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Abstract. Models for the laminar-turbulent transition zone have in 
recent years become increasingly important, especially in technological 
applications where the design is driven by peak heat-transfer rates or 
extensive regimes of laminar or transitional flow. Models in current use 
can be classified into three types, namely linear-combination, algebraic 
and differential. The first type based on the principle of combining mean 
laminar and turbulent velocities, in proportions determined by the 
intermittency, is shown to be both successful and relatively easy to 
implement, especially if recent improvements in estimating turbulent spot 
formation rates and ideas concerning the possibility of sub-transitions 
within the transition zone are incorporated. Algebraic models, where the 
eddy viscosity is released by the intermittency, and differential models 
involving fairly elaborate schemes for determining the kinetic energy of 
turbulent fluctuations and their length scale, are found to require further 
development for handling flows with large pressure gradients. 

Keywords. Boundary layer; laminar-turbulent transition; transition- 
zone modelling; intermittency. 

1. Introduction 

The computation, of viscous flow around a body, such as an aircraft wing o r  a 
turbomachine blade, is often critically dependent on the modelling of laminar- 
turbulent transition in the boundary layer on the body: Cebeci (1983) has called the 
representation of transition “perhaps the most important immediate modelling 
problem” in such flows. Generally speaking (see figure l), the boundary layer on any 
surface is steady and laminar for some distance from the leading edge; as the Reynolds 
number for instability is exceeded it first exhibits unsteady behaviour involving two- 
dimensional (2-D) (‘Tollmien-Schlichting’) waves, and a three-dimensional (3-D) 
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Table I .  (conrinued) 
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Authors Type 
~ 

Remarks 

Fraser & Milne Linear 
11986) 

Fraser eta\  (1988) Linear 

Dey & Narasimha Linear 
( I989a) 

Velocity and skin-friction as in Dhawan & Narasimha. Intermittency is 
combination error-function. Extent in terms of standard deviation of intermittency. 

Integral method 
Extension of Fraser & Milne, but different correlation for zone-length. 

combination Good agreement with data on turbine blades 
Extension of Dhawan & Narasimha. Extent from new spot formation 

combination rate parameter. Integral method. High favourable pressure gradient 

Harris (1971) Algebraic 

Kuhn (1971) Algebraic 

Adams (1972) Algebraic 

Cebeci & Smith Algebraic 
(1974) 
Gaugler (1985) Algebraic 

Michel et ai (1985) Algebraic 

Krishnamoorthy Algebraic 
( I  9x6) 

Krishnamoorthy Algebraic 
rr ul ( 1987) 

McDonald & Fish Differential 
(1973) 

Blair & Werle Differential 
(1980, 1981) 

Wilcox (1981) Differential 

Ardd e l  a/ (1982, Differential 
1983) 
Vancoillie (1984) Differential 

Wang i'f ril (1985) Differential 

Krishnitrnoorthy Differential 
PI ul(1987) 

data also predicted 
Eddy viscosity and thermal diffusivity. Intermittency of Narasimha. 
Requires extent. Compressible plane and axisymmetric flows 
Eddy viscosity. Method of integral relations for high speed flows. 
Intermittency distribution of Narasimha (1957) 
Eddy viscosity. Intermittency distribution of Narasimha (1 957); takes 
extent = xJ2.96 

' Eddy viscosity. Intermittency distribution of Chen & Thyson (1971). 
Predicts x, 
Eddy viscosity, based on ST AN^ code. Intermittency distribution of 
Abu-Ghannam & Shaw (1980). Onset and extent adjusted to obtain 
agreement with experimental data 
hterrnittcncy in terms of momentum thickness, exceeds I for ensuring 
agreement with data 
Extension of Patankar-Spalding (1970) for predicting heat transfer 
rates on turbine blades and nozzle guide vanes. Intermittency 
distribution of Narasimha (1957). x, and extent from measurements. 
Effect of large free-stream turbulence by addition to eddy viscosity, 
shows good agreement with experiments 
Extension of Krishnamoorthy (1986) with onset momentum thickness 
Reynolds number= 160. Dhawan-Narasimha correlation for extent 
extended to pressure gradients 
Integral form of a turbulent kinetic energy equation. Source terms in 
governing equation through which free-stream turbulence triggers 
transition 
Extension of McDonald & Fish (1973) and McDonald & Kreskovsky 
(1974). Zero pressure gradient heat transfer generally predicted well 
(but not for the flow at  free-stream turbulence level=0.25), less 
satisfactory for pressure gradient flows 
Stability related closure model. Tested for constant-pressure flows at 
low free-stream turbulence levels 
ModiFied two-equation model of Ng (1971). Requires adjustment of 
numerical constants 
Based on K - E  model. Conditional averages of all quantities require 
intermittency, which is taken as that of Narasimha (1957). Good 
agreement with data considered 
Based on K - E  model; sensitive to boundary conditions for K , E  lor 
airfoil cascade. Discrepancy noted in transitional and turbulent regions 
on suction surfaces of turbine blades 
K-E model of Jones & Launder with change in a constant. Tested for 
nozzle guide vane data. Underpredictions near trailing edge attributed 
to separation 
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3. Linear combination models 

This class of models in general takes the mean flow during transition as a linear 
combination, in the proportions (1  - y): y, of the mean flow in the laminar and 
turbulent boundary layers respectively. All models of this class require methods for 
carrying out the following tasks: 

(a) calculation of the laminar boundary layer, 
(b) estimation of mean flow parameters in a fully turbulent boundary layer starting 

from an arbitrary station in the flow, 
(c) prediction of the location of the onset of transition, and 
(d) the intermittency distribution in the transition zone. 

The methods differ only in the manner in which these tasks are performed, as we shall 
see below. 

3. I Dhawan & Narasimha (I 958) 

This was the earliest transition zone model that could make reasonable predictions of 
all parameters (including mean velocity profile) in the transition zone, provided the 
onset location was given. The model considered only constant-pressure flows. The 
laniinar boundary layer is considered to originate from the stagnation point, and the 
turbulent boundary layer from an onset station further downstream, to be denoted 
here by x,. The mean velocity and skin friction coefficient are respectively taken as 

u = (1 - Y ) U ,  f 7% 

c, = (1  - YFJ, + $ J T .  

(1) 

(2) 
Here (and in what follows) suffixes L and T denote values in the laminar and turbulent 
boundary layers, each starting from its respective origin, and the velocity is non- 
dimensionalised with respect to the free-stream velocity U(x) .  The fully turbulent flow 
was calculated from a prescribed origin using well-known similarity laws (e.g. Coles 
1968). 

The interrnittency was taken to be the universal distribution (Narasimha 1957), 

y = 1 - exp( - 0.41 c2),  < = (X - xJA, (3) 
where 

1 = X(Y = 0.75) - ~ ( y  = 0.25) (4) 

is a measure of the extent of the transition zone. There was no attempt to predict x,, 
but an effective method of determining it from experimental data proceeded as follows 
(Narasimha 1957). A consequence of (3) is that the quantity 

F(y)= [--h(1 -y)]l'* 

varies linearly with x. The value of x, may therefore be found by plotting F ( y )  vs x, and 
extrapolating a best straight-line fit for the bulk of the data to the point F ( y )  = 0. This 
procedure is particularly desirable because very low and very high values of y are not 
too easily measured, as they are sensitive to the discrimination technique ,adopted 
(Narasimha et al 1984), and furthermore because (3) may not be strictly valid near x, 
especially at low Reynolds numbers, as it assumes that all breakdowns occur at x,, 
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Arnal and his coworkers (e.g. Michel et al 1985) assume that the y-distribution is 
independent of pressure gradient, but this assumption is valid only for weak pressure 
gradients as shown by the experiments of Narasimha et al(1984). The model therefore 
does not allow for the occurrence of the sub-transitions observed on flows subjected to 
high pressure gradients, which we shall discuss below in 53.6. 

3.5 Fraser & Milne (1986) 

This is another integral method in which laminar and turbulent parameters are 
estimated using respectively the Thwaites (1949) method and the lag-entrainment 
scheme of Green et al (1973); +he required velocity profiles are taken from 
Pohlhausen’s (1921) quartic for uL and a power-law for uT, with non-constant power 
law index. The log-plus-wake profile (Coles 1968) was not used as the integral 
parameters in the transition zone were found by Fraser & Milne to be predicted better 
by the power-law profile. For the prediction of onset, these authors utilise the 
correlation of Abu-Ghannam & Shaw (1980). The intermittency distribution is based 
on a Schubauer-Klebanoff (1955) type error-function fit in terms of the parameter 
4 = (x - . -Z)/G~, where X = x(T = 0.5) and G, is the standard deviation,,but is approximat- 
ed by the polynomial 

y = 0.5[1 i- (0.01651~1~ - O*0731qj3 -0.094(q/2 +0*8273lql)q/lql]. (12) 

Fraser & Milne (1986) also assume that the intermittency distribution is independent 
of pressure gradient. The extent in terms of the standard deviation is correlated to the 
free-stream turbulence by the relation 

Reos = [8.5 - 2-9(q/10)0’15]Ref, 

g = 1.635 + 0.00367(Re,,/100) - 0~00129(Re,,/100)2, (13) 

where 4 denotes the free-stream turbulence intensity (as percentage of the mean 
velocity). The correlation (13) is preferred by Fraser & Milne as it shows less scatter 
than another considered by them, namely 

Reos = 7-13(Re,,)1’6, (14) 
which is obtained by relating cS to 1” and using (5). 

Fraser & Milne (1986) start their turbulent calculation from the station x (y = 0.01) 
taking the initial value of OT (required in the method of Green et a1 1973) as 0.26,.. 
They also mention that the turbulent calculation started at a downstream station 
corresponding to y = 0.1 gives “optimal agreement with data”. The variation of C,, 
however, is found to require smoothing, which is done using a special correlation. 
Predictions of C,, H and 6 agree well with the pressure gradient data of Abu- 
Ghannam & Shaw (1980) and with constant-pressure data from various sources 
including their own. 

3.6 Fraser et a[ (1988) 

This is an extension of Fraser & Milne’s (1986) method. The onset location is taken by 
Fraser et al to correspond to y = 0.01. Fraser et a1 also measured intermittency 
distributions in both zero and nonizero pressure gradients, and found the results to be 
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Figure 6. Variation of the quantity [ N 2 ( q ) - N o ( 9 ) ]  with 
the pressure gradient parameter L in adverse pressure 
gradients, N ,  denotes the non-dimensional spot forma- 
tion rate in pressure gradient, and N o  is the value of N, 
a1 the same free-stream turbulence level (4) but without 
pressure gradient; N 0 ( 4  is taken as 0.7 x 

well-known limitations of all gradient-transport theories (i.e. Batchelor 1950; 
Narasimha 1989). Nevertheless, when properly used, an eddy viscosity can provide 
useful estimates of certain gross boundary layer characteristics. 

4.1 Harris (1971) 

This model was formulated for compressible plane or axisymmetric flow using mass- 
averaged velocities and the intermittency model of Narasimha (1957). To determine 
x,, Harris used a critical vorticity Reynolds number as proposed by Rouse (1945) as 
well as various empirical correlations. The transition zone length was often taken 
from experiments, but it was suggested that when this was not possible, one may take 

(20) 

where xmin and xmaX denote the streamwise locations corresponding to the minimum 
and maximum in the surface-Pitot measurements. [It may be noted that while 
extrema in surface parameters (whether Pitot pressure, skin-friction or wall heat- 
transfer) have been widely used (e.g. Schubauer & Skramstad 1948; Coles 1954) to mark 
the limits of the transition zone, different indicators do not necessarily coincide. For 
example, xmin does not correspond to the onset location x, mentioned earlier, and x, is 
upstream of xmin (Narasimha 1958; Owen 1970; Suder et al 1988). The tentative 
conversion factors (Narasimha & Dey 1985) 

.x,,, - xmin = 1 = Xrni", 

X, Xmin - 0*26(xma, - Xmin), 2 = 0*4(xm,x - xmin), (21) 
have been found to be useful for making consistent comparisons of data from 
intermittency distributions and surface parameter extrema.] 

4.2 Kuhn (1971) 

Kuhn's prediction scheme for high speed flows is based on the method of integral 
relations, and the intermittency is taken as 

(22) y = 1 - exp[- Ak(x - x,)~] .  
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Michel et al note that predictions made on this basis show respectively an unduly slow 
variation of H and an underprediction of C, towards the end of the transition zone. 
The predictions were, however, considerably improved by adopting a distribution 
with an overshoot above unity in the later part of the transition zone (figure8). 
Although Michel et a1 justify the overshoot from a consideration of the Reynolds 
stress, an intermittency higher than unity is physically meaningless, and must be taken 
as an indication of internal inconsistency in the model. Interestingly, Michel et al find 
it necessary to use the overshooting y-distribution to predict their own experimental 
data, which Arnal (1986) had earlier predicted using the distribution (10) and the 
integral method mentioned in $3.4. 

4.7 Krishnamoorthy (1986) and Krishnamoorthy et a1 (1 987) 

An extension of the Patankar-Spalding (1970) method with the y-distribution (3) is 
utilised by Krishnamoorthy for predicting his heat-transfer measurements on turbine 
blades and nozzle guide vanes. In general, the onset of transition was taken from the 
measured heat-transfer distribution, and the extent was selected to obtain the best 
agreement. For pressure surfaces, the onset is also considered by Krishnamoorthy to 
correspond to the location at  which measurements begin to deviate from the predicted 
laminar values; 1. is taken as 0.24 times the chord length. 

Krishnarnoorthy finds that the Patankar-Spalding ( I  970) relation for the mixing- 
length used (in estimating v T )  overpredicts his measured heat transfer rates both 
during transition and in the fully turbulent regimes. The use of a Van Driest type 
damping factor for the viscous sub-layer, however, was found to considerably improve 
predictions. 

For predicting flows at  relatively high turbulence levels, Krishnamoorthy assumes 
an effective total diffusivity 

where v p  takes into account the effect of free-stream turbulence, and is prescribed as a 
function of its intensity and length scale. Agreement with experimental data seems to 
be better with the use of (27) than that with (19). 

Krishnamoorthy et al (1987) have extended (27) for predicting Krishnamoorthy’s 
data on nozzle guide vanes, The onset is assumed to correspond to Reer = 160, and the 
extent is given by a modification’ of (5 )  to include the effect of pressure gradients, 

v = v + p J T  + v p r  (27)  

Re,=5Re:;8[l +2.5 x 106K,], 
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Figure 8. Variations of thc ahnpe 
factor (H) and skin-friction co- 
eficient (C,,) as predicted by Michel 
e t d  (1985) with and without over- 
shoot in the intermittency distribu- 
tion: ; m i  denoks the overshooting 
intermittency: filled symbols are thc 
measurements of these authors.  
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incorporating the low Reynolds number version of the K-E model of Jones & Launder 
(1972, 1973) in the ST AN^ code of Crawford & Kays (1976). Wang etal find that for 
turbine blades, the boundary conditions for K and E near the leading edge are 
important, and they propose a technique for providing them. Although their 
predictions “agreed favorably” with the measurements considered by them, they also 
note discrepancies in the transitional and fully turbulent regions on the suction 
surface. 

5.7 Krishnamoorthy et a1 (1987) 

Krishnamoorthy’s (1 986) measurements of heat-transfer rates on turbine nozzle guide 
vanes are predicted by these authors using the K-E model of Jones & Launder (1973), 
with a change in one of the constants associated with the model (T R Shembharkar, 
private discussion). Of the various measurements at different free-stream turbulence 
levels (1-6, 3.6, 7-3 and 12.7%) considered by Krishnamoorthy et al, calculations 
downstream of the predicted laminar separation point were not carried out by them 
for flows at turbulence levels 1-6 and 3.6%. Underpredictions of heat-transfer rate near 
the trailing edge are attributed to separation of the flow in the region. Agreement is 
found to be “not satisfactory” on pressure surfaces. It may be noted that their eddy 
diffusivity model (27) discussed in 54.7 predicts these measurements better than their 
differential model. 

6. Assessment 

As of today, it has not been possible to solve the Navier-Stokes equations in the 
transition zone, and this may remain so for many years to come. Numerical solutions, 
which have so far been confined to such simple geometries as a channel, have not yet 
produced encouraging pictures of turbulent spots and the transition zone on a flat 
plate. 

To provide estimates for engineering applications, it has been necessary to resort to 
modelling. A large number of algebraic and differential models have been proposed, 
whereas integral models based on the linear-combination principle are few. The 
differential models are more complex in the sense that they involve several partial 
differential equations, whose solution furthermore does not seem to be 
straightforward in all flows (as can be inferred from Arad etal 1982, 1983, Wang etal  
1985 and Krishnamoorthy e t a l  1987, for example). The choice of an appropriate 
closure model is also important, but remains difficult, as can be illustrated by the 
analyses of Tanaka et a1 (1982) and Tanaka & Yabuki (1986). These authors, who 
have undertaken measurements in flows first undergoing relaminarization and then 
retransition to a turbulent state in a constant area duct, calculate the flow using the 
K - KL, model of Rotta (1951, 1972) and incorporating modifications suggested by 
Kawamura (1979) for low Reynolds number effects. Comparisons reveal that while the 
heat transfer distribution is predicted reasonably well for retransition over a short 
region in the constant area duct, the skin friction is not. Tanaka & Yabuki (1986) 
therefore suggest that a careful choice of the turbulence model is necessary in such 
flows. Also, Tanaka et al( l982)  find that their scheme is better than the K-E model of 
Jones & Launder (1972) which was seen to overpredict the measured dip in the heat 
transfer distribution (figure 9). Tanaka et a1 (1982), however, do not rule out the 
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N u  

1 - K-KL, 
3o i ---- KTrmodel 

c d a t a  

Figure 9. Comparison reported by Tanaka eta/ 
(1982) between their K-KL,< model and the K-E 

(open symbols) of Nusselt number (Nu)  by Tanaka 
ei a / (  1982) were made in a flow that Iirsr relaminarizes, 
and then undergoes re-transition in a constant-area 

model of Jones & Launder (1972). Measurements 

0 400 mrn x duct. 

possibility of improving the performance of the K-E model by optimising the 
associated constants. Two-equation models in particular are gaining popularity, but 
their value is still to be demonstrated. As Simoneau et a1 (1988) comment, these 
models are sensitive to the initial conditions, and the turbulence production term 
remains a key unknown; they seem only to ‘mimic’ the physics rather than contain it. 

For engineering calculations, computational speed, simplicity and accuracy are 
important. However, it is paradoxical that while differential (and higher order) models 
are being developed, simple integral models seem to have received less emphasis, 
although they are attractive and especially appropriate for engineering design. Indeed, 
“the simpler and the more sophisticated methods are complementary” (Cousteix 
1982), and in turbulent flows, integral methods are known to perform well (see Kline 
eta1 1968, Green etul 1973). Furthermore, integral methods require data that are 
easier to obtain and are far more abundant (Cousteix 1982) than those demanded by 
differential models. 

An authentic evaluation of various models remains rather difficult, as 
comprehensive data of the type required for such comparisons are still scarce. (At the 
least, such data should include mean velocity, the Reynolds stresses, surface 
parameters and the intermittency, as well as a specification of the disturbance 
environment.) Nevertheless, the only available comparison between a linear- 
combination type integral model and the differential models (Dey & Narasimha 
1989a) reveals some interesting results. An adequate representation of the transition 
zone is possible by the linear-combination principle, which is at  least as good as the 
differential models (figure lo), and in some cases better than them (figures 1 la ,  b). 
Both linear-combination and algebraic models, however, require a prescription for 
obtaining the onset location and the extent of the transition zone. The prediction of 
the former is still an open problem, and considerable effort is being made towards 
developing various correlations (Abu-Ghannam & Shaw 1980, Govindarajan & 
Narasimha 1989, for example) as well as more elaborate methods involving flow 



114 R Narasimha and J Dey  

st x ~ ~ 3  

I-- 

x t l y  0.0 BW73 
p red ictio ns 

BW Model I 
2 x f 2  - Dey 8 Narosimha (1989a) 

--  -1  
H’ 

2 -  ---- 
0 

I I I I I I 

I 
\ I 

0 B W O O  \ 
p r e d i c t  i o n s  \ 

Figure I la. Blair & Werle’s (198 I )  
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predicted by them (BW Model I)  
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Figure 10. An example of Dey & 
Narasimha’s comparison of their 
linear-combination results bith the 

- D e y  ‘a Norosimho (1989a) prediction (DW Model I )  and 
- - - - - B W  Model I measurements of Stanton number 

(St) by Blair & Werle (1980). The 
code BWOO corresponds to  Blair & 
Werlc’s constant-pressure flow 
without any grid (at a free-stream 

0.  I - turbulence level of 0,25‘%,). B W  
10’ Re Model I is a differential type. 

instability (see e.g. Bushnell et al 1988). The extent is connected closely with the  
breakdown rate, which appears to be best specified via the non-dimensional 
parameter N .  In fact, the proposals of Dey & Narasimha (1989~) and Gostelow (1989) 
on N now offer more refined estimates of the extent of the transition zone in both zero 
and non-zero pressure gradient flows (figure 12). 

% 
7. Conclusion 

Models based on the linear-combination principle show great promise for predicting 





the flow in the intermittent transition zone in 2-D boundary layers. Algebraic and 
differential models seem to need further development before they can handle flows in 
high pressure gradients. The prediction of onset, and in particular of the location of 
sub-transitions when they occur, remain difficult problems. Comprehensive 
experimental data are still needed. Scarcely a beginning has yet been made in 3-D 
flows, which now require considerably more attention. 

The authors wish to express their appreciation to Prof. A Prabhu for support through 
the project ‘Transition and turbulence in shear flows’ sponsored by the Department of 
Science and Technology. 

List of symbols , 

skin-friction coefficient; 
the quantity [ - In( I - y)]1’2; 
boundary layer shape factor, = S* /O;  
turbulent kinetic energy; 
a pressure gradient parameter, = (v/U2)d U/dx; 
a transition zone length, = x,,, - xmin; 
a pressure gradient parameter based on the momentum thickness for 
laminar layer, = (Bt/v)dLi/dx; 

L at x t 2 ;  
length scale of turbulence fluctuation; 
Mach number; 
spot formation rate per unit time and spanwise distance; 
non-dimensional spot formation rate; 
non-dimensional spot formation rate in terms of the boundary layer 
thickness at the onset of transition; 
non-dimensional spot formation rate in terms of the boundary layer 
thickness at the origin of the turbulent boundary layer in pressure 
gradients; 
value of N at a free-stream turbulence level corresponding to that for N , ,  
but without a pressure gradient; 
Nusselt number; 
free-stream turbulence intensity (%); 
equivalent free-stream turbulence for residual disturbances associated 
with a given facility; 
body radius in an axisymmetric geometry; 
Reynolds number; 
Stanton number; 
time; 
boundary layer velocity; 
free-stream velocity; 
streamwise coordinate; 
x at y = 0.5; 

. L at x,; 
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YO Y at constant-pressure; 
E;k value of Y based on l k .  
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