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Abstract

Mathematical modelling, for the stress analysis of symmetric composite end notch flexure (ENF) specimen, has been presented using

classical beam theory, first, second, and third order shear deformation beam theories to determine the strain energy release rate (SERR)

for symmetric composites under mode II interlaminar fracture. In the present formulation, appropriate matching conditions have been

applied at the crack tip and these matching conditions at the crack tip have been derived by enforcing the displacement continuity at the

crack tip in conjunction with the variational equation. Compliance method has been used to calculate the SERR. Beam models under

plane stress and plane strain conditions agree with each other with good performance to analyze the unidirectional and cross-ply

composite ENF specimens, whereas for multidirectional composite ENF specimen, only the beam model under plane strain condition

appears to be applicable with moderate performance. Third order shear deformation beam model of ENF specimen has been found to be

better than other beam models in determining the SERR for unidirectional, cross-ply and multidirectional composites under mode II

interlaminar fracture.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Fiber-reinforced laminated composite materials are
susceptible to crack initiation and growth in the resin-rich
layer between plies. These cracks, more commonly referred
to as delaminations, represent one of the most prevalent
life-limiting failure modes in laminated composite struc-
tures [1]. Delaminations may be introduced during proces-
sing or subsequent service conditions. In general, a
delamination is subjected to crack driving forces resulting
from a combination of mode I (opening or peeling), mode
II (sliding or shear) or mode III (anti-plane shear).
Laminated composites containing delaminations behave
in a linear elastic manner and thus they can be treated
using linear elastic fracture mechanics to derive strain
energy release rate (SERR) [2]. A critical value of SERR is
e front matter r 2007 Elsevier Ltd. All rights reserved.
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called as interlaminar fracture toughness (IFT) and it is
being used widely to characterize the onset and delamina-
tion growth in laminated composite structures [3]. Here, we
consider the analysis of end notch flexure (ENF) specimen
(Fig. 1a) made up of symmetric composite laminates for
the determination of SERR for symmetric composites
under mode II interlaminar fracture.
The state of art in the subject of IFT of laminated

composites was reviewed by Carlsson and Gillespie [4] and
Sela and Ishai [5]. The former covered the detailed
technical aspects of analytical, numerical and experimental
methods to analyze ENF specimen for the mode II IFT.
Initially, Barrett and Foschi [6] utilized ENF specimen to
characterize the mode II interlaminar fracture of cracked
wood beams. Later, Russell and Street [7] used this
specimen to characterize mode II critical SERRs of
advanced composites. Further, many researchers, [8–18],
analyzed mode II bending specimens, in particular
unidirectional ENF specimen, using various theoretical/
analytical models by considering classical, first and second
(higher) order beam theories. Wang and Qiao [19]
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Nomenclature

Latin and greek symbols

a crack length or delamination length
b, L, h width, half length and half thickness of the

ENF specimen
C compliance
C̄ij ði; j ¼ 1; 2; 6Þ transformed reduced elastic stiffness

terms
E11, E22, E33 Young’s moduli for orthotropic material
G12, G13, G23 shear moduli for orthotropic material
GII strain energy release rate in mode II
Nxx, Mxx, Sxx, Pxx in-plane stress resultants
N̄xx, M̄xx, S̄xx, P̄xx, Q̄xz external edge forces
P load on the ENF specimen
Pl:s, Pl:� plane stress and plane strain conditions
qðxÞ external shear surface traction or interlaminar

shear stress distribution
Q̄11, Q̄55 stiffness terms for beam models
Qxz, Rxz, Txz interlaminar shear stress resultants
u0, w0, cx, fx, xx generalized displacements defined at

the beam mid-plane
u;w axial (x) and transverse (z) displacement

components
U ;W ;P strain energy, external work and total poten-

tial energy of the laminated composite beam
x; z x-axis coordinate (axial), z-axis coordinate

(transverse)
xr, xl right and left edges of the beam at which

boundary conditions are to be specified
a1, a2 tracers to represent the beam theories in an

unified form
d deflection under the load

D spacing between two successive delamination
lengths

�xx, �yy in-plane normal strains
gxy, gzx, gyz in-plane and interlaminar (transverse) shear

strains
nij ði; j ¼ 1; 2; 3Þ Poisson’s ratios
PðiÞ potential energy of the ith beam
PENF potential energy of the ENF stress analysis

model
sxx, syy in-plane normal stresses
s̄xx, t̄xz external edge stresses
txy, tzx, tyz in-plane and interlaminar (transverse) shear

stresses
t̄xz or qðxÞ external shear surface traction
ð Þ;x differentiation with respect to ‘x’

Superscripts and subscripts

(1), (2), (3) beam 1 (cracked region), beams 2 and 3
(uncracked region)

bt boundary terms part of potential energy
eq equilibrium equations part of potential energy
(i) ith beam

Acronyms

CBT classical beam theory
FOBT first order shear deformation beam theory
SOBT second order shear deformation beam theory
TOBT third order shear deformation beam theory
ENF end notch flexure specimen
IFT interlaminar fracture toughness
SERR strain energy release rate
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developed a novel bi-layer beam model (flexible joint
model) to account for local effects at the crack tip of bi-
material interface by modelling a bi-layer composite beam
as two separate first order shear deformable beams and
applied to several commonly used beam-type fracture
specimens including ENF specimen and obtained improved
solutions for energy release rate. Pavan Kumar and Raghu
Prasad [20] presented detailed mathematical model to
analyze unidirectional ENF specimen using third (higher)
order beam theory by considering the stress analysis model
similar to the one proposed by Whitney [11] (based on
second order beam theory), but with modifications to the
matching conditions at the crack tip and showed that their
mathematical model is in close agreement with experi-
mental and finite element studies in determining the SERR
under mode II interlaminar fracture. In the mathematical
model of ENF specimen by Pavan Kumar and Raghu
Prasad [20] appropriate matching conditions at the crack
tip were derived by enforcing the displacement continuity
at the crack tip in conjunction with variational equation
and it was also shown that it is important to apply proper
matching conditions at the crack tip for reliable analysis of
ENF specimen apart from considering higher order shear
deformation effects to obtain accurate SERR. In the case
of multidirectional composites, Davidson et al. [21]
presented the compliances and energy release rates for
multidirectional composite ENF specimen using classical
and shear deformable plate theories under ‘generalized
plane stress’ and ‘plane strain’ conditions. And, Ozdil et al.
[22] presented the analysis of angle-ply laminate ENF
specimen using first order laminated beam theory under
‘generalized plane stress condition’. To the authors’
knowledge, analysis of cross-ply and multidirectional
ENF specimens, using second and third order shear
deformation beam theories, has not been explored yet.
Hence, in the present study, an attempt has been made to
extend the concepts of mathematical model of unidirec-
tional ENF specimen [20] for the analysis of symmetric
composite ENF specimen, using classical beam theory
(CBT), first (FOBT), second (SOBT), and third (TOBT)
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Fig. 1. ENF specimen and its stress analysis model. (a) ENF specimen. (b) Stress analysis model (upper half of ENF specimen).
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order shear deformation beam theories to determine the
SERR for symmetric composites under mode II inter-
laminar fracture.
2. Higher order shear deformation beam theories

The displacement field for laminated composite beam,
according to TOBT, SOBT, FOBT and CBT, can be
written in an unified form using the tracers ‘a1’ and ‘a2’ as

uðx; zÞ ¼ u0ðxÞ þ zcxðxÞ þ a1z2fxðxÞ þ a2z3xxðxÞ,

wðx; zÞ ¼ w0ðxÞ. ð1Þ

In the above Eqs. (1), the tracer ‘a1’ takes the value ‘unity’
for TOBT and SOBT and ‘zero’ for FOBT and CBT. The
tracer ‘a2’ takes the value ‘unity’ for TOBT and ‘zero’ for
SOBT, FOBT, and CBT. Further, it should be noted that
the terms, equations and relations, associated with the
tracers ‘a1’ and ‘a2’, exist only if the tracer is ‘unity’ and do
not exist if the tracer is ‘zero’. For CBT, cx ¼ �ðdw0=dxÞ

in Eq. (1) and in subsequent derivations. The abbreviations
CBT, FOBT, SOBT and TOBT were earlier used by
Khdeir and Reddy [23].

Strain–displacement relations corresponding to Eqs. (1)
are

�xx ¼ u0;x þ zcx;x þ a1z2fx;x þ a2z3xx;x,

gxz ¼ ðw0;x þ cxÞ þ 2a1zfx þ 3a2z2xx ð2Þ

in which ð Þ;x represents differentiation with respect to ‘x’.
The stress–strain relations for each orthotropic layer of
laminated composite beam are

sxx ¼ Q̄11�xx; txz ¼ Q̄55gxz. (3)

The stiffness terms Q̄11 and Q̄55, appearing in Eqs. (3), are
defined for plane stress (Pl:sÞ and plane strain (Pl:�Þ
conditions in the Appendix A.
The strain energy ‘U’ of the laminated composite beam,

having width ‘b’ and thickness ‘h’, is

U ¼
1

2
b

Z
x

Xn

k¼1

Z tk

tk�1

ðsxx�xx þ txzgxzÞdz

" #
dx (4)

in which tk and tk�1 define the distances of top and bottom
surfaces of the kth lamina, respectively (see Fig. 2).
For a laminated composite beam subjected to external

surface traction ‘t̄xz ¼ qðxÞ’ (shear) at the bottom surface,
the work done ‘W’ by the external surface traction ‘qðxÞ’
along with the external edge stresses ‘s̄xx’ and ‘t̄xz’ is

W ¼ b

Z
x

ð�qu0 þ ð1=2Þqhcx � a1ð1=4Þqh2fx

þ a2ð1=8Þqh3xxÞdxþ b
Xn

k¼1

Z tk

tk�1

fs̄xxðu0 þ zcx

"

þ a1z2fx þ a2z3xxÞ þ t̄xzw0gdz

#x¼xr

x¼xl

, ð5Þ

where ‘xr’ and ‘xl ’ represent the right and left edges of the
beam, respectively, at which boundary conditions are to be
specified.
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Fig. 2. Typical cross-section of laminated beam and nomenclature for stacking sequence.
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The total potential energy ‘P’ of the laminated
composite beam is

P ¼ U �W . (6)

According to the principle of minimum potential energy,
first variation of potential energy is zero and can be written
as

dP ¼ dU � dW ¼ 0. (7)

By substituting Eqs. (4) and (5) in Eq. (7), the variation of
total potential energy can be written as

dP ¼ b

Z
x

Xn

k¼1

Z tk

tk�1

ðsxxd�xx þ txzdgxzÞdz

" #
dx

� b

Z
x

ð�qdu0 þ ð1=2Þqhdcx � a1ð1=4Þqh2dfx

þ a2ð1=8Þqh3dxxÞdx

� b
Xn

k¼1

Z tk

tk�1

fs̄xxðdu0 þ zdcx

"

þ a1z2dfx þ a2z3dxxÞ þ t̄xzdw0gdz

#x¼xr

x¼xl

¼ 0. ð8Þ

After substituting Eqs. (3), (2) and (1) in Eq. (8), by
carrying out the integration over the beam thickness and by
applying variational principles, variational equation (8)
can be written in the following form:

�

Z
x

fðNxx;x � bqÞdu0 þQxz;xdw0 þ ðMxx;x �Qxz

þ ðbh=2ÞqÞdcx þ a1ðSxx;x � 2Rxz � ðbh2=4ÞqÞdfx

þ a2ðPxx;x � 3Txz þ ðbh3=8ÞqÞdxxgdxþ ½ðNxx � N̄xxÞdu0

þ ðQxz � Q̄xzÞdw0 þ ðMxx � M̄xxÞdcx

þ a1ðSxx � S̄xxÞdfx þ a2ðPxx � P̄xxÞdxx�
x¼xr
x¼xl
¼ 0. ð9Þ
In Eq. (9), Nxx, Mxx, Sxx, Pxx, Qxz, Rxz, and Txz are the
stress resultants and they are defined as

½Nxx;Mxx;Sxx;Pxx� ¼ b
Xn

k¼1

Z tk

tk�1

sxx½1; z; z
2; z3�dz, (10)

½Qxz;Rxz;Txz� ¼ b
Xn

k¼1

Z tk

tk�1

txz½1; z; z
2�dz. (11)

N̄xx, M̄xx, S̄xx, P̄xx, and Q̄xz are the external edge forces
and can be defined similar to the stress resultants, but with
the external edge stresses.
From Eqs. (10), (11), (3), (2), and (1), the stress

resultants are related to displacements in the following
form:

In-plane stress resultants:

Nxx ¼ A11u0;x þ B11cx;x þ a1D11fx;x þ a2F11xx;x,

Mxx ¼ B11u0;x þD11cx;x þ a1F11fx;x þ a2H11xx;x,

Sxx ¼ a1ðD11u0;x þ F 11cx;x þH11fx;x þ a2I11xx;xÞ,

Pxx ¼ a2ðF 11u0;x þH11cx;x þ I11fx;x þ J11xx;xÞ. ð12Þ

Interlaminar shear stress resultants:

Qxz ¼ A55ðw0;x þ cxÞ þ 2a1B55fx þ 3a2D55xx,

Rxz ¼ a1fB55ðw0;x þ cxÞ þ 2D55fx þ 3a2F55xxg,

Txz ¼ a2fD55ðw0;x þ cxÞ þ 2F55fx þ 3H55xxg. ð13Þ

The stiffness terms A11, B11, D11, F11, H11, I11, J11, A55,
B55, D55, F55, and H55, appearing in Eqs. (12) and (13), are
defined as

½A11;B11;D11;F 11;H11; I11; J11�

¼ b
Xn

k¼1

Z tk

tk�1

Q̄11½1; z; z
2; z3; z4; z5; z6�dz,
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½A55;B55;D55;F 55;H55� ¼ b
Xn

k¼1

Z tk

tk�1

Q̄55½1; z; z
2; z3; z4�dz.

In the variational equation (9), the variations du0, dw0, dcx,
dfx, and dxx are completely arbitrary. Thus, Eq. (9) can
vanish as required only if the coefficients of the variations
of each vanish individually as the generalized displace-
ments are independent of each other. From the vanishing
of the coefficients of the variations du0, dw0, dcx, dfx, and
dxx under the integral sign of variational equation (9), we
can obtain the following five equilibrium equations:

Nxx;x � bq ¼ 0; Qxz;x ¼ 0; Mxx;x �Qxz þ ðbh=2Þq ¼ 0,

a1ðSxx;x � 2Rxz � ðbh2=4ÞqÞ ¼ 0,

a2ðPxx;x � 3Txz þ ðbh3=8ÞqÞ ¼ 0. ð14Þ

along with the boundary conditions Nxx (or u0Þ, Mxx (or
cxÞ, a1 Sxx (or a1 fxÞ, a2 Pxx (or a2 xxÞ, and Qxz (or w0Þ that
are need to be specified at the beam ends.

3. Mathematical modelling of ENF stress analysis model

The ENF specimen and its stress analysis model have
been shown in Figs. 1(a) and (b), respectively. The
geometrical dimensions of ENF specimen are ‘a’ (crack
length), ‘2L’ (specimen length), ‘2h’ (specimen depth), and
‘b’ (specimen width). The ENF stress analysis model is
similar to the stress analysis model proposed by Whitney
[11]. However, the present ENF stress analysis model
differs from Whitney [11] at the stage of application of
variationally derived matching conditions at the crack tip
which will be explained later. The stress analysis model
considers only the upper half (above the delamination
plane) of the ENF specimen due to the reasons that the
delamination is at mid-plane and the lamination scheme is
symmetric about the mid-plane of ENF specimen, which
ensure the deformations to be anti-symmetric in the upper
and lower halves of the ENF specimen. It may be noted
here that though the lamination scheme is symmetric for
full ENF specimen, it can be symmetric or unsymmetric
within the upper half of ENF specimen. The load at the
central point of ENF stress analysis model is P=2. Further,
ENF stress analysis model has cracked ½�apxp0� and
uncracked ½0pxpð2L� aÞ� regions. The regions
½�apxp0�; ½0pxpðL� aÞ�, and ½ðL� aÞpxpð2L� aÞ�

have been idealized as three different beams 1, 2, and 3,
respectively, with imaginary cuts at the crack tip and at the
point of load application. In the uncracked region of ENF
specimen, only shear stress ‘qðxÞ’ exists at the mid-surface
due to the anti-symmetric nature of the ENF specimen
about the mid-plane [16]. Hence, in the uncracked region,
at the bottom of the ENF stress analysis model, surface
traction ‘qðxÞ’ (shear) exists and axial displacement ‘u’ is
zero. Further, it has been assumed that the delaminated
faces slide over each other freely which means that the
frictional effects between the delaminated faces have been
neglected.
3.1. Governing differential equations for cracked and

uncracked regions

The uncracked region of ENF stress analysis model can
be treated as laminated composite beam subjected to a
surface traction ‘qðxÞ’ (shear) at the bottom surface. Hence,
the equilibrium equations (14) can form as a set of
governing differential equations for the uncracked region.
Further, for cracked region, the governing differential
equations can be obtained from Eqs. (14) by putting qðxÞ ¼

0 (i.e. delaminated faces slide freely over each other).
Eqs. (12) and (13) are the in-plane stress resultants and
interlaminar shear stress resultants, respectively, for both
cracked and uncracked regions.

3.1.1. Cracked region ½�apxp0�—Beam 1 (Fig. 1(b))

The governing differential equations for cracked
region in terms of generalized displacements can be
obtained by using the stress resultant expressions
(Eqs. (12) and (13)) in Eqs. (14) (with qðxÞ ¼ 0Þ and they
are as follows:

A11u0;xx þ B11cx;xx þ a1D11fx;xx þ a2F11xx;xx ¼ 0,

A55ðw0;xx þ cx;xÞ þ 2a1B55fx;x þ 3a2D55xx;x ¼ 0,

B11u0;xx þD11cx;xx þ a1F11fx;xx þ a2H11xx;xx

� A55ðw0;x þ cxÞ � 2a1B55fx � 3a2D55xx ¼ 0,

a1½D11u0;xx þ F 11cx;xx þH11fx;xx þ a2I11xx;xx

� 2B55ðw0;x þ cxÞ � 4D55fx � 6a2F 55xx� ¼ 0,

a2½F11u0;xx þH11cx;xx þ I11fx;xx þ J11xx;xx

� 3D55ðw0;x þ cxÞ � 6F 55fx � 9H55xx� ¼ 0. ð15Þ

3.1.2. Uncracked region ½0pxpðL� aÞ� and ½ðL� aÞpxp
ð2L� aÞ�—Beams 2 and 3 (Fig. 1(b))

In the uncracked regions ½0pxpðL� aÞ� and ½ðL� aÞp
xpð2L� aÞ�, qðxÞa0. Further, axial displacement at z ¼

�h=2 has been assumed to be zero ðz ¼ �h=2 is the bottom
surface of the stress analysis model). This can be written as

uðz ¼ �h=2Þ ¼ 0. (16)

By using the first part of Eqs. (1) in Eq. (16), u0 can be
expressed in terms of cx, fx, and xx as

u0 ¼ ðh=2Þcx � a1ðh
2=4Þfx þ a2ðh

3=8Þxx (17)

and now the surface traction ‘qðxÞ’ is the unknown.
Consequently, by using Eq. (17) in Eqs. (12), the in-plane
stress resultant expressions of Nxx, Mxx, Sxx and Pxx will
be modified as

Nxx ¼ BNcx;x þ a1DNfx;x þ a2F Nxx;x,

Mxx ¼ DMcx;x þ a1FMfx;x þ a2HMxx;x,

Sxx ¼ a1ðF Scx;x þHSfx;x þ a2ISxx;xÞ,

Pxx ¼ a2ðHPcx;x þ IPfx;x þ JPxx;xÞ, ð18Þ
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where

BN ¼ B11 þ ðA11=2Þh; DN ¼ D11 � ðA11=4Þh
2,

F N ¼ F 11 þ ðA11=8Þh
3; DM ¼ D11 þ ðB11=2Þh,

F M ¼ F 11 � ðB11=4Þh
2; HM ¼ H11 þ ðB11=8Þh

3,

F S ¼ F11 þ ðD11=2Þh; HS ¼ H11 � ðD11=4Þh
2,

IS ¼ I11 þ ðD11=8Þh
3; HP ¼ H11 þ ðF 11=2Þh,

IP ¼ I11 � ðF 11=4Þh
2 and JP ¼ J11 þ ðF11=8Þh

3.

By using the four modified in-plane stress resultant
expressions (Eqs. (18)) and the interlaminar shear stress
resultant expressions (Eqs. (13)) in Eqs. (14), we get the
following equilibrium equations in terms of generalized
displacements and surface traction ‘qðxÞ’ for ‘each’
uncracked region separately (beams 2 and 3).

BNcx;xx þ a1DNfx;xx þ a2FNxx;xx � bq ¼ 0,

A55ðw0;xx þ cx;xÞ þ 2a1B55fx;x þ 3a2D55xx;x ¼ 0,

DMcx;xx þ a1F Mfx;xx þ a2HMxx;xx � A55ðw0;x þ cxÞ

� 2a1B55fx � 3a2D55xx þ ðbh=2Þq ¼ 0,

a1½F Scx;xx þHSfx;xx þ a2ISxx;xx � 2B55ðw0;x þ cxÞ

� 4D55fx � 6a2F55xx � ðbh2=4Þq� ¼ 0,

a2½HPcx;xx þ IPfx;xx þ JPxx;xx � 3D55ðw0;x þ cxÞ

� 6F 55fx � 9H55xx þ ðbh3=8Þq� ¼ 0. ð19Þ

The solution of Eqs. (15) and (19), respectively, for cracked
and uncracked regions, can be easily obtained. The details are
omitted here for the sake of brevity and available elsewhere
[24]. However, it may be worth mentioning here that in the
process of writing solution to Eqs. (15) and (19), one will
come across with second and fourth order differential
equations whose auxiliary equations can have real roots or
complex roots or combination of real and complex roots. In
the present work, for the material properties and lamination
schemes considered, roots are found to be real. Further, it
may be noted that for cracked region, solution to Eqs. (15)
has to be written separately for unsymmetric and symmetric
composite laminates, because for unsymmetric composites
Eqs. (15) are coupled, whereas for symmetric composites first
and fourth parts of Eqs. (15) get decoupled from second,
third and fifth parts of Eqs. (15). The solution consists of
26 ð10þ 8þ 8Þ (ten constants for cracked region and eight
constants for each uncracked region), 20 ð8þ 6þ 6Þ; 14 ð6þ
4þ 4Þ, and 14 ð6þ 4þ 4Þ integration constants for TOBT,
SOBT, FOBT, and CBT, respectively. The integration
constants can be determined from the appropriate boundary
conditions at the edges and matching conditions at the crack
tip and at the point of load application, which will be derived
in the next subsection.

3.2. Boundary and matching conditions

In this subsection, for the ENF stress analysis model,
derivation of boundary conditions at the edges and
matching conditions at the crack tip and at the point of
load application has been presented. Matching conditions
have been derived, in terms of generalized displacements
and stress resultants, by enforcing the displacement
continuity conditions at the crack tip and at the point of
load application in conjunction with the variational
equation. Matching conditions at the crack tip will
integrate the cracked region ½�apxp0� and the uncracked
region ½0pxpðL� aÞ�. Similarly, matching conditions at
the point of load application will integrate the uncracked
regions ½0pxpðL� aÞ� and ½ðL� aÞpxpð2L� aÞ�. The
total potential energy and variational equation for the
ENF stress analysis model along with the displacement
continuity conditions at the crack tip and at the point of
load application have been given in the Appendix A. From
the variational equation (A.9) and the displacement
continuity conditions [Eqs. (A.7) and (A.8)] at the crack
tip and at the point of load application, the following
boundary and matching conditions can be written for the
ENF stress analysis model.

Boundary and matching conditions for the ENF stress

analysis model:
At the left simple support ðx ¼ �aÞ:

N ð1Þxx ¼ 0; w
ð1Þ
0 ¼ 0; M ð1Þ

xx ¼ 0,

a1Sð1Þxx ¼ 0; a2Pð1Þxx ¼ 0. ð20Þ

At the crack tip ðx ¼ 0Þ:

u
ð1Þ
0 ¼ u

ð2Þ
0 ¼

h

2
cð2Þx � a1

h2

4
fð2Þx þ a2

h3

8
xð2Þx

� �� �
,

cð1Þx ¼ cð2Þx ; a1f
ð1Þ
x ¼ a1f

ð2Þ
x ; a2x

ð1Þ
x ¼ a2x

ð2Þ
x ; w

ð1Þ
0 ¼ w

ð2Þ
0 ,

Qð1Þxz ¼ Qð2Þxz ; M ð1Þ
xx þ

h

2
N ð1Þxx

� �
¼ Mð2Þ

xx þ
h

2
N ð2Þxx

� �
,

a1 Sð1Þxx �
h2

4
N ð1Þxx

� �
¼ a1 Sð2Þxx �

h2

4
N ð2Þxx

� �
,

a2 Pð1Þxx þ
h3

8
N ð1Þxx

� �
¼ a2 Pð2Þxx þ

h3

8
N ð2Þxx

� �
. ð21Þ

At the point of load application ½x ¼ ðL� aÞ�:

cð2Þx ¼ cð3Þx ; a1f
ð2Þ
x ¼ a1f

ð3Þ
x ,

a2x
ð2Þ
x ¼ a2x

ð3Þ
x ; w

ð2Þ
0 ¼ w

ð3Þ
0 ,

Qð2Þxz �Qð3Þxz

� �
¼ Q̄

ð2Þ

xz � Q̄
ð3Þ

xz

� �
¼ �P=2,

M ð2Þ
xx þ

h

2
N ð2Þxx

� �
¼ M ð3Þ

xx þ
h

2
N ð3Þxx

� �
,

a1 Sð2Þxx �
h2

4
N ð2Þxx

� �
¼ a1 Sð3Þxx �

h2

4
N ð3Þxx

� �
,

a2 Pð2Þxx þ
h3

8
N ð2Þxx

� �
¼ a2 Pð3Þxx þ

h3

8
N ð3Þxx

� �
. ð22Þ



ARTICLE IN PRESS

Table 1

Comparison of present work results with Davidson et al. [21,26] for uni

and multidirectional composite ENF specimens

Material properties: Ciba-Geigy C12K/R6376 graphite/epoxy

E11 ¼ 146:86GPa, E22 ¼ 10:62GPa, E33 ¼ 10:62GPa

G12 ¼ 5:45GPa, G13 ¼ 5:45GPa, G23 ¼ 3:99GPa

n12 ¼ 0:33, n13 ¼ 0:33, and n23 ¼ 0:33
Geometrical properties:

2L ¼ 127mm, 2h ¼ 4:064mm, a ¼ 31:75mm, b ¼ 25:4mm

Single ply thickness: 0.127mm, No. of plies: 32

Loading: P ¼ 100N

Lamination schemes: LS-1: ½0�32�, LS-2: ½ð�15
�=0�=� 15�=0�=15�=0�2Þs�s

LS-3: ½ð�30�=0�=� 30�=0�=30�=0�2Þs�s

Strain energy release rate (J/m2)

LS-1 [21] LS-2 [21] LS-3 [26]

FEAa GII
b: 7.5085 GII: 8.9868 GII: 12.4668

GIII
b: 0.0377 GIII: 0.09995 GIII: 0.8099

GT
b: 7.5462 GT : 9.0868 GT : 13.2767

CPT-Psa 7.1325 8.3213 13.9755

Present work

Pl:� Pl:s Pl:� Pl:s Pl:� Pl:s

CBT 7.0768 7.1329 7.7986 13.6561 10.2808 20.4587

FOBT 7.0768 7.1329 7.7986 13.6561 10.2808 20.4587

SOBT 7.3848 7.4421 8.1343 14.1979 10.7124 21.2591

TOBT 7.5755 7.6336 8.3428 14.5525 10.9847 21.8344

aSERR values, for CPT-Ps (classical plate theory under ‘generalized

plane stress condition’) and FEA [finite element analysis using three-

dimensional shell element (‘brick type’ volume element)], are calculated

from the formulae and normalized SERR values given by Davidson et al.

[21,26].
bGII and GIII ¼ SERR from modes II and III; GT ðTotal SERRÞ ¼

GII þ GIII.
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At the right simple support ½x ¼ ð2L� aÞ�:

w
ð3Þ
0 ¼ 0; M ð3Þ

xx þ
h

2
N ð3Þxx

� �
¼ 0,

a1 Sð3Þxx �
h2

4
N ð3Þxx

� �
¼ 0; a2 Pð3Þxx þ

h3

8
N ð3Þxx

� �
¼ 0. ð23Þ

From Eqs. (20)–(23), it can be observed that TOBT, SOBT,
FOBT, and CBT have 26; 20; 14, and 14 boundary and
matching conditions, respectively, for ENF specimen.
Application of these boundary and matching conditions
results in system of algebraic simultaneous equations, in
terms of unknown integration constants, which can be
solved through standard numerical procedures. Once the
solution is obtained, deflection under the load, compliance
and interlaminar shear stress distribution ahead of the
crack tip can be calculated. From the compliance values,
SERR can be determined using compliance approach. It
should be noted that the present solutions of ENF
specimen are perfectly compatible with deformations that
occur in the lower halves of the ENF specimen [11]. In
other words, solutions can be obtained for the lower halves
of the ENF specimen which produce the same distribution
of shear stress in the uncracked region as the present
solutions. Since, axial displacement ‘u’ is zero along the
centerline of the ENF specimen in uncracked region and
the vertical displacement ‘w’ does not vary over the depth,
complete compatibility of the upper and lower halves of the
ENF specimen can be assured.

3.3. Determination of compliance and SERR

The compliance ‘C’ can be obtained from the following
relation:

C ¼ d=P (24)

in which ‘d’ is the deflection under the load (i.e. w
ð2Þ
0 or w

ð3Þ
0

at x ¼ ðL� aÞÞ.
The SERR and the compliance are related by the

following formula [25]:

GII ¼
P2

2b

dC

da
, (25)

where ‘a’ is the crack length. In the present study, SERR
ðGIIÞ has been determined using the finite difference
method (by adopting the central finite difference approx-
imation) as it is tedious to obtain ‘dC=da’ explicitly (in
particular for SOBT and TOBT). Then the compliance
derivative can be written as

dC

da

� �
n

¼
Cnþ1 � Cn�1

2D
(26)

in which, ðdC=daÞn is the compliance derivative at
delamination length an, Cnþ1 is the compliance when
delamination length is anþ1, Cn�1 is the compliance when
delamination length is an�1 and D is the spacing between
two successive delamination lengths.
Hence, we can obtain SERR from the following
expression:

GII ¼
P2

2b

Cnþ1 � Cn�1

2D

� �
. (27)

It may be noted here that FORTRAN programs have been
written for all the required mathematical steps to analyze
symmetric composite ENF specimen using the beam
theories TOBT, SOBT, FOBT, and CBT.

4. Results and discussion

4.1. Comparison with earlier research

In order to validate the present composite ENF stress
analysis model formulation, present work results have been
compared with the available results in the literature
[21,26,27].
Table 1 shows the comparison of SERR values obtained

from the various beam models (both Pl:s and Pl:� analysis
models) of present work with those of Davidson et al.
[21,26] for ENF specimen made up of an unidirectional
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Table 2

Comparison of present work results with Schön et al. [27] for composite

ENF specimen

Material properties: IM7/8552 graphite/epoxy

E11 ¼ 160GPa, E22 ¼ 10GPa, E33 ¼ 10GPa

G12 ¼ 4:8GPa, G13 ¼ 4:8GPa, G23 ¼ 3:2GPa

n12 ¼ 0:13, n13 ¼ 0:31, and n32 ¼ n23 ¼ 0:52
Geometrical properties:

2L ¼ 100mm, 2h ¼ 3:12mm, a ¼ 25mm, b ¼ 25mm

Single ply thickness: 0.13mm, No. of plies: 24

Loading: P ¼ 1000N

Lamination schemes: LS-A: ½0�12�s, LS-B: ½ð90
�=0�=90�=0�=90�=0�Þs�s

LS-C: ½ð45�=� 45�=90�=0�=� 45�=45�Þs�s

Strain energy release rate (kJ/m2)

LS-A LS-B LS-C

Interface 0�=0� 90�=90� 45�=45�

FEAa GII
c: 0.9265 GII: 2.350 GII: 3.131

GIII
c: 3:999� 10�3 GIII: 4:007� 10�3 GIII: 0.4709

GT
c: 0.9305 GT : 2.354 GT : 3.6019

Present workb

Pl:� Pl:s Pl:� Pl:s Pl:� Pl:s

CBT 0.9205 0.9260 2.3528 2.3670 2.9428 6.3495

FOBT 0.9205 0.9260 2.3528 2.3670 2.9428 6.3495

SOBT 0.9639 0.9696 2.4565 2.4710 3.0435 6.5553

TOBT 0.9909 0.9966 2.5379 2.5527 3.1028 6.6997

aFEA: Finite element analysis results of Schön et al. [27] (effect of friction

is considered).
bEffect of friction is not considered in the present work.
cGII and GIII ¼ SERR from modes II and III; GT ðTotal SERRÞ ¼

GII þ GIII.
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(LS-1) and multidirectional composite laminates (LS-2 and
LS-3). Davidson et al. [21,26] analyzed ENF specimen
using three-dimensional finite element analysis (FEA) and
classical laminated plate theory (theoretical solution under
‘generalized plane stress condition’). From Table 1, it can
be observed that SERR values obtained from Pl:s and Pl:�
beam analysis models are close to each other for
unidirectional composite laminates (LS-1) and deviate
from each other for multidirectional composite laminates
(LS-2 and LS-3). For unidirectional ENF specimen, SERR
values obtained from Pl:s and Pl:� beam analysis models
are in good agreement with those of FEA [21]. In the case
of multidirectional (LS-2 and LS-3) composite ENF
specimens, SERR values obtained from Pl:� beam analysis
models are agreeing marginally (underpredicting) with
those obtained from FEA [21,26], whereas SERR values
obtained from Pl:s beam analysis models do not agree
(over predicting) with FEA [21,26]. In general, among the
beam theories considered, performance of SOBT and
TOBT (Pl:s and Pl:� models for unidirectional laminates
and Pl:� model for multidirectional laminates) is good
indicating the importance of higher order shear deforma-
tion in the calculation of SERR. Further, it may be noted,
from Davidson et al. [21,26], that the SERR values
obtained from classical laminated plate theory under
‘generalized plane stress condition’ are in reasonably good
agreement with those obtained from FEA for multi-
directional (LS-2 and LS-3) composite ENF specimens
indicating that it is better to use laminated plate theory
models under ‘generalized plane stress condition’ for
multidirectional composites. Hence, present ENF stress
analysis model concepts (derivation of proper matching
conditions at the crack tip) can be extended in conjunction
with higher order laminated plate theories for accurate
determination of SERR for symmetric multidirectional
composites under mode II interlaminar fracture, which
may be taken up as future work.

Table 2 shows the comparison of SERR values obtained
from the present work (Pl:s and Pl:� beam analysis models)
with those of Schön et al. [27] for ENF specimen made up
of an unidirectional, a cross-ply and a 45� angle-ply
dominated laminate. Schön et al. [27] used hp-version of
FEA program called STRIPE and considered the effect of
friction in the study of ENF specimen. From Table 2, it can
be observed that present beam models are over predicting
the SERR, for unidirectional and cross-ply composite ENF
specimens, compared to Schön et al. [27] and it is due to the
reason that present study did not account for frictional
effects. Hence, present beam models (both Pl:s and Pl:�
analysis) are only in reasonably good agreement with FEA
[27] in predicting the SERR for unidirectional and cross-
ply composite ENF specimens. Further, it can be seen
that both Pl:s and Pl:� analysis models are close to each
other and valid for unidirectional and cross-ply composite
ENF specimens. For 45� angle-ply dominated laminated
ENF specimen, SERR values from Pl:� analysis of beam
models are in marginal agreement with those of FEA [27]
while SERR values from Pl:s analysis are not agreeing with
FEA [27].
In general, from Tables 1 and 2, it may be said that

TOBT model (Pl:�Þ of ENF specimen is better than other
beam models (Pl:�Þ in determining the SERR for unidirec-
tional, cross-ply and multidirectional laminated composites
under mode II interlaminar fracture. Further, it can also be
observed that SERR values obtained from FOBT are same
as those obtained from CBT for all the composite
laminates. Hence, in the case of FOBT, SERR does not
depend on shear deformation (shear modulus) for unidir-
ectional, cross-ply and multidirectional composite lami-
nates. Here, it may be noted that earlier it was shown by
Corleto and Hogan [15], Pavan Kumar and Raghu Prasad
[20] and Fan et al. [18] that SERR does not depend on the
shear modulus in the case of Timoshenko beam theory
(first order shear deformation) for unidirectional compo-
sites.

4.2. Parametric study

For the purpose of parametric study, symmetric multi-
directional composite ENF specimen having ð0�4=90

�
4=�

y4Þs lamination scheme (32 layers) made up of graphite/
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Table 3

Influence of crack length ða=LÞ on SERR for cross-ply ð0�4=90
�
4=0
�
8Þs

composite ENF specimen using various beam theories—plane strain

analysis

a=L ða=hÞ GII (J/m
2) GII=GCBT

II

CBT FOBT SOBT TOBT FOBT SOBT TOBT

0.1 (2.5) 0.1767 0.1767 0.2284 0.2618 1.0 1.292 1.481

0.2 (5) 0.7068 0.7068 0.8069 0.8688 1.0 1.142 1.229

0.4 (10) 2.8273 2.8273 3.0241 3.1428 1.0 1.070 1.112

0.6 (15) 6.3614 6.3614 6.6550 6.8304 1.0 1.046 1.074

0.8 (20) 11.3091 11.3091 11.6965 11.9268 1.0 1.030 1.055
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epoxy material has been considered. Material properties
for graphite/epoxy have been taken from Davidson et al.
[21] and are available in Table 1. Each lamina thickness is
0.127mm. The length, breadth, and thickness of the ENF
specimen have been taken as 2L ¼ 101:6mm, b ¼ 25:4mm,
and 2h ¼ 4:064mm, respectively. The loading has been
taken as P ¼ 100N.
4.2.1. Comparison between plane stress and plane strain

analyses

ENF specimen has been analyzed using TOBT under
both Pl:s and Pl:� assumptions to study the effect of fiber
orientation on them. For a given crack length
a=L ¼ 0:5 ða=h ¼ 12:5Þ, compliance and SERR have been
presented in Figs. 3 and 4, respectively, for various fiber
orientations ðy ¼ 0�; 15�; 30�; 45�; 60�; 75�, and 90�Þ. From
Figs. 3 and 4, it can be observed that Pl:s and Pl:� analyses
are close to each other only for 0� and 90� fiber
orientations, whereas they differ significantly with each
other for fiber orientations other than 0� and 90� (i.e. for
y ¼ 15�, 30�, 45�, 60�, and 75�Þ.
To present further results, only Pl:� analysis has been

considered, because the performance of Pl:� analysis is
good for both unidirectional and cross-ply composite
laminates and moderate for multidirectional composite
laminates as observed in Tables 1 and 2. Next, it may be
noted that the SERR and shear stress distribution ahead of
the crack tip, obtained from shear deformation theories,
have been normalized with respect to CBT, wherever
normalized results are reported.

4.2.2. Influence of crack length on the SERR

Table 3 shows the influence of crack length on SERR,
using various beam theories, for cross-ply ð0�4=90

�
4=0
�
8Þs

composite ENF specimen. It can be observed from Table 3
that as the crack length increases SERR increases. From
the normalized SERR values of SOBT and TOBT, it can be
said that for short crack lengths, contribution of shear
deformation in SERR is significant and hence second and
third order beam theories are necessary to analyze
composite ENF specimen. It can also be seen that as the
crack length increases SERR values of SOBT and TOBT
approach those of CBT. Here, it can also be noted that
SERR from FOBT does not depend on the shear
deformation for all the crack lengths.

4.2.3. Influence of E11=G13 ratio on the SERR

Table 4 shows the influence of E11=G13 ratio on SERR,
using various beam theories, for cross-ply ð0�4=90

�
4=0
�
8Þs

composite ENF specimen having a crack length
a=L ¼ 0:2 ða=h ¼ 5Þ. It can be observed from Table 4 that,
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Table 4

Influence of E11=G13 on SERR for ð0�4=90
�
4=0
�
8Þs cross-ply composite ENF

specimen using various beam theories—plane strain analysis ½E11 ¼

146:86GPa, a=L ¼ 0:2 ða=h ¼ 5Þ�

E11=G13 GII (J/m
2) GII=GCBT

II

CBT FOBT SOBT TOBT FOBT SOBT TOBT

20 0.7068 0.7068 0.7933 0.8490 1.0 1.122 1.201

30 0.7068 0.7068 0.8123 0.8764 1.0 1.149 1.240

40 0.7068 0.7068 0.8282 0.8986 1.0 1.172 1.271

50 0.7068 0.7068 0.8420 0.9175 1.0 1.191 1.298

100 0.7068 0.7068 0.8954 0.9896 1.0 1.267 1.400

Table 5

Influence of fiber orientation ðyÞ on SERR for multidirectional ð0�4=90
�
4=�

y4Þs composite ENF specimen using various beam theories—plane strain

analysis ½a=L ¼ 0:2 ða=h ¼ 5Þ�

y GII (J/m
2) GII=GCBT

II

CBT FOBT SOBT TOBT FOBT SOBT TOBT

0� 0.7068 0.7068 0.8069 0.8688 1.0 1.142 1.229

15� 0.7577 0.7577 0.8608 0.9239 1.0 1.136 1.219

30� 0.9569 0.9569 1.0710 1.1393 1.0 1.119 1.191

45� 1.5133 1.5133 1.6557 1.7379 1.0 1.094 1.148

60� 2.9080 2.9080 3.1167 3.2256 1.0 1.072 1.109

75� 4.6050 4.6050 4.8979 5.0296 1.0 1.064 1.092

90� 4.9760 4.9760 5.2895 5.4262 1.0 1.063 1.090
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for a given crack length, as the E11=G13 ratio increases
SERR increases. From the normalized SERR values of
SOBT and TOBT, it can be said that contribution of shear
deformation in SERR is significant for large E11=G13 ratios
and hence second and third order beam theories are
necessary to analyze composite ENF specimen. SERR
values from CBT and FOBT remain same, for all the
E11=G13 ratios, as the SERR values from CBT and FOBT
do not depend on the shear modulus.

4.2.4. Influence of fiber orientation on the compliance,

SERR and interlaminar shear stress distribution ahead of

the crack tip

Table 5 shows the influence of fiber orientation on
SERR, using various beam theories, for multidirectional
ð0�4=90

�
4=� y�4Þs composite ENF specimen having a crack

length a=L ¼ 0:2 ða=h ¼ 5Þ. It can be observed from
Table 5 that, for a given crack length, SERR increases as
the fiber orientation varies from 0� to 90�. For a given
crack length, from the normalized SERR values of SOBT
and TOBT, it can be seen that as the fiber orientation
varies from 0� to 90�, SERR values of SOBT and TOBT
tend to approach those of CBT. Again, it can be seen that
SERR from FOBT does not depend on the shear
deformation for all the fiber orientations.

For a given crack length, Figs. 3 and 4, respectively,
show that compliance and SERR increase as the fiber
orientation varies from 0� to 90�. Fig. 5 shows the variation
of normalized SERR obtained from TOBT with respect to
crack length. From Fig. 5, it can be noted that, for all the
fiber orientations, normalized SERR decreases as the crack
length increases which means that the SERR values of
TOBT approach those of CBT as the crack length
increases.
Fig. 6 shows the normalized interlaminar shear stress

distribution ahead of the crack tip, based on TOBT for
various fiber orientations. From Fig. 6, it can be observed
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that interlaminar shear stresses are peak at the crack tip
ðx ¼ 0Þ and the peak interlaminar shear stress increases as
the fiber orientation varies from 0� to 90�. For all the fiber
orientations, peak interlaminar shear stress (at the crack
tip) obtained from TOBT decays rapidly to that of CBT as
the distance increases from the crack tip.

Fig. 7 shows the normalized interlaminar shear stress
distribution ahead of the crack tip for ð0�4=90

�
4=� 45�4Þs

ENF specimen obtained from FOBT, SOBT and TOBT. It
can be seen from Fig. 7 that the peak interlaminar shear
stress (at the crack tip) obtained from SOBT and TOBT
decays to that of CBT rapidly as the distance increases
from the crack tip. For FOBT, the normalized interlaminar
shear stress distribution ahead of the crack tip is unity
indicating that FOBT has interlaminar shear stress
distribution same as that of CBT which is a constant. This
means, in the case of first order beam theory, shear
deformation does not contribute to the interlaminar shear
stress and its distribution ahead of the crack tip.

5. Concluding remarks

Mathematical modelling, for the stress analysis of
symmetric composite ENF specimen, has been presented
using CBT, FOBT, SOBT and TOBT to determine the
SERR for symmetric composites under mode II inter-
laminar fracture. In the present formulation, appropriate
matching conditions (in terms of generalized displacements
and stress resultants) have been applied at the crack tip and
these matching conditions at the crack tip have been
derived by enforcing the displacement continuity at the
crack tip in conjunction with the variational equation.
Compliance method has been used to calculate the SERR.
Beam models under plane stress and plane strain condi-
tions agree with each other with good performance to
analyze the unidirectional and cross-ply composite ENF
specimens, whereas for multidirectional composite ENF
specimen, only the beam model under plane strain
condition appears to be applicable with moderate perfor-
mance. Third order shear deformation beam model of
ENF specimen has been found to be better than other
beam models in determining the SERR for unidirectional,
cross-ply and multidirectional composites under mode II
interlaminar fracture.
From the parametric study, it can be observed that for

short crack lengths and large E11=G13 ratio composite
laminates, shear deformation contributes significantly to
SERR and hence it is necessary to analyze composite ENF
specimen using higher order shear deformation beam theories
(SOBT and TOBT). Also, SOBT and TOBT determines the
proper interlaminar shear stress distribution ahead of the
crack tip and the peak interlaminar shear stress at the crack
tip decays to that of CBT rapidly as the distance increases
from the crack tip. Further, as the crack length increases,
SERR increases and the SERR values of SOBT and TOBT
approach those of CBT. For a given crack length, compliance,
SERR and peak interlaminar shear stress at the crack tip
increase as the fiber orientation varies from 0� to 90�. In the
case of FOBT, the SERR and interlaminar shear stress
distribution ahead of the crack tip do not depend on the shear
deformation (shear modulus) for all composite laminates.
Appendix A

A.1. Stress–strain relations for orthotropic lamina with

arbitrary fiber orientation

The transformed stress–strain relations for an orthotropic
lamina having arbitrary fiber orientation ðyÞ, under the
assumption of plane stress state, can be written as [28,29]

sxx

syy

tyz

tzx

txy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

C̄11 C̄12 0 0 C̄16

C̄12 C̄22 0 0 C̄26

0 0 C̄44 C̄45 0

0 0 C̄45 C̄55 0

C̄16 C̄26 0 0 C̄66

2
6666664

3
7777775

�xx

�yy

gyz

gzx

gxy

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
. (A.1)

In Eqs. (A.1), C̄ij ði; j ¼ 1; 2; 6Þ are called as transformed
reduced elastic stiffnesses and the elements C̄ij are defined as

C̄11 ¼ C11m̄
4 þ 2m̄2n̄2ðC12 þ 2C66Þ þ C22n̄

4,

C̄12 ¼ ðC11 þ C22 � 4C66Þm̄
2n̄2 þ C12ðm̄

4 þ n̄4Þ,

C̄16 ¼ m̄n̄fC11m̄2 � C22n̄
2 � ðC12 þ 2C66Þðm̄

2 � n̄2Þg,

C̄22 ¼ C11n̄
4 þ 2m̄2n̄2ðC12 þ 2C66Þ þ C22m̄4,

C̄26 ¼ m̄n̄fC11n̄2 � C22m̄2 þ ðC12 þ 2C66Þðm̄
2 � n̄2Þg,

C̄44 ¼ C44m̄
2 þ C55n̄2; C̄45 ¼ ðC55 � C44Þm̄n̄,

C̄55 ¼ C44n̄
2 þ C55m̄

2,
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and

C̄66 ¼ ðC11 þ C22 � 2C12Þm̄
2n̄2 þ C66ðm̄

2 � n̄2Þ
2.

In the just mentioned relations, C11 ¼ E11=ð1� n12n21Þ,
C12 ¼ n21E11=ð1� n12n21Þ, C22 ¼ E22=ð1� n12n21Þ, C44 ¼

G23, C55 ¼ G13, C66 ¼ G12, n21 ¼ n12E22=E11, m̄ ¼ cos y
and n̄ ¼ sin y.

A.2. Stress–strain relations for laminated composite beam

models

As the beam models are basically one dimensional, the
stress–strain relations (Eqs. (A.1)) should be reduced to
suit to the beam models. This can be done by setting (i)
syy ¼ tyz ¼ txy ¼ 0 or (ii) �yy ¼ gyz ¼ gxy ¼ 0 in Eqs. (A.1),
thus leading to two different types of constitutive models.
Here, it may look familiar to call the former as plane stress
condition and the latter as plane strain condition [30,31].
Hence, the stress–strain relations for each lamina of a
laminated composite beam model can be written as

sxx ¼ Q̄11�xx; txz ¼ Q̄55gxz (A.2)

in which Q̄11 and Q̄55 are defined as given below for Pl:s
and Pl:� conditions:

Plane stress condition:

Q̄11 ¼ C̄11 þ C̄12
ðC̄16C̄26 � C̄12C̄66Þ

ðC̄22C̄66 � C̄
2

26Þ

(

þC̄16
ðC̄12C̄26 � C̄16C̄22Þ

ðC̄22C̄66 � C̄
2

26Þ

)
,

Q̄55 ¼ C̄55 �
C̄

2

45

C̄44

 !
.

Plane strain condition:

Q̄11 ¼ C̄11; Q̄55 ¼ C̄55.

A.3. Variational equation for the ENF stress analysis model

The total potential energy, for the stress analysis model
of ENF specimen, is

PENF ¼
X3
i¼1

PðiÞ, (A.3)

where PðiÞ is the potential energy of the ith beam.
For equilibrium, the first variation of total potential

energy of ENF stress analysis model is zero and can be
written as

dPENF ¼
X3
i¼1

dPðiÞ. (A.4)

For convenience, Eq. (A.4) can be split as

dPENF ¼
X3
i¼1

½dPðiÞeq þ dPðiÞbt � ¼ 0, (A.5)
where the subscripts ‘eq’ and ‘bt’ represent equilibrium
equations part and boundary terms part of the potential
energy, respectively.
Variational equation for the ENF stress analysis model

can be written by using Eq. (9) in Eq. (A.5) as

X3
i¼1

dPðiÞeq þ ðN ðiÞxx � N̄
ðiÞ

xxÞdu
ðiÞ
0 þ ðQ

ðiÞ
xz � Q̄

ðiÞ

xzÞdw
ðiÞ
0

n	

þ ðMðiÞ
xx � M̄

ðiÞ

xxÞdc
ðiÞ
x þ a1ðSðiÞxx � S̄

ðiÞ

xxÞdf
ðiÞ
x

þa2ðPð1Þxx � P̄
ð1Þ
xxÞdx

ð1Þ
x

ox¼xr

x¼xl



¼ 0. ðA:6Þ

In the variational equation (A.6), ‘xr’ and ‘xl ’ represent the
right and left edges of the beam, respectively, at which
boundary or matching conditions are to be specified. Next,
Q̄xz exists only at the point of load application i.e. at the
center of the ENF specimen. Further, N̄xx, M̄xx, S̄xx, and
P̄xx do not exist or are zero.
The following displacement continuity conditions in

terms of generalized displacements are required to main-
tain the displacement continuity over the depth of the stress
analysis model at the crack tip and at the point of load
application [20].

At the crack tip ðx ¼ 0Þ:

u
ð1Þ
0 ¼ u

ð2Þ
0 ¼

h

2
cð2Þx � a1

h2

4
fð2Þx þ a2

h3

8
xð2Þx

� �� �
,

cð1Þx ¼ cð2Þx ; a1f
ð1Þ
x ¼ a1f

ð2Þ
x ,

a2x
ð1Þ
x ¼ a2x

ð2Þ
x ; w

ð1Þ
0 ¼ w

ð2Þ
0 . ðA:7Þ

At the point of load application ½x ¼ ðL� aÞ�:

cð2Þx ¼ cð3Þx ; a1f
ð2Þ
x ¼ a1f

ð3Þ
x ,

a2x
ð2Þ
x ¼ a2x

ð3Þ
x ; w

ð2Þ
0 ¼ w

ð3Þ
0 . ðA:8Þ

Substitution of above generalized displacement continuity
conditions [Eqs. (A.7) and (A.8)] in the variational
equation (A.6) gives the variational equation for the
ENF stress analysis model, based on TOBT, SOBT,
FOBT, and CBT, as

dPð1Þeq þ dPð2Þeq þ dPð3Þeq � N ð1Þxxdu
ð1Þ
0 þQð1Þxz dw

ð1Þ
0 þMð1Þ

xxdc
ð1Þ
x

h

þa1Sð1Þxxdf
ð1Þ
x þ a2Pð1Þxxdx

ð1Þ
x

i
x¼�a
þ ðQð1Þxz �Qð2Þxz Þdw

ð2Þ
0

	

þ M ð1Þ
xx þ

h

2
N ð1Þxx

� �
� M ð2Þ

xx þ
h

2
N ð2Þxx

� �� �
dcð2Þx

þ a1 Sð1Þxx �
h2

4
N ð1Þxx

� �
� Sð2Þxx �

h2

4
N ð2Þxx

� �� �
dfð2Þx

þ a2 Pð1Þxx þ
h3

8
N ð1Þxx

� �
� Pð2Þxx þ

h3

8
N ð2Þxx

� �� �
dxð2Þx



x¼0
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þ ððQð2Þxz �Qð3Þxz Þ � ðQ̄
ð2Þ

xz � Q̄
ð3Þ

xz ÞÞdw
ð2Þ
0

	

þ M ð2Þ
xx þ

h

2
N ð2Þxx

� �
� M ð3Þ

xx þ
h

2
N ð3Þxx

� �� �
dcð2Þx

þ a1 Sð2Þxx �
h2

4
N ð2Þxx

� �
� Sð3Þxx �

h2

4
N ð3Þxx

� �� �
dfð2Þx

þ a2 Pð2Þxx þ
h3

8
N ð2Þxx

� �
� Pð3Þxx þ

h3

8
N ð3Þxx

� �� �
dxð2Þx



x¼ðL�aÞ

þ Qð3Þxz dw
ð3Þ
0 þ Mð3Þ

xx þ
h

2
N ð3Þxx

� �� �
dcð3Þx

	

þ a1 Sð3Þxx �
h2

4
N ð3Þxx

� �� �
dfð3Þx

þ a2 Pð3Þxx þ
h3

8
N ð3Þxx

� �� �
dxð3Þx



x¼ð2L�aÞ

¼ 0. ðA:9Þ
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