y_{k−1}) =^{w(zi,u)}_2 for 1 ≤ i ≤ l and w(y_j , y_{j+1}) =^λ_2 for 1 ≤ j ≤ k − 2. Thus, to get G_n′ , we remove u from G_n along with the edges incident on it and add a path (y_1, y_2, · · · , y_{k−1}) with each edge of weight^λ_2 . Also each neighbour z_i of u in G_n is now connected to y_1 and y_{k−1}. Moreover, the weight of (z_i, y_1) and (z_i, y_{k−1}) will be assigned half the weight of the edge (z_i, u) in G_n. It may be noted that the contracted graphs G_n′ /P = G_n and G_n′ /P = C_k with each edge having weight^λ_2 .

Claim 0 : Let (S, S) be a minimum cut of G_n′ which crosses with the cut (P, P ), where P = {y_1, y_2, · · · , y_{k−1}}. Then, exactly one of the two edges (z_i, y_1) or (z_i, y_{k−1}) ( 1 ≤ i ≤ l ), will belong to E(S, S). (Recall that {z_1, z_2, · · · , z_l} are the nodes in G_n′ which correspond to the neighbours of u in G_n).

Proof. First, we claim that both the nodes y_1 and y_{k−1} cannot be on the same side of the minimum cut (S, S). Suppose for example, {y_1, y_{k−1}} ⊆ S. Because all the edges from P to P is incident on either y_1 or y_{k−1}, E(S ∩ P, S ∩ P ) = ∅. (Note that S ∩ P and S ∩ P will be non empty since (S, S) is assumed to cross with (P, P )). Therefore the induced subgraph on S will be disconnected, which is a contradiction by Lemma 1, since (S, S) is assumed to be a minimum cut. Now without loss of generality assume that y_1 ∈ S and y_{k−1} ∈ S. Then clearly one of the two edges (z_i, y_1) or (z_i, y_{k−1}) (since both these edges exist by construction), will belong to E(S, S).

Claim 1 : λ(G_n′ ) = λ(G_n) = λ and (P, P ) is a minimum cut of G_n′ .

Proof. First note that the cut (P, P ) in G_n′ has weight w(P, P ) = λ. This is easily seen from the fact that if we contract P , replacing the set P with the node u, we will get G_n (i.e., G_n′ /P = G_n) and the cut (P, P ) in G_n′ will correspond to the single vertex minimum cut ({u}, {u}) in G_n. Now we will show that every cut in G_n′ has weight at least λ, thereby establishing that λ(G_n′ ) = λ and (P, P ) is a minimum cut of G_n′ . Suppose λ(G_n′ ) < λ. Then let (S, S) be a minimum cut of G_n′ . If S (or S) is a subset of P or P , then one of the contracted graphs

G_n′ /P = G_n or G_n′ /P = C_k will contain a corresponding cut with the same value, which clearly will be a contradiction since λ(G_n) = λ and λ(C_k ) = λ. Thus by Lemma 2, (S, S) must cross with (P, P ) in G_n′ , which means S∩P, S∩P , S∩P and S∩P are non empty. Now, by Claim 0, exactly one of the two edges (z_i, y_1) or (z_i, y_{k−1}) ( 1 ≤ i ≤ l ), will belong to E(S, S). Recall that w(z_i, y_1) = w(z_i, y_{k−1}) and ∑_{i=l} i=1 w(z_i, y_1) + ∑_{i=l} i=1 w(z_i, y_{k−1}) = w({u}, {u}) = λ(G_n) = λ. Therefore, the total contribution to the weight of (S, S) due to the edges of the form (y_j , z_i) (j = 1, k − 1 and 1 ≤ i ≤ l) is^λ_2 . Also, since each edge in the path defined by the nodes in P has weight^λ_2 , it is clear that w(S ∩ P, S ∩ P ) ≥^λ_2 . Thus, considering both the contributions, we infer that w(S, S) ≥ λ, contradicting the assumption that w(S, S) < λ. So we have established that λ(G_n′ ) = λ, and therefore (P, P ) is a minimum cut of G_n′ .

Claim 2 : No minimum cut (S, S) of G_n′ crosses with the minimum cut (P, P ) and Λ(G_n′ ) =^{(k+1)n′}_2 − k.

Proof. Suppose a minimum cut (S, S) crosses with the minimum cut (P, P ) in G_n′ . Then by Claim 0, exactly one of the two edges (z_i, y_1) or (z_i, y_{k−1}) (1 ≤ i ≤ l), will belong to E(S, S). Clearly both (z_i, y_1) and (z_i, y_{k−1}) are in E(P, P ). Thus E(S, S) ∩ E(P, P ) ≠ ∅, contradicting Lemma 4. Therefore we infer that no minimum cut (S, S) of G_n′ can cross with (P, P ). Now by applying Lemma 7 and noting that n^′ = n + k − 2, we have

Λ(G_n′ ) = Λ(G_n) + Λ(C_k) − 1 = (k + 1)n 2 − k + k(k − 1) 2 − 1 = (k + 1)(n + k − 2) 2 − k = (k + 1)n^′ 2 − k

Claim 3 : Each node x ∈ V^′ defines a minimum cut ({x}, {x}) of G_n′ .

Proof. It is easy to check that the sum of weights on edges incident on the nodes of P has not changed from what it was in G_n. Also, it is clear that for 2 ≤ i ≤ k − 2, w({y_i}, {y_i}) = λ. Finally w({y_1}, {y_1}) = w(y_1, y_2) + ∑_{i=l} i=1 w(y_1, z_i) =^λ_2 +^{w({u},{u})}_2 =^λ_2 +^λ_2 = λ. The same argument hold for y_{k−1} also.

Claim 4 : G_n′ is k-chordal.

Proof. Suppose there is an induced cycle C of length > k in G_n′ . We consider two cases, and show contradictions in both cases.

Case 1 : C contains a node y_i from P other than y_1 or y_{k−1}. In this case, clearly C must contain the nodes y_1 and y_{k−1} also. Let z_i be the neighbour of y_1 in C from P . Then z_i must be the neighbour of y_{k−1} also in C – since otherwise the edge (z_i, y_{k−1}) will form a chord for C. (Note that this edge exists by construction of G_n′ ). Thus C will be (z_i, y_1, y_2, · · · , y_{k−1}, z_i), a cycle of length k, contradicting the assumption that |C| > k.

Case 2 : C does not contain any node y_i from P other than y_1 or y_{k−1}. In this case clearly C is a (induced) subgraph of G(P ⋃ {y_1, y_{k−1}}). We claim that C must contain both the nodes y_1 and y_{k−1}. Otherwise, if for example C does not contain y_1, |C| > k cannot be true, since the structure of G(P ⋃ {y_{k−1}}) is the same as that of G_n (except for the weights) and G_n is assumed to be k–chordal. Thus we infer that {y_1, y_{k−1}} ⊂ C. Now let z_i and z_j be the neighbours of y_1 in the cycle C. (Note that z_i ≠ y_{k−1} and z_j ≠ y_{k−1} since y_1 and y_{k−1} are not adjacent in G_n′ ). Then z_i and z_j must be the neighbours of y_{k−1} also, in C. Otherwise, for example if z_i is not a neighbour of y_{k−1} in C, clearly the edge (z_i, y_{k−1}) (which exists by construction) will form a chord for C, contradicting the fact that C is a chordless cycle. Now if z_i and z_j are the neighbours of both y_1 and y_{k−1} in C, clearly C = (y_1, z_i, y_{k−1}, z_j , y_1), a cycle of length four, contradicting the assumption that |C| > k, since k ≥ 4 by assumption.

Claim 5 : p(G_n′ ) = k.

Proof. By Claim 4, the chordality of G_n′ is k. Since the partition number is upper–bounded by the chordality (see the proof of Theorem 6), we have p(G_n′ ) ≤ k. Now, since by Claim 2, the minimum cut (P, P ) does not cross with any other minimum cut in G_n′ , applying Lemma 9 and the induction assumption that p(G_n) = k, we get k = p(G_n) = p(G_n′ /P ) ≤ p(G_n′ ) ≤ k. Therefore, p(G_n′ ) = k.

4 Edge Expansion and Girth

In this section we upper–bound Λ(G) in terms of the ratio^λ_β , where λ = λ(G) and β = β_w(G) is the weighted edge expansion of G. It can be easily verified that 1 ≤^λ_β ≤^n_2 . Our bound works for^λ_β ∈ [1,^n_3 ).

Lemma 11. If G is a weighted undirected graph with weighted edge expansion β_w(G) = β, then for any minimum cut (S, S), |S| >^n_2 or |S| ≤ ⌊_λ β ⌋ . Proof. Suppose |S| ≤^n_2 . Then, w(S, S) = λ ≥ β|S| by definition of weighted edge expansion. Since, |S| is an integer, we have |S| ≤ ⌊_λ β ⌋ . Theorem 9. Let G be a weighted undirected graph with λ(G) = λ and the

weighted edge expansion β_w(G) = β. If 1 ≤ ⌊_λ β ⌋ <^n_3 , then Λ(G) ≤^(⌊^{λβ} ⌋^{+3)}_2 n − ( ⌊_λ β ⌋ + 2).

Proof. Let γ = ⌊_λ β ⌋ . Suppose there are no crossing pairs of minimum cuts in G.

Then by Lemma 8, Λ(G) ≤ 2n − 3 ≤^{(γ+3)}_2 n − (γ + 2), since γ ≥ 1. Otherwise, by Lemma 6, there exists a circular partition C = (U_0, U_1, · · · , U_{p−1}) of G with p = p(G) ≥ 4. We claim that p ≤ γ + 2. Suppose p > γ + 2. We will show a contradiction. Let U_j be the subset in C such that |U_j | = max_i |U_i|. We will show first that |U_i| ≤ γ, for all i ∈ {(j+1) mod p, (j+2) mod p, · · · , (j+γ+1) mod p}. If |U_j | ≤ γ, this is clearly true since |U_j | = max_i |U_i| by assumption. Remembering that (U_j , U_j ) is a minimum cut, by Lemma 11, if |U_j | > γ, then |U_j | >^n_2 . Therefore, |V − U_j | <^n_2 . Thus, for i ∈ {(j + 1) mod p, (j + 2) mod p, · · · , (j + γ + 1) mod p}, |U_i| ≤ |V − U_j | <^n_2 and since (U_i, U_i) is a minimum cut, by Lemma 11, |U_i| ≤ γ, as required.

Now let k be the smallest integer such that | ⋃_{j+k} i=j+1 Ui| > γ. (Note that

γ + 1 ≥ k ≥ 2). Let X = ⋃_{j+k} i=j+1 Ui. Note that since |X − Uj+k | ≤ γ and

|U_{j+k}| ≤ γ, we have |X| ≤ 2γ < 2n 3 (2) But (X, X) is a minimum cut by Lemma 5. Since |X| > γ, we have by Lemma 11, |X| >^n_2 . That is, |X| <^n_2 . It follows from the Inequality 2 that γ <^n_3 < |X| <^n_2 , which is again a contradiction by Lemma 11 since (X, X) is a minimum cut. Thus we infer that p ≤ γ+2 and hence by Lemma 10, the theorem follows.

The observation that the edge expansion can control the number of minimum cuts allows us to obtain a upper bound for Λ(G) in terms of the girth in the case of unweighted graphs. The following classical results are not very difficult to prove.

Lemma 12. If (S, S) is a minimum cut of an unweighted undirected graph G, then |S| = 1 or |S| ≥ δ, where δ is the minimum degree of G.

Lemma 13 (See Bollabas [3], page 126.). Let g be the girth of an unweighted undirected graph G, with m ≥ 2n. Then, g ≤ 2 ⌈ log⌊ σ_2 ⌋ n ⌉ + 1, where σ =^{2m}_n , is the average degree. (m is the number of edges of G).

Lemma 14 (See Harary [9]). If δ is the minimum degree and λ(G) = λ be the size of a minimum cut (i.e., edge connectivity) in an undirected unweighted graph G, then δ ≥ λ.

Theorem 10. If G is an undirected unweighted graph with minimum degree δ (at least 6) and girth g (at least 4), then Λ(G) < (^n_{x+1} + 1)n − (^{2n}_{x+1} + 1), where x = (_{δ−3} 2 )^{g−3}_2 . Proof. Consider G(X), the induced subgraph on any subset X ⊂ V , such that |X| ≤ (_{δ−3} 2 )^{g−3}_2

. Since the girth of G(X) is at least g (the girth of G), by Lemma 13, g ≤ 2 ⌈ log⌊ σ_2 ⌋ |X| ⌉ +1, where σ is the average degree of the induced subgraph G(X). (The Lemma is applicable since δ ≥ 6 and so m ≥ 3n > 2n).

g ≤ 2(log⌊ σ_2 ⌋ |X| + 1) + 1 ≤ 2 log⌊ σ_2 ⌋ ( δ − 3 2 )^{g−3}_2 + 3

After rearranging,

1 ≤ log⌊ σ_2 ⌋ ( δ − 3 2 )

δ − 3 2 ≥ ⌊ σ 2 ⌋ > σ 2 − 1 So, δ − σ > 1. Thus,^{|E(X,X)|}_{|X|} ≥^{δ|X|−σ|X|}_{|X|} = δ − σ > 1. Hence, for all subsets X with |X| ≤ x = (_{δ−3} 2 )^{g−3}_2 , we have |E(X, X)| > |X|. Now, consider a minimum cut (S, S) with |S| ≤ |S|. We claim that |S| = 1 or |S| > x. Suppose not. Then by Lemma 12, x ≥ |S| ≥ δ and also by Lemma 14, δ ≥ λ. Thus, δ ≥ λ = |E(S, S)| > |S| ≥ δ, a contradiction.

Suppose there is a circular partition C = (U_0, U_1, · · · , U_{p−1}) for G. By the above observation, |U_i| = 1 or |U_i| > x. If |U_i| = 1, then we claim that |U_{i−1 mod p}| > x and |U_{i+1 mod p}| > x. This is because, if |U_i| = 1 (i.e., (U_i, U_i) defines a single-node minimum cut), then size of the minimum cut λ = δ. Now by the definition of circular partition, |E(U_{i+1 mod p}, U_i)| = |E(U_{i−1 mod p}, U_i)| = λ 2 =^δ_2 ≥ 3, since δ ≥ 6. Thus, |U_{i−1 mod p}| > 1 and |U_{i+1 mod p}| > 1 since G is an unweighted simple graph and it follows that |U_{i−1 mod p}| > x and |U_{i+1 mod p}| > x. Now, for each 0 ≤ i ≤ ⌊_p 2 ⌋ −1, |U_{2i} ⋃ U_{2i+1}| > x+1. Therefore, ⌊_p 2 ⌋ (x + 1) < n and so, p <^{2n}_{x+1} + 1 and the Theorem follows by Lemma 10.

References

1. R.E. Bixby, The Minimum Number of Edges and Vertices in a Graph with Edge Connectivity n and m n-bonds. Networks, Vol.5,(1975) 253-298.

2. F.T. Boesch, Synthesis Of Reliable Networks – A Survey. IEEE Transactions On Reliability, vol R–35, (1986) 240-246.

3. B. Bollabos, Extremal Graph Theory. Academic Press, London, 1978. 4. M.O. Ball, J.S. Provan, Calculating bounds on reachability and connectedness in stochastic networks. Networks, vol 5, (1975) 253-298.

5. M.O. Ball, J.S. Provan, The Complexity Of Counting Cuts And Of Computing The Probability That A Graph Is Connected. SIAM Journal of Computing, 12, (1983) 777-788.

6. M.O. Ball, J.S. Provan, Computing Network Reliability In Time Polynomial In The Number Of Cuts. Operations Research, 32, (1984) 516-521.

7. E.A. Dinits, A.V. Karzanov, M.V. Lomosonov, On the Structure of a Family of Minimal Weighted Cuts in a Graph. Studies in Discrete Optimization [In Russian], A.A. Friedman (Ed), Nauka, Moscow (1976) 290-306.

8. H.N. Gabow, A Matroid Approach To Finding Edge Connectivity And Packing Arborescences. Proceedings Of 23rd Annual ACM-SIAM Symposium On Theory Of Computing, (1991) 112-122.

9. F. Harary, Graph Theory. Addison-Wesley Reading, MA, 1969. 10. Lisa Fleischer, Building Chain And Cactus Representations Of All Minimum Cuts From Hao–Orlin In The Same Asymptotic Run Time. Journal Of Algorithms, 33, (1999) 51-72.

11. D.R. Karger, Random Sampling In Cut, Flow and Network Design Problems.

In Proceedings Of 6th Annual ACM-SIAM Symposium On Discrete Algorithms, (1995), 648-657.

12. Jeno Lehel, Frederic Maffray, Myriam Preissmann, Graphs With Largest Number Of Minimum Cuts. Discrete Applied Mathematics, 65, (1996) 387-407.

13. A. Kanevsky, Graphs With Odd And Even Edge Connectivity Are Inherently Different. Tech. report, TAMU-89-10, June 1989.

14. H. Nagamochi, K. Nishimura, T. Ibaraki, Computing All Small Cuts In An Undirected Network. SIAM Journal Of Discrete Math, 10(3), (1997) 469-481.

15. D. Naor, Vijay. V. Vazirani, Representing and Enumerating Edge Connectivity Cuts in RNC Workshop On Algorithms and Data structures (1991) LNCS 519 273-285.

16. J.S. Provan, Bounds On The Reliability Of Networks. IEEE Transactions On Reliability, R-35, (1986) 26-268.

17. J.C. Picard, M. Queyranne, On The Structure Of All Minimum Cuts In A Network And Applications. Mathematical programming Study, 13, (1980) 8-16.

18. V.V. Vazirani and M. Yannakakis, Suboptimal Cuts: Their Enumeration, Weight, And Number. Lecture Notes in Computer Science, 623, Springer-Verlag, (1992) 366-377.

19. M.R. Henzinger, D.P. Williamson, On The Number Of Small Cuts. Information Processing Letters, 59, (1996), 41-44.