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Oblique water-wave scattering by small undulation on a porous sea-bed
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Abstract

The problem of scattering of obliquely incident surface water waves by small undulation on a sea-bed is considered for solution by assuming
that the bed is composed of porous material of a specific type. The reflection and transmission coefficients are determined approximately after
assuming a perturbation analysis in conjunction with the Fourier transform technique, in terms of the first order of smallness of an undulation
parameter ε, introduced in the description of the sea-bed. The special case of a patch of sinusoidal ripples on the bed is handled in detail and
numerical results are presented graphically.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The problems of interaction of surface waves with a pre-
existing (fixed) pattern of undulation on an otherwise flat bed
are important for their possible applications in the areas of
coastal and marine engineering. In practical coastal engineer-
ing, porosity of the bed also becomes an exceedingly important
aspect to be handled. Miles [9] and Davies and Heathershaw [3]
considered the problem of water-wave scattering by a sea-bed
with an undulating bottom topography. Mandal and Basu [5]
generalized the problem of Miles [9] to include the effect of
surface tension at the free surface. Martha and Bora [6] solved
the problem of oblique water-wave diffraction by small undu-
lation on the sea-bed obtaining detailed results for a patch of
sinusoidal ripples, as a specific example.

The above works focused only on the wave motion of the
free water region and the effect of porosity of the sea-bed was
not taken into account. Mase and Takeba [7], Zhu [11] and Silva
et al. [10] considered water-wave reflection and/or transmission
problems where a porous medium was assumed to lie on a
sea-bed of varying quiescent depth.

In the present note we have considered a scattering
problem involving a porous bed profile, along with undulation.
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We formulate the problem for the case of an obliquely incident
train of surface waves. The motion of the fluid inside the
porous bed is not analysed here and it is assumed that the fluid
motions are such that the resulting boundary condition on the
sea-bed as is used in this note, holds good and depends on
a known parameter G ′, called the porosity parameter. In this
case, the governing boundary value problem (BVP) is reduced
to a simpler BVP for the first order correction of the potential
using perturbation analysis which involves a small parameter ε
being present in the representation of the small undulation of
the porous sea-bed. Then the solution of the BVP is obtained
by using the Fourier transform technique and the reflection
and transmission coefficients are obtained approximately. For
a special form of the undulation as represented by a patch of
sinusoidal ripples, numerical results for these coefficients are
obtained which are presented graphically.

It may be remarked that the understanding of the effect of
sinusoidal variations of the sea-bed helps in analysing more
general forms of smooth undulated sea-beds by using standard
Fourier analysis.

2. Formulation of the problem

Using right-handed rectangular Cartesian coordinates
(x, y, z) with the xz-plane representing the undisturbed free
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surface of the sea, the y-axis being measured positive verti-
cally downwards and also assuming linear water-wave theory
and irrotational motion of water in the sea, we wish to solve
the following BVP for the complex-valued potential function
ψ(x, y, z):

∂2ψ

∂x2 +
∂2ψ

∂y2 +
∂2ψ

∂z2 = 0, in 0 ≤ y ≤ h + εc(x),

−∞ < x, z < ∞ (1)

∂ψ

∂y
+ Kψ = 0, on y = 0,−∞ < x, z < ∞ (2)

∂ψ

∂n
− G ′ψ = 0, on y = h + εc(x),−∞ < x, z < ∞ (3)

where y = h + εc(x) represents the undulating porous sea-bed
with ε as a non-dimensional parameter and c(x) is a continuous
bounded function describing the shape of the bottom, c(x) →

0 as |x | → ∞. In Eqs. (1)–(3), K = σ 2/g, σ is the
angular frequency of the incoming water-wave train with time
dependence e−iσ t , dropped throughout the analysis, g is the
acceleration due to gravity, ∂/∂n denotes the normal derivative
at a point (x, y, z) on the bottom, and G ′ is the porous effect
parameter corresponding to the sea-bed under consideration.

We assume that an obliquely incident progressive wave train
as given by the function

ψ0(x, y, z) = φ0(x, y)eiνz, (4)

where

φ0(x, y) =
K sinh k0 y − k0 cosh k0 y

K sinh k0h − k0 cosh k0h
eiµx (5)

with µ = k0 cos θ, ν = k0 sin θ(0 ≤ θ < π/2), θ being the
angle of incidence and the wave number k0 being the unique
positive real root of the equation

K + G ′
= (k + G ′K/k) tanh kh, (6)

coming from the direction of negative infinity, gets partially
reflected by and partially transmitted over the bottom
undulation.

Then the problem is the determination of the function
ψ(x, y, z) satisfying the relations (1)–(3) and the following far-
field condition:

ψ(x, y, z) ∼

{
ψ0(x, y, z)+ Rψ0(−x, y, z), as x → −∞

Tψ0(x, y, z), as x → +∞

(7)

where R and T denote, respectively, the reflection and
transmission coefficients which are also to be determined in the
course of the solution of the problem.

3. Solution procedure

The bottom condition (3) can be approximated up to the first
order of the small parameter ε as

∂ψ

∂y
− ε

[
∂

∂x

{
c(x)

∂ψ

∂x

}
+ c(x)

∂2ψ

∂z2

]

− G ′

[
ψ + εc(x)

∂ψ

∂y

]
= 0 on y = h. (8)

We write in view of the geometry of the problem, as well as the
form of the incident wave,

ψ(x, y, z) = φ(x, y)eiνz . (9)

Then φ(x, y) is the solution of the following BVP:

(∇2
− ν2)φ = 0, in − ∞ < x < ∞, 0 ≤ y ≤ h (10)

∂φ

∂y
+ Kφ = 0, on y = 0 (11)

∂φ

∂y
− ε

[
∂

∂x

{
c(x)

∂φ

∂x

}
− ν2c(x)φ(x, y)

]
− G ′

[
φ + εc(x)

∂φ

∂y

]
= 0, on y = h (12)

φ(x, y) ∼

{
φ0(x, y)+ Rφ0(−x, y), x → −∞

Tφ0(x, y), x → +∞
(13)

where ∇
2 is the two-dimensional Laplacian operator.

It may be pointed out, at this stage, that unique solution of
the above BVP will exist for all smooth functions c(x) which
are of compact support, as can be easily established by the use
of standard ideas for BVPs, involving elliptic partial differential
equations.

In view of the boundary condition (12) and the fact that
a wave train propagating in uniform finite depth experiences
no reflection, we can express φ, R and T in terms of the
perturbation parameter ε as

φ = φ0 + εφ1 + O(ε2), R = εR1 + O(ε2),

T = 1 + εT1 + O(ε2). (14)

It must be noted that such a perturbation expansion ceases
to be valid at Bragg resonance when the reflection coefficient
becomes much larger than the undulation parameter, as pointed
out by Mei [8].

Applying the expansions (14) in Eqs. (10)–(13), we find
after equating the coefficients of ε from both sides that we
can formulate a BVP for the function φ1(x, y) which satisfies
the Eq. (10) and the condition (11) together with the following
other conditions:

∂φ1

∂y
− G ′φ1 = iµ

d
dx

{
c(x)eiµx

}
− ν2c(x)eiµx

+ G ′k0 A c(x)eiµx
≡ V (x)(say), on y = h

and

φ1(x, y) ∼

{
R1φ0(−x, y), as x → −∞

T1φ0(x, y), as x → +∞
(15)

where A = (K cosh k0h − k0 sinh k0h)/(K sinh k0h −

k0 cosh k0h).
By using the Fourier transform technique, we easily find the

solution of the above BVP for φ1, given by
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φ1(x, y) = lim
µ′→0

1
2π

∫
∞

−∞

F (̂ξ , y)

Gµ′ (̂ξ , h)
e−iξ x dξ, (16)

where

F (̂ξ , y) = [̂ξ cosh ξ̂ y − K̂ sinh ξ̂ y]V (ξ), (17)

Gµ′ (̂ξ , h) = ξ̂ [(̂ξ + K̂ G ′/̂ξ ) sinh ξ̂h − (K̂ + G ′) cosh ξ̂h],

(18)

ξ̂2
= ξ2

+ ν2, V (ξ) =

∫
∞

−∞

V (x)eiξ x dx .

We note that the Fourier transform, used above, exists if only
we make an artificial assumption that K possesses a small
imaginary part so that K is replaced by K̂ = (σ 2

+ iµ′σ)/g ≡

K + iµ′σ/g, where µ′ > 0 is very small which has been taken
to tend to zero in the above result (16).

All the important results can then be derived by applying
contour integration method to the relation (16).

We observe that the integral in (16) has certain singularities
at the zeros of the expression (18). If K̂ = K̂1 + iK̂2, and if
ζ̂ = α + iβ is a zero of (18), then ζ̂ can be determined as

ζ̂ = ±αn ± iβn, and ζ̂ = ±(k0 + γ )± iβ ′
n, (19)

where αn, γ and β ′
n , all are of O(K̂2) and βn satisfies the

transcendental equation

(β − K̂1G ′/β) tanβh + (K̂1 + G ′) = 0. (20)

Thus, in the limit, when µ′
→ 0 (also K̂2 → 0), we find

that αn → 0, γ → 0 and β ′
n → 0, so that the reflected and

transmitted wave terms in the expression for φ1 as given by the
expression (16) can be determined by utilizing the effect of the
poles at ζ̂ = ±(k0 + γ )± iβ ′

n .
Hence, we find that the reflection and transmission

coefficients R1 and T1 are obtainable in the following forms:

R1 =
−2iB sec θ(k2

0 cos 2θ + G ′k0 A)

2(k0 + G ′K/k0)h + (1 − G ′K/k2
0) sinh 2k0h

×

∫
∞

−∞

c(x)e2iµx dx (21)

and

T1 =
−2iB sec θ(−k2

0 + G ′k0 A)

2(k0 + G ′K/k0)h + (1 − G ′K/k2
0) sinh 2k0h

×

∫
∞

−∞

c(x)dx . (22)

For the special case with negligible porosity of the sea-bed,
i.e., when G ′

= 0, the results (21) and (22) agree with the ones
obtained by Miles [9], Mandal and Basu [5] (for the case of
absence of surface tension) and Martha and Bora [6].

Numerical results for the reflection and transmission
coefficients as given by the relations (21) and (22) can be
obtained once the shape function c(x) is known.
4. A special bed surface

As a particular example we consider the undulation function
c(x) to represent sinusoidal ripples so that c(x) is given by

c(x) =

{
a sin(lx),

−mπ

l
≤ x ≤

mπ

l
0 otherwise,

(23)

where a is the ripple amplitude, l the ripples wave number
and m a positive integer. The basic reason in taking up such
a sinusoidal representation of the sea-bed is that any general
sufficiently smooth but undulated form of the sea-bed can be
represented in the form of a Fourier sine series and then, each
term of the resulting Fourier series can be handled with the aid
of the types of results derived here.

We find in this special case, that

R1 =
4B sec θ(k2

0 cos 2θ + G ′k0 A)

2(k0 + G ′K/k0)h + (1 − G ′K/k2
0) sinh 2k0h

×
(−1)m+1al

l2 − (2µ)2
sin

(
2µmπ

l

)
(24)

and

T1 = 0. (25)

These results match exactly with those obtained by Davies and
Heathershaw [3] when G ′

= 0 and θ = 0. Eq. (24) illustrates
that for a given number of m ripples, the first order wave
reflection coefficient is an oscillatory function. Furthermore,
if the bed wave number is twice the component of the wave
number along x-axis (2µ = l), then Eq. (24) reveals that
there is a Bragg resonance between the surface waves and bed
forms as described by Davies [1,2] and Mei [8] and reported by
Heathershaw [4]. Hence, at resonance (2µ = l), we obtain

R1 =
2B sec θ(k2

0 cos 2θ + G ′k0 A)

2(k0 + G ′K/k0)h + (1 − G ′K/k2
0) sinh 2k0h

amπ

l
,

(26)

which shows that R1 becomes a constant multiple of m, the
number of ripples in the patch. It indicates that relatively
few bottom undulations with its wave number equal to
approximately twice the x-component of the surface wave
number, may give rise to a very substantial reflected wave.
A possible consequence of this is a coupling between ripple
growth and wave reflection, which may be important in the
problems of coastal protection.

5. Numerical results

The numerical computation is presented here for the first
order reflection coefficient as given by Eq. (24). From the
Figs. 1 and 2 which are oscillatory in nature, it is clear that peak
values of |R1| are attained when the wave number of the bottom
undulations lh becomes approximately twice the surface wave
number k0h. Also, at Bragg resonance the value of the reflection
coefficient increases as the porous effect parameter increases.
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Fig. 1. Reflection coefficient against the wave number k0h for θ = 0;

a/h = 0.1; lh = 1; m = 1.

Fig. 2. Reflection coefficient against the wave number k0h for θ = 0; a/h =

0.1; lh = 1; m = 2.

In contrast to Fig. 1, which is for a single ripple only, we find
in Fig. 2, which is for double ripples, that the overall value of
|R1| is increased and the oscillating nature of |R1| against k0h is
more pronounced. Also, like in the single ripple case, at Bragg
resonance the value of the reflection coefficient increases as the
porous effect parameter increases.

The effects of variation of θ are shown in the graphs
represented in Figs. 3 and 4. It is clear that for G ′h = 0,
|R1| vanishes independently of the shape of the function at
θ =

π
4 which validates Eq. (21). From the graphs it is also

found that even for very small values of G ′h, |R1| does not
vanish independently of the shape of the function at θ =

π
4 .

6. Conclusion

Fourier transform method is used to solve the problem of
water-wave scattering by small undulation on a porous sea-bed
for oblique incidence. The results obtained here agree with the
known ones, obtained earlier, in the case when the bed has no
porous effect. From the computational results it is observed
Fig. 3. Reflection coefficient against the angle of incidence θ for K h = 0.1;

a/h = 0.1; lh = 1; m = 1.

Fig. 4. Reflection coefficient against the angle of incidence θ for K h = 0.1;

a/h = 0.1; lh = 1; m = 2.

that the reflection coefficient increases with increasing porous
effect.
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