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Influence of Boundary Conditions on the
Dynamic Characteristics of Squeeze

Films in MEMS Devices
Ashok Kumar Pandey, Rudra Pratap, Member, IEEE, and Fook Siong Chau

Abstract—Micromechanical structures that have squeeze-film
damping as the dominant energy dissipation mechanism are of
interest in this paper. For such structures with narrow air gap, the
Reynolds equation is used for calculating squeeze-film damping,
which is generally solved with trivial pressure boundary condi-
tions on the side walls. This procedure, however, fails to give
satisfactory results for structures under two important conditions:
1) for an air gap thickness comparable to the lateral dimensions
of the microstructure and 2) for nontrivial pressure boundary
conditions such as fully open boundaries on an extended substrate
or partially blocked boundaries that provide side clearance to the
fluid flow. Several formulas exist to account for simple boundary
conditions. In practice, however, there are many micromechan-
ical structures such as torsional microelectromechanical system
(MEMS) structures that have nontrivial boundary conditions aris-
ing from partially blocked boundaries. Such boundaries usually
have clearance parameters that can vary due to fabrication. These
parameters, however, can also be used as design parameters if
we understand their role on the dynamics of the structure. We
take a MEMS torsion mirror as an example device that has large
air gap and partially blocked boundaries due to static frames.
We actuate the device and experimentally determine the quality
factor Q from the response measurements. Next, we model the
same structure in ANSYS and carry out computational fluid dy-
namics analysis to evaluate the stiffness constant K , the damping
constant D, and the quality factor Q due to the squeeze film. We
compare the computational results with experimental results and
show that without taking care of the partially blocked boundaries
properly in the computational model, we get unacceptably large
errors. [2006-0209]

Index Terms—Computational fluid dynamics (CFD), experi-
mental quality factor, microelectromechanical system (MEMS),
partially blocked boundaries, squeeze-film damping, torsional
motion.

I. INTRODUCTION

EVALUATION of fluid damping and spring characteristics
is critical in the design and analysis of dynamic micro-

electromechanical system (MEMS) devices where the motion
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of the structure is in a fluid medium such as air or some
other gas. For MEMS devices such as a torsional mirror or
an accelerometer, in which the main sensing/actuating element
executes transverse motion with respect to a fixed substrate,
fluid damping is mainly due to the squeeze film and drag on
the lateral and top surfaces [1], [2].

The squeeze-film damping in MEMS devices is generally
calculated by solving the conventional Reynolds equation. The
analytical results for the squeeze-film damping and spring
forces in a system with a plate executing small amplitude
harmonic motion are given in [3], and the corresponding
torques in the case of torsional motion are derived in [4]. These
damping and spring forces in complex structures are also cal-
culated by solving Reynolds equation numerically for rigid [5]
and flexible structures [6] executing transverse motion. Since
the computation methods are intense and time consuming,
Hung et al. [7], [8] have proposed a low-order model for fast
dynamical simulation by extracting basis functions from a few
finite-element method (FEM) simulation results. In all these
studies, the Reynolds equation is solved with trivial pressure
boundary condition (P = 0) on the free edges and trivial flow
conditions (V = 0) on the fixed edges.

Although the trivial pressure boundary condition hardly
represents the actual condition around a moving structure, it
is helpful in predicting the nature of squeeze-film effects for
structures with large length to air gap ratio. For comparable
length to air gap ratio, the effect of surrounding pressure on
the squeeze-film damping can be significant. Thus, a nontrivial
boundary condition should be used while calculating the effect
of the squeeze film. There are a few studies ([9]–[12]) that
present various ways to consider nontrivial boundary conditions
on squeeze-film damping under various conditions. To apply
a nontrivial pressure boundary condition on the plate edges,
Vemuri et al. [9] have performed numerical simulation on
a 3-D domain by extending the control volume beyond the
edges of the oscillating plate. The extension to the control
volume is taken such that it is greater than the distance from
the plate edges where the pressure difference becomes zero.
Subsequently, the extended length and width of the plate are
found by comparing the numerical solution with the analyt-
ical damping and spring constants obtained using the trivial
boundary condition for the effective plate with elongated length
and width. The required extension to the plate dimensions
is a function of the characteristic dimension of the squeeze
film, i.e., the characteristic length to air gap ratio, and the
frequency of operation. Veijola et al. [10] have proposed two
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Fig. 1. (a) Side view and (b) top view of the microfabricated cantilever beam and torsional structure are shown with the partially blocked boundaries.

Fig. 2. Schematic diagram of the (a) double-gimballed torsion mirror and (b) its sectional view along A–A′. To evaluate the effect of different factors on fluid
damping in the structure shown in (a) and (b), an appropriate boundary condition is used. The extended boundaries (shown dotted) are taken in four different
ways to capture different effects: (c) squeeze-film effect; (d) squeeze-film effect, end effect, and drag effect only on the lateral side of the vibrating structure;
(e) squeeze-film effect, end effect, and drag effect on the side and the top of the oscillating structure; and (f) in addition to the effects captured in (e), the effect of
a static frame separated by a small distance from the boundaries of the oscillating structure is also considered.

models to consider the effect of open boundaries on squeeze-
film damping: 1) the border flow channel model where imag-
inary flow channels are used at the edges of the plate; and
2) the surface extension model where the edges are extended to

accommodate the effect of open borders. They have calculated
the appropriate extension to the original dimensions of the plate
by comparing the numerical squeeze-film resistance obtained
using trivial pressure boundary conditions on the extended
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volume with the analytical resistance value for the extended
plate. They have found that in the continuum flow regime, the
validity of Reynolds equation can be extended to systems with
characteristic structural dimensions comparable to the air gap
thickness if the structural dimensions are increased by 1.3 times
the air gap thickness. The model is also modified to include
the rarefaction effect in the slip flow regimes. In torsional
motion, the maximum relative error under this condition is
found to be less than 10% for the length-to-air-gap ratio greater
than 10. Since the dimensional extension is obtained under the
assumption of incompressible flow, the model is reported to
be valid below 500 kHz. The above studies are mainly done
for fully open boundaries, as shown in case 2 of Fig. 1(b).
In order to model the effect of partially blocked boundaries,
where the fluid flows through a narrow opening on the side
of the plate, as shown in case 1 of Fig. 1(b), Darling et al.
[12] have proposed a compact model under arbitrary venting
conditions by solving acoustic equations. They have obtained
an analytical solution for the squeeze-film damping and spring
forces by solving the conventional Reynolds equation for trivial
as well as nontrivial boundary conditions. In order to consider
the effect of side walls, Hao et al. [11] have obtained the
squeeze-film damping and spring torques for torsional motion
by taking trivial pressure boundary conditions on the side walls
rather than on the edges of the oscillating plate. However, the
zero-pressure boundary condition on the side walls is not a good
idea when the side walls are placed closer to the oscillating
plate. The effect of nontrivial boundary conditions in partially
blocked boundaries requires thorough investigation in order
to find the distance from the edges of the oscillating struc-
ture where the pressure difference becomes zero. The models
presented in the last two references [1], [12] are restricted
by the upper frequency limit below which inertial effects are
negligible. Also, these models do not apply to cases with large
air gaps (where the Reynolds equation is not applicable due
to the violation of its basic assumption of small air gap to
length ratio). These studies are also not applicable to structures
with complex boundary conditions such as the partially blocked
boundaries that exist in the MEMS device under consideration
[which is shown in Fig. 2(a)]. Partially blocked boundaries have
clearance parameters that can have small enough values to be
significantly affected by fabrication processes. The gap between
a side wall (a fixed boundary) and a vibrating structure is one
such parameter. The geometric parameters that characterize the
fluid domain between the fixed boundaries and the moving
structure are of interest here. These parameters can also be used
as effective design parameters if we understand their role on the
dynamics of the structure.

In this paper, we take an example structure with partially
blocked boundaries and carry out computational fluid dynamics
(CFD) simulations using several models for boundary con-
ditions to evaluate the dynamic characteristics of the struc-
ture. In particular, we compute the quality factor with each
of the boundary models and compare the results with exper-
imentally obtained values. We also compare the numerical
and experimental results with the available analytical formulas
and discuss the validity of analytical formulas under different
conditions.

II. THEORY

A. Governing Equations

In a system where a structure vibrates near a fixed substrate
in a fluid medium, the fluid behavior can be modeled using
the Navier–Stokes equation [14], [15]. For a low vibration
frequency, assumptions of incompressibility and laminar flow
hold good. However, as the excitation frequency increases,
compressibility and inertial effects become significant. Under
isothermal flow conditions and constant dynamic viscosity, we
get the following set of equations for fluid flow [14], which are
solved using ANSYS:

∂ρ

∂t
+∇.(ρ�u) = 0 (1)

ρ
D�u

Dt
= ρ�g −∇p + µ∇2�u (2)

ρ ∝ p (3)

where �u is the fluid velocity, p is the fluid pressure, ρ is the fluid
density, �g is the acceleration due to gravity, and µ is the
dynamic viscosity. In problems related to MEMS devices, the
effect of body forces such as ρ�g can be neglected without any
substantial error. The time rate of change of density can be
expressed in terms of the time rate of change of pressure as
∂ρ/∂t = (∂ρ/∂p)(∂p/∂t), where ∂ρ/∂p = ρ/κ, and κ is the
bulk modulus of the fluid. In this paper, the fluid considered
is air. For air, at temperature T = 298 K and pressure pa =
1.013 × 105 Pa, µ ≈ 1.8 × 10−5 N-s/m2, ρa = 1.2 kg/m3, and
the isothermal bulk modulus κT = pa = 1.013 × 105 Pa. We
must add here that at sufficiently high frequencies or velocities,
adiabatic conditions may have to be used in place of isothermal
conditions.

B. Boundary Conditions

Based on the type of opening on the side of the vibrating
structure, the boundary conditions can be mainly of the follow-
ing three kinds.

1) Fully closed boundaries: In this case, the fluid remains
inside the cavity. For pure transverse motion, the fluid
behaves like a spring, while for torsional motion, there
is also some loss due to the lateral fluid motion in the
air gap. The magnitude of this effect depends on the fre-
quency of excitation [12]. Under this condition, the fluid
velocity along the boundaries is zero.

2) Fully open boundaries: In this case, the fluid can flow
freely from the boundaries, and the pressure variation is
taken as zero along the boundaries, i.e., ∆p = 0. How-
ever, because of the sudden flow expansion from the
closed cavity to the open surroundings, the pressure on
the boundary is different from the ambient pressure. This
difference in pressure is called the open border effect or
the end effect [17]. This effect is negligible for a system
with small air gap h0 to length L (or width W ) ratio.
Under this condition, trivial pressure boundary conditions
can be used to calculate damping. For incompressible
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Fig. 3. Picture of double-gimballed MEMS torsion mirror.

flow, the damping constant under this condition is given
by [4]

Cφ =
192WL5µ

π6h3
0

m∑
even

n∑
odd

1

(mn)2
(
m2 + n2

(
L
W

)2
) (4)

where µ is the fluid viscosity. For comparable air gap and
structural length, the open border effect can be modeled
by applying either a nontrivial boundary condition on the
original boundaries or a trivial boundary condition on
the extended boundaries of the oscillating structure. For
low-frequency torsional motion about an axis bisecting
the plate length, Veijola et al. [10] have proposed the
extension of the original length l of the oscillating plate
by 1.3h0, i.e., leff = l + 1.3h0, where h0 is the initial
air gap thickness. Consequently, for an air gap to length
ratio of ∼1 in a structure with fully open boundaries,
(4) can be used to calculate damping by replacing L and
W with Leff = L + 1.3h0 and Weff = W + 1.3h0. After
calculating the damping force in the two different cases,
the value of the moment of inertia I and the angular
velocity ω of the original structure are used to calculate
the quality factor from

Qanal =
Iω

Cφ
. (5)

3) Partially open boundaries: Unlike the previous cases, the
boundaries are neither completely open nor completely
closed. In this case, αp + β∇p = 0 is used on the bound-
aries, where α and β are constants whose values depend
on the closed and open portions of the boundaries.

C. Solution Methodology

To study the effect of boundaries on the dynamic character-
istics of the squeeze film, we choose a MEMS torsion mirror
(shown in Fig. 3) as a test structure whose dimensions are
given in Table I. Our methodology involves experimental and
numerical investigations that include different boundary effects.
In this section, we outline the procedure we have followed for
these studies.

1) Experimental Procedure: In order to evaluate the quality
factor of the torsional microstructure under ambient conditions,
we build a test setup shown schematically in Fig. 4. The dy-
namics of the torsional structure involves rotational vibration of
the inner plate about the inner torsional bars. The experimental
studies in this case require a function generator, an oscilloscope,
two dc power sources, a LASER source, a LASER pointer, a
position sensing device (PSD), a platform, and three adjustable
stages to mount the PSD, LASER pointer, and test structure,
respectively. The procedure of determining the quality factor
experimentally involves the following steps.

1) An input voltage V = Vinput sin 2πft, where f is the
input frequency, and t is the time, and a bias voltage Vbias

are applied to the electrodes (E1 and E4) and the inner
plate [see Fig. 2(a)], respectively. Here, Vbias = 20 V,
and Vinput = 0.5 V. The static angular deflection due to
the applied bias voltage is about 5 × 10−3 rad, which is
negligibly small. The application of a sinusoidal voltage
results in angular oscillation φ of the inner plate about the
inner torsional bars.

2) A LASER source and a LASER pointer are used to focus
the LASER beam at a point on the top of the vibrating
plate. After getting reflected from the plate, the LASER
beam falls on the PSD, as shown in Fig. 5(a).

3) As the plate vibrates, the voltage reading of the PSD
is taken from an oscilloscope. At steady state, the volt-
age reading is taken, which in turn gives the angular
displacement of the oscillating plate from the relation
φ = (Vp/d)(in rad). Here, Vp is the PSD output voltage
(in the present case, the relation between voltage and
displacement is set as 1 V ≈ 1 mm), and d (in millimeters)
is the center distance between the PSD and the LASER
spot on the vibrating plate.

4) By repeating steps 1–3 for different frequencies and by
reading the corresponding maximum angular displace-
ments, we get the frequency response curve as shown in
Fig. 5.

5) Using the half-width method [20], we measure the quality
factor Qexp from the frequency response curve.

The expression for quality factor is given by

Qexp ≈ 1
2ξ

=
fd

f2 − f1
(6)

where f1 and f2 are the half power frequencies.
By following the above experimental procedure, we get the

response curve for the angular oscillation of the inner plate,
as shown in Fig. 5. The experiment is repeated ten times,
and the average of all data points is taken. From the response
curve, we get the quality factor Qexp ≈ 9.19 and the damping
factor ξ = 0.054 from f1 = 500.4 Hz and f2 = 558 Hz. The
damped natural frequency comes out to be fd = 529.2 Hz. The
maximum angular displacement at resonant frequency is found
to be 0.035 rad.
2) Numerical Procedure: The CFD procedure to calculate

the dynamic characteristics of the squeeze film under different
boundary conditions involves three major steps: 1) modeling
and discretizing the fluid domain; 2) solving for the pressure
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TABLE I
DIMENSIONS OF MEMS TORSION MIRROR SHOWN IN FIG. 2

Fig. 4. Outline sketch of the experimental setup.

distribution with the given load and boundary conditions using
(1)–(3); and 3) computing the desired forces and other quanti-
ties from the computed pressure distribution and velocity field.
An outline of the different computational substeps is given in
Fig. 11. A few important aspects and expressions related to
modeling and estimation of the spring force, damping force,
and quality factor are discussed below.

1) Issues related to modeling: First, a 3-D fluid domain
around the test structure is created. The outer boundaries,
which are shown dotted in Fig. 2(f), are extended from
the side and the top surface of the oscillating structure.
The extension factor depends on various factors such as
the air gap thickness to the length ratio [10] and the

Fig. 5. Frequency response (in terms of angular displacement φ) of MEMS
torsion mirror vibrating about the y-axis for bias voltage Vbias = 20 V and
|Vinput| = 0.5 V.

nature of the boundary condition such as fully or par-
tially blocked boundaries. The reasons for extending the
boundaries in the open and partially blocked conditions
are mainly twofold: first, to accommodate the effect of
sudden expansion and contraction through the side and
top openings; and second, to account for the drag forces
on the side walls and the top surface of the oscillating
structure (see Fig. 2(a) and (b) for the openings around the
inner plate). The main criteria for selecting the extension
of surfaces is that it should be greater than the distance
where the solution converges for pressure distribution
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Fig. 6. (a) Comparison between the numerical and analytical damping constants for different air-gap thicknesses. (b) Percentage error in analytical result with
respect to numerical result with different air-gap thickness.

around the structure. For example, the boundaries in
Fig. 2(e), which are similar to the condition around the
experimental test structure, are extended by lp/2 on the
left and right sides of the oscillating plate, and 3h0/4
from the upper surface of the vibrating plate on the top to
capture the aforementioned effects, where lp is the length
of the plate, and h0 is the air-gap thickness.

2) Calculation of the quality factor: After getting the pres-
sure distribution p on the walls of the oscillating plate and
integrating the moment of the total back force about the
axis of oscillation, we estimate the total back torque on
the oscillating structure. Then, after calculating the phase
difference γ between the total back torque and the angular
velocity, we calculate the spring torque, the damping
torque, and the quality factor based on the total fluid
damping. If the angular displacement of the oscillating
structure is φ(t) = Φ sinωt, where ω = 2πf = 2π/τ is
the angular frequency of oscillation, τ is the time period
of oscillation, and γ is the phase difference as defined
above, then the angular velocity and the total torque can
be written as φ̇(t) = Φω cosωt and T = T0 cos(ωt + γ),
respectively. Under the assumptions of viscous damping
and linear spring, the spring and the damping torques are
proportional to the angular displacement and the angular
velocity, respectively. Therefore, the expressions for the
damping and spring torques are given by

Td(t) =Td0 cosωt

Ts(t) =Ts0 sinωt (7)

where Td0 = Tmax cos γ, and Ts0 = Tmax sin γ. Thus,
the expressions for the damping constantD and the spring
constant K are

D =
Td0

Φω
K =

Ts0

Φ
. (8)

Now, the quality factor is defined as [20]

Qnum = 2π
1
2IΦ

2ω2

∫ τ

0 Td(t)φ̇(t)dt
=

IΦω2

Td0
=

Iω

D
(9)

where I is the moment of inertia about the axis
of rotation. For the present structure, as shown in
Fig. 2(a) and (b), I = ρlpbptp(l2p + t2p)/12 without per-

forations, and ρlpbptp(l2p + t2p)/12 −
∑j=n

j=1 (nρlhlhtp
(l2h + t2p)/12 −

∑k=+(n+1)/2
k=−(n+1)/2 (ρl2htpk

2p2
h)) with n× n

equally spaced perforations, where n is an odd num-
ber and equals 13 in the present case. The I value
corresponding to n = 13 is about 2.106 × 1017 kg-m2.
The net torsional stiffness of the structure is from
as kφ = ω2I = (2πfd)2I = 2.3284 × 10−10 N-m, where
fd = 529.2 Hz is the resonant frequency obtained
from Fig. 5.

III. RESULTS AND DISCUSSION

First, we discuss the validation of the numerical results by
comparing them with the experimental results for the MEMS
torsion mirror shown in Fig. 2. We discuss various effects on
the dynamic performance of the test structure associated with
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Fig. 7. (a) Finite elements in the domain bounded by the bottom surface and
the section A–A′. (b) Sectional view of the fluid domain passing through the
middle of the oscillating plate that is bounded by the top surface, side surfaces,
and bottom surface.

different boundary conditions. Before going into the details
of numerical modeling, we characterize the nature of the air
flow around the given structure using popular characteristic
numbers.

1) Modified Reynolds number Re = ρh2ω/µ: It is a mea-
sure of the inertial effects. Using the characteristic flow
length h = h0 = 80 µm, the dynamic viscosity of air µ =
1.8 × 10−5 N-s/m2, the density of air ρ = 1.2 kg/m3, and
the angular frequency at resonance ω = 2πf , where f =
529.2 Hz, we get Re = 1.4. Here, the Reynolds number
is greater than 1 because of the large air gap thickness.
Under this condition, Reynolds equation, which is used
to model the squeeze-film flow, does not hold good. To
incorporate the effect of the large air gap thickness, we
solve the 3-D Navier–Stokes equation numerically.

2) Squeeze number σ = 12µl2pω/h
2
0pa: For lp = 400 µm,

pa = 1.013 × 105 Pa, and the same values of h0, ω, and
µ as mentioned earlier, we get σ = 1.77 × 10−4. Since
σ � 1, the compressibility effect can be neglected.

3) Knudsen number Kn = λ/h: For ambient pressure and
temperature, the mean free path λ of the air molecules is
about 64 nm. For the flow through the air-gap thickness,
the characteristic flow length h = h0, and Kn = 8.0 ×
10−4; whereas for the flow through the side opening,
h = hw = 19 µm, and Kn = 0.003. Since for both flows
Kn < 0.01, the fluid flow around the structure is in
the continuum flow regime [21]. Therefore, the no-slip
boundary conditions at the boundaries of the oscillating
structure can be used to solve the Navier–Stokes equation
in the fluid domain around the test structure.

4) Perforation ratio Pr = Aperf/Aplate: It is the ratio of
the perforated area to the plate area. For the perforation
area Aperf = Np × 3 µm × 3 µm, where Np = 13 × 13

Fig. 8. Variation of percentage error in calculating Tmax with the number of
elements Ne (here, Tref = 1.03 × 10−13 N-m is the converged value of Tmax

corresponding to 438 685 elements).

is the number of perforations, and the plate area Aplate =
400 µm × 400 µm, we get Pr = 0.0095 � 0.1. More-
over, the ratio of the perforation size to the air-gap
thickness Ph = lh/h0 = 0.037 is also very small. Since
the perforation size is very small compared to the pitch of
the perforation distribution and the air gap thickness, we
neglect the effect of perforations in the modeling.

A. Validation of Numerical Procedure

To validate the numerical procedure, we compare the nu-
merically computed damping constant with the analytical value
obtained from (4) for L = 400 µm, W = 400 µm, and h0 =
10 to 80 µm. Air is used as the surrounding medium. The
density and viscosity of air are taken to be 1.2 kg/m3 and 1.8 ×
10−5 N-s/m2, respectively. While the excitation frequency is
529.2 Hz, the amplitude of angular displacement is taken as
0.004 rad, which corresponds to 1% of the maximum allowable
angular displacement when the tip of the electrode touches
the substrate. The numerical damping constant is obtained by
solving the Navier–Stokes equation in 3-D domain with the
trivial boundary condition on the plate edges as explained in
the previous section. It is found that the analytical results
compare very well with the numerical result for h0/L ≤ 0.1
with less than 10% error as shown in Fig. 6. Beyond 40-µm gap
thickness, the effect of large air gap increases due to the nonuni-
form pressure variation across the gap thickness. At 80 µm,
the analytical formula gives an error of about 33%. Thus, we
validate our numerical procedure that matches well with the
analytical result for small air gap to length ratios. Subsequently,
we do further comparisons with the experimental results under
different boundary conditions in the next section.

Another important aspect in numerical modeling is the selec-
tion of the oscillation amplitude, which should be comparable
to the experimental values. The experimental value of the os-
cillation amplitude is 0.035 rad at 529.2 Hz (see Fig. 5), which
is about 8.75% of the maximum allowable angular amplitude
(≈0.4 rad when the tip of the electrode touches the substrate).
In numerical simulations, we vary the oscillation amplitude
from 1% (0.004 rad) to 10% (0.04 rad) of the maximum
allowable angular displacement and compute the corresponding
damping constant. In this range, we find the damping constant
to be independent of the amplitude as expected (for small
amplitude motion) with a variation as small as 0.1%. Based on
these results, we select 0.004 rad as the amplitude of angular
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Fig. 9. (a) Pressure distribution on the top surface of the fluid domain of Fig. 7(b) (here, the pressure variation is found to be zero). (b) Pressure distribution on
the bottom surface. (c) Pressure distribution on the oscillating plate and the inner frame in the domain bounded by the bottom surface and section A–A′ shown in
Fig. 7(b) (black marks around the structure represent the edges of FLUID142 elements cut by the section A–A′).

displacement for all simulations in Section III-B, which is 1%
of the maximum allowable angular displacement (0.4 rad).

B. Comparison of Numerical, Experimental,
and Analytical Results

By following the numerical procedure outlined earlier, we
calculate the quality factor of the MEMS torsion mirror. The
mirror is subjected to an angular displacement φ = Φsin 2πft,
where f = 529.2 Hz is the damped natural frequency at at-
mospheric pressure as found from the experimental result
shown in Fig. 5, and Φ = 0.004 rad is the amplitude of angular
displacement, which is taken as 0.01 times the maximum pos-
sible angular displacement (when the plate touches the bottom
electrode at the far end). Since the bottom electrode thickness
(0.3 µm) and the static angular displacement (5.0 × 10−3 rad)
due to the bias voltage are very small, we neglect their effects
on the nominal gap thickness h0. From the numerical results,
we find that for the present structure, the perforations in the
plate can be neglected without any significant loss in accuracy
in calculating the total reactive torque and the quality factor.
The percentage error introduced by neglecting perforations
is ∼0.087% and ∼0.79% in the evaluation of total torque
and quality factor, respectively. This is largely because the
perforation size (3 µm) is very small compared to the pitch
(∼32.5 µm) and air gap thickness (80 µm) [22], [23]. There-
fore, in the subsequent discussions, we neglect the perforations
in the modeling.
1) Comparison of Numerical and Experimental Results: To

validate the numerical procedure, we first create a 3-D fluid
domain around the torsional mirror of the given dimensions (see
Table I). The lateral boundaries of the fluid domain are fixed at
lp/2 from the longer external edge and lp/10 from the shorter
external edge of the inner frame, and the top is fixed at 3h0/4
from the top of the movable plate (see Fig. 7). The extension is
obtained by gradually moving the boundary outwards until the
obtained solution converges for the pressure distribution around
the structure. The fluid domain is meshed with tetrahedral
FLUID 142 elements of ANSYS. The zero-pressure boundary
condition is applied on the extended surfaces; zero velocity
condition is applied on the bottom surface and the surfaces
around the static inner frame; and the sinusoidal angular ve-
locity is applied to the surfaces binding the moving structure.
Transient response calculations are carried out for six cycles

because six cycles are found to be sufficient to attain steady
state. On the time axis, 30 points are used per cycle. At each
time step, local iterations are done to achieve convergence of
order five [i.e., (Pi+1 − Pi)/Pi ≤ 10−5, where i denotes the
local iteration step] in the calculation of pressure variation. The
under-relaxation factors for iterating velocity and pressure are
taken as 0.5 to ensure a fast and smooth convergence [24]. After
calculating the total reactive torque and subsequently breaking
it into its damping and spring components, we calculate the
quality factor from (9). To ensure the accuracy of the numerical
method, we calculate the maximum torque Tmax around the
oscillating structure for different finite-element discretizations,
which are used to mesh the fluid domain around the structure as
shown in Fig. 7. Convergence of the finite-element calculations
is clearly seen by plotting the percentage error against the
number of elements (Fig. 8), where the error is computed with
respect to the converged value of Tmax. If Ne is the number
of elements, then the percentage error seems to reduce as
1/N2

e (see inset in Fig. 8). The numerical error is below 1%
if the number of elements is over 250 000. Fig. 9 shows the
pressure distribution on the top surface, the bottom surface, and
the section A–A′ [see Fig. 7(b)] along the bottom surface of
the oscillating structure in the fluid domain, which is meshed
with 438 685 elements. The converged values of the maximum
torque Tmax and the damping torque Td0 are 1.03 × 10−13 N-m
and 1.0 × 10−13 N-m (= 100 µN-nm), respectively, which cor-
respond to the angular oscillation of φ = 0.004 sin(3325.10t).
Finally, we get Qnum = 9.27, which is very close to the ex-
perimentally determined quality factor Qexp = 9.19, giving an
error of about 0.87%.

The effect of squeeze-film flow between the vibrating plate
and the fixed plate, and the effect of air flow through the side
walls and the top surface of the vibrating plate, are compared
and analyzed for different boundary conditions, as described
in Fig. 10. In case (a), the zero-pressure boundary condition
is taken on the edges of the vibrating structure where only
squeeze-film damping is considered. In case (b), the zero-
pressure boundary condition is applied on the extended bound-
ary so as to include the open border effect and the effect of
the side walls on fluid flow (although the effect of the side
wall is negligible in the present case). In case (c), the effect
of the side and top surfaces on fluid flow is taken by applying
the zero-pressure boundary condition on the surfaces extended
from the side and top surfaces of the vibrating plate. Finally,
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Fig. 10. Patterns of average pressure variation and quality factor of a 3-D structure executing torsional motion under open and partially blocked boundary
conditions. Different boundary conditions in (a)–(d) are used to capture different effects as mentioned in Fig. 1(c)–(f). Here, trivial pressure boundary condition
is applied on the dotted lines, zero velocity condition is applied on the lines around the blank rectangle, and sinusoidal velocity is applied on the lines around the
grey-colored rectangle. Here, the movement of mesh is scaled-up for better view.

TABLE II
PERCENTAGE ERROR (Qnum − Qexp/Qexp × 100) OBTAINED

UNDER DIFFERENT BOUNDARY CONDITIONS WITH RESPECT TO

EXPERIMENTAL VALUE OF QUALITY FACTOR Qexp = 9.19
FOR THE STRUCTURE SHOWN IN FIG. 1

we imitate the actual boundary conditions that exist around the
MEMS device (shown in Fig. 3) in case (d) by putting a static
frame near the boundaries of the vibrating plate. In this case, the
free flow of the fluid from the boundaries of the vibrating plate
gets partially obstructed by the presence of the nearby static
structure.

In Table II, the quality factor calculated numerically for the
aforementioned cases is compared with the experimental value
of the quality factor Qexp = 9.19 for the device shown in Fig. 3.
It is found that the condition in case 1, based on which most of
the compact formulas are derived, gives an error of about 203%,
while the case 3 that considers the effect of the side and top
surfaces (i.e., fully open boundary condition) of the vibrating
structure reduces the error to about 11%. However, when the
actual condition is considered, the error reduces even further
and gives a value of about 1% only.

TABLE III
ERROR OBTAINED BY USING CONVENTIONAL ANALYTICAL SOLUTION

WITH OR WITHOUT OPEN BORDER EFFECT FOR THE GIVEN

STRUCTURE. HERE, error = |Qanal − Qexp/Qexp| × 100

Although the boundary condition considered in case (d) is
specific to the present MEMS device, it represents a more
generic case of partially blocked boundaries. It is clear from
the results that such boundaries need to be modeled carefully
for reasonably accurate results.
2) Comparison of Analytical Models With Experimental

Results: In Table III, the experimental result is compared with
the analytical solution obtained by solving the conventional
Reynolds equation [15] with zero-pressure boundary condition
on the boundaries of the oscillating plate [4]. The relevant
dimensions are taken from Table I.

In case 1 of Table III, the zero-pressure boundary condition
is applied on the original boundary of the oscillating inner
plate, as shown in case (a) of Fig. 10, thereby ignoring the
open border effect. The analytical quality factor is calculated
using (4) and (5). It is found that the analytical result gives
an error of about 356% when compared with the experimental
result. The error in this case is greater than that in case 1 of
Table II. This is so because in addition to the error shown
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Fig. 11. Algorithm to calculate the quality factor numerically.

in Table II, the error due to the violation of one of the most
basic assumptions—very small air-gap-to-length ratio used in
deriving the Reynolds equation—also exists in this case, i.e.,
the 2-D flow assumption of Reynolds equation is violated.

In case 2, the zero-pressure boundary condition is applied
on the boundary of the surface extended by (1.3/2)h0 [10]
to account for the fully open boundary effect. The analyti-
cal quality factor is then calculated using (4) and (5). Here,
the effective dimensions are calculated by Leff = L + 1.3h0

and Weff = W + 1.3h0, whereas the moment of inertia I =
2.106 × 1017 kg-m2 is calculated using the original dimen-
sions of the structure and ω = 3.325 × 103 rad/s from the
experimental result. The analytically computed result differs

from the experimentally measured value by 14%, which is
probably due to the fact that the factor 1.3h0 does not account
for the partially blocked boundaries such as the case in the
given structure. Since the extension factor given by Veijola [10]
accounts for fully open boundary conditions, Qanal matches
well with the corresponding Qnum in case 3 of Table II with
an error of about 3%. It also validates our computational
result.

Finally, from the comparative studies of the experimental,
numerical, and analytical results, we find that the extension
factor 1.3h0 is indeed useful to capture border effects of fully
open boundaries. To the best of our knowledge, this is the first
experimental verification of this factor.
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IV. CONCLUSION

CFD is suitable for studying the various effects of different
boundary conditions such as fully open, fully closed, and par-
tially closed boundaries in oscillating MEMS devices. We also
use it to study a problem where the air gap to plate length ratio
is large, which makes the conventional Reynolds equation in-
applicable. We take a fairly complex torsional MEMS structure
with large air gap and complicated boundary conditions, and
simulate the effect of squeeze-film damping by progressively
refining the model for the boundary conditions. We compare
the simulation results with experimentally obtained results
(captured by the Q-factor of the device) and show how the
numerically computed results get progressively close to the
experimental value with refinements in the boundary condition
modeling. Starting from the most common and naive model
of the trivial pressure boundary condition on the fluid domain
enclosed by the oscillating structure, which gives an error of
203% compared to the experimental value, we get to the most
realistic model of the partially blocked boundary that gives
results within 1% of the experimental value. We then compare
the numerical as well as the experimental result with relevant
analytical models and show that Veijola’s analytical model with
an appropriate correction for open border effects comes closest
with an error of 14%.

APPENDIX

The numerical procedure used to calculate the quality factor
due to fluid damping is given in Fig. 11.
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