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Abstract 
We address the problem of choosing synaptic weights in a 
recursive fHonfield) neural network so as to “ontimize” the 
performance bf the network on the recognit& of binary 
strings. The problem has been called the net loading (or 
learning) problem in the literature [lo]. The objective is to 
maximize the basins of attraction around the desired fixed 
points (binary strings) of the net. It is known that it is NP- 
hard to evaluate even the two-step radius of attraction of 
a recursive neural net [3]. We focus on the radius of direct 
(one-step) attraction and will refer to this as the loading 
problem. We have both theoretical and computational 
results on this problem, that we summarize below. 

A proof that the net loading problem can be solved in 
polynomial time using linear programming techniques. 
This resolves a standing problem in the complexity of 
recursive neural networks [lo]. 
An alternate formulation of the net loading problem 
as a proximity problem in high-dimensional convex 
geometry. 
The design and implementation of a hybrid algorithm 
for the said proximity problem. 
Successful solution of large scale test problems includ- 
ing the optimal solution to a 900 x 900 Hopfield net 
with approximately 4 x lo5 synaptic weights. 

It may be noted that our experiments indicate that the 
radius of direct attraction is actually a very good proxy of the 
intractable (multi-step) radius of attraction. In all the test 
problems that we have solved, the synaptic weights obtained 
as a a solution to the maximum radius of direct attraction 
also maximize the radius of (multi-step) attraction. In this 
sense the message of this paper is that the effective design 
of large-scale associative memory based on recursive neural 
networks is possible. 

1 Introduction. 

A recursive neural network is a discrete time, discrete 
valued dynamical system with a bipolar ({ fl, -1)) 
state vector. The evolution of these networks is gov- 

erned by a matrix of weights W called the synaptic ma- 
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trix. These networks are of interest because of their 
use as associative memory in classification and pattern 
recognition. Given a specified set of binary vectors 
{YT Y2, ’ * * , yp} the network behaves as an associative 
memory if it eventually reproduces as its output one of 
the inputs, say yi, when triggered at the input by a vec- 
tor z which is sufficiently close to yli. Here “sufficiently 
close” means that the Hamming distance between z and 
the fixed point yi, i.e. the number of unequal compo- 
nents of the two bipolar strings, is no more than the 
radius of the basin of attraction around yli. 

The dynamical behaviour of recursive neural net- 
work makes it difficult to analyse the radius of attraction 
around a given pattern. It has been shown by Floreen 
and Orponen [3] that it is AfP-hard to evaluate even 
the two-step radius of attraction of a recursive neural 
net. We present exact algorithms to synthesize recur- 
sive neural networks that optimize the radius of direct 
attraction. 

(Net Loading)Given vectors yl, . . . . yp, where each yi 
is an n- dimensional vector whose components are 
I+19 -11, construct a weight matrix, W, such that 
the resulting network has maximum radius of direct 
attraction about the yi. 

We shall see, from both theoretical and computa- 
tional perspectives, that this problem is tractable. 

2 The net loading problem is in P. 

A recursive neural network is a network composed of 
artificial neurons with interconnections. The intercon- 
nections have weights associated with them. We let 
W = (wi) represent the weight matrix, where wj is the 
weight associated with the interconnection from neuron 
j to neuron i. It is convenient to think of W as a set of 
row vectors wi. 

At any instant, a neuron is in one of two bipolar 
states, (1, -1). Consider the state of the ith neuron 
(1 5 i 5 n) at time t, Si. Then the state of the neuron 
at the next time instant is governed by the equation, 

qev’ = sgn( C wjsj). 
l<j<n -- 

Let s = (~1,. . . , s,)~ denote the state vector of the 
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neural network at some time instant. Then the updating 
rule may be defined as 

S new = sgn(Ws). 

We will use yl, . . . . yp to denote the n-dimensional 
input vectors which require to be stored as fixed points 

of the neural network. z is a fixed point of a neural 
network defined by weight matrix W if z = sgn(Wz). 
We will also need the notion of a potential of a vector 
z, 4(z). It is a column vector defined by the equation, 

4(z) = wz. 

We will concentrate on solving the following decision 
problem: 

Given a set of input patterns, {yl, . . . , yp}, is there 
a weight matrix W for which the radius of direct 
attraction is at least k? That is, 

d(yi, z) 5 k + yi = sgn(Wz) i = 1,. . . ,p. 

where d(yi, z) denotes the Hamming distance between 
yi and z. 

It is a simple matter to check that if a vector z 
converges to a pattern y in one step (y = sgn(lVz)), 
then so does every vector on a shortest path from z 
to y. Another useful observation is that the condi- 
tion y = sgn(Wz) may equivalently be expressed as 
xl<j<nyi~jzj > 0, 1 5 i 5 n. The latter observation -- 
follows from the fact that the product of two numbers 
with identical sign is always positive. 

The above observations suggest that for each pat- 
tern yi, we enumerate all vectors at Hamming distance 
k from yi. For every such vector z, we may write n 
inequalities of the form 

c y;wjzj 2 1, 1 I i < n. - 
l<j<n -- 

As the weight matrix is scalable by any positive quan- 
tity, we replace the strict inequality as originally de- 
scribed by an inequality whose right-hand side is unity. 
If the above set of inequalities is feasible, then there 
exists a weight matrix. Otherwise the radius of direct 
attraction is strictly smaller than k. The total number 

of inequalities in the above formulation is pn 
n 

( > 
k . 

Unfortunately, this quantity is exponential in the num- 
ber of variables (eg: let Ic be n/4). 

Consider the following example of designing a recur- 
sive neural network as associative memory for character 
recognition. Let us consider the problem of recognizing 
uppercase characters A-Z of the English alphabet. Each 
character is printed on a 30 x 30 grid. If grid positions 

which are filled are assigned a value of 1 and blank grid 
positions are assigned a value of -1, we get a bipolar 
vector in (-1, l}goo representing a character. 

In the instance of the example that we generated the 
Hamming distance between the closest pair of patterns 
was 60. Hence, it is easy to see that the upper bound 
on the radius of direct attraction is 29. Let us now 
estimate the size of the linear inequality system that 
expresses the net loading problem for this test problem. 

Hence, the total number of constraints are more than 
105’ x 900 x 26 > 1054. 

However, there is at least one way to tackle such an 
enormous linear program. Let us consider the problem 
of testing if a polyhedron & c %!, defined by linear 
inequalities, is non-empty. For technical reasons let 
us assume that Q is rational, i.e. all extreme points 
and rays of & are rational vectors or equivalently that 
all inequalities in some description of & involve only 
rational coefficients. The ellipsoid method (in contrast 
with the simplex method and Karmarkar’s algorithm) 
does not require the linear inequalities describing Q to 
be explicitly specified. It suffices to have an oracle 
representation of &. Several different types of oracles 
can be used in conjunction with the ellipsoid method[7, 
11,5]. We will use the strong separation oracle described 
below. 

Oracle: Strong Separation( C&y) 
Given a vector y E Sd, decide whether y E &, 
and if not find a hyperplane that separates y 
from &; more precisely, find a vector c E gd 
such that cTy < min{cTx( x E 6). 

It is well known [5, 7, 111 that the complexity of the 
linear inequality (feasibility) question is polynomially 
equivalent to the complexity of the oracle. Therefore, if 
we can construct a polynomial time separation oracle for 
the linear program formulated in the previous section, 
we would have a polynomial time algorithm to solve the 
decision version of (Net Loading). We are now ready to 
describe such a separation oracle.The oracle is based on 
a simple restatement of the potential of a bipolar vector 
z as given in the lemma below. 

LEMMA 2.1. Let z be any bipolar vector and y be 
one among the input vectors, {y’, . . . , y*}. Further, let 
A = {j : zj # yj}+ Then the ith component of the vector 

4(z) is, 

(bi(.Z) = Wi.Z = C$i(y) - 2 C W; * yjo 

jEA 
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Notes: 
(i) The cardinality of the set A is precisely the Ham- 

ming distance between the vectors z and y. 

(ii) We require &(z) to have the same sign as yi. For 
this to happen, 
h(z) * yi = ($ik(Yi> - 2 CjE.4 w; * Yj) * Yi 1 0. 
We introduce new variables sij = 2wj * yj * yi. 
Clearly, z does not converge to y on component 
i if h(Y) * Yi < C&A sij- 
These observations can be used to calculate the 

radius of direct attraction for a given weight matrix W. 
The obvious strategy is to arrange sij, 1 5 j 5 n in 
descending order and use greedy packing to determine 
the smallest cardinality set A that causes CjEA sij > 

h(Y) * Yi. 

Procedure: RDA (IV, 7-1 
for all patterns y = y’, . . . , y* and a component 
i, l<iin do 

form a set Si whose elements are sij(l 5 j 5 n) 
with weights 2 * W; * IJ~ * yi . 

calculate t := q&(y) * yi . 

if t < 0 then y is itself not a fixed point. 
set A(y, i) = 0. 

else 
do choose greedily the elements of Si 

with decreasing weight 
until their cumulative sum exceeds t. 

Let A(y,i) be the subset of elements chosen 
and r(y,i) be the cardinality of the set. 

Return T - 1, the radius of direct attraction 
of W, where T = ming(y,i). 

End 

The strong separation oracle for the decision ver- 
sion of (Net Loading) uses the above procedure. Recall 
that the separation oracle needs to determine if a given 
weight matrix W results in a network with radius of di- 
rect attraction at least k. If the answer is negative, we 
need to identify a separating inequality that strictly sep- 
arates W from the polyhedron described by the linear 
inequalities of the linear programming formulation. 

Procedure: Separation( W, AT) 
call Procedure RDA (W ,r> ; 

if (T > k) then output ’ ‘Feasible’ ’ 

else (T < k) and there is some ~(y, i) < k. Then 
the inequality 

( 1 1 w;Yj)*YiLl WGyj - 
s,j$A(~>i) sijEA(Y,i) 

is a separating inequality. 

This completes the description of the oracle. It is 
easy to see that the procedure RDA(W,r) can in fact 
be implemented in O(pn2 logn) time by using a sorting 
routine at the greedy step. Therefore, the oracle runs 
in polynomial time and as a consequence the decision 
version of the net loading problem is in P. Using the 
usual layer of binary search on the decision problem, i.e. 
adding a logn factor, we obtain the tractability result 
for the optimization version of net loading. 

THEOREM 2.1. ([2]) For an arbitrary set of input 
bipolar patterns, the problem of designing a recursive 
neural network with maximum radius of direct attrac- 
tion, about the input patterns, is soluble in polynomial 
time. 

The added restrictions that the weight matrix be sym- 
metric with a non-negative diagonal can be encoded 
as additional (polynomially many) linear inequalities in 
our linear programming formulation. The separation 
oracle can explicitly check these inequalities. Using a 
small variant of the general theory of compact formula- 
tions of linear programs solvable by the ellipsoid method 
due to Kipp Martin [9], we have been able to show that 
the net loading problem can in fact be reformulated as a 
linear program with only O(pn2) constraints and vari- 
ables, i.e. a polynomial size formulation [l]l. These 
results imply that interior point methods of linear pro- 
gramming can also be used to realize polynomial time 
algorithms for net loading. 

Notwithstanding the availability of these compact 
formulations, the results described above do not provide 
reasonable hope of efficient implementation of a solver 
for the net loading problem. The ellipsoid method is 
well known for its impracticality in solving linear pro- 
gramming of even medium scale (for well documented 
reasons). The use of simplex or interior point methods 
on the compact formulation also appears to be imprac- 
tical. For example, consider the character recognition 
problem (Example 2). The quantity pn2 (a very conser- 
vative lower bound on the number of variables and the 
number of constraints) in this case would be approxi- 
mately 2 x 107. So, in order to realize an effective com- 
putational strategy for solving the net loading problem, 
we adopted an entirely different approach. 

3 Net Loading as a Proximity Problem 

The net loading problem may be viewed in the abstract 
as solving a system of linear, homogeneous (strict) 

‘This result. has been independently reported by Prabhu and 
Shaw[lZ] using a different proof technique 
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inequalities of the form: 

(3.1) a.x>O VaEd. 

where A is a finite set of vectors in R”. Note that 
scaling any of the vectors a E A does not alter feasible 
solutions of (3.1). So, let us assume without loss of 
generality that Ilull = 1 Vu E A. The separation oracle 
that we described in the last section computes for any 
xfR”, a real number h(z) and a vector c(x) E A such 
that 

h(x) = min{a . II: : a E A), 

4x1 = arg min{a. z : a E A}. 

Note that c is not a function, since for some x, c(x) may 
not be unique. c is a many to many map. Let CH(d) 
denote the convex hull of the rows of A interpreted as 
points in R”. Then, h(x) and c(x) are known as the 
support function and the contact function of CH(d), 
i.e. the hyperplane {y : Z. g = h(x)} supports CH(d) 
at c(x). The support and the contact functions are of 
importance because the algorithms we will describe in 
the following sections will make use of these to solve the 
design problem. One more real number g(x) associated 
with any x E R AJ is of importance in the algorithms 
described later. This is defined as, 

g(x) = -h(x) + 11412~ 

It should be easy to see that x* E CH(d) is the closest 
point to the origin from CH(d) if and only if g(s*) = 0. 

Note that if Z is a solution of (3.1) then a2 is also 
a solution of (3.1) for every cr > 0. Thus, the solution 
set of (3.1) is either empty or infinite. We consider a 
tighter formulation of the design problem. Our aim till 
now was to find an 2 such that h(x) > 0. Instead, we 
will try to solve the following problem: 

(3.2) max h(x) s.t. ))x)) = 1. 

If e(a,x) denotes the angle between vectors a and IC, 
i.e., 

8(&X) = cos-l& 
1141 Ilxll ’ 

then (3.2) is equivalent to solving 

(3.3) zE$:fo (s+J~) . 

The motivation for solving (3.2) is robustness and fault- 
tolerance. 

Consider the problem, 

(3.4) min ~I?JII~ s.t. y E CH(d). 

Note that (3.4) has a unique solution. The relation 
between (3.2) and (3.4) is established in the following 
lemmas. 

LEMMA 3.1. Suppose (3.1) has a solution. Also, 
let D+(CH(d), (0)) be the Euclidean distance between 
CH(d) and the origin. Then: D+(CH(A), (0)) = 
max {h(x) : 11x11 = 1, h(x) > 0). 

Proof By definition, 

D+(CH(d), (0)) = inf (11x11 : x E CH(A)}. 

Let {xk} c CH(A) be such that ((xk(l + 
D+(CH(d), (0)). Since, CH(d) is compact the se- 
quence {zk} will converge to a point 5 E CH(d). Define 
q = %/ll~[l. (Note that ~~~~~ = D+(CH(d),{O}) > 0.) 
Optimality of z implies that the hyperplane, {x : Q . 

x = D+(CHtA), W)) contains r~: and strictly separates 
CH(d) from the origin. In other words, 

Ildl = ~+(CHL% IOH = h(ii). 

Now choose any n satisfying 11nll = 1. By Schwartz 
inequality and the above equation we get 

h(q) = inf{n . ‘w : w E CH(A)} 
I ?*I 

5 ll~ll 
= D+(CH(d), iOH 
= h(q). 

Thus D+(CH(d), (0)) = max {h(q) : l[ql[ = 1). Since 
D+(CH(d), (0)) > 0, the lemma follows. 

LEMMA 3.2. If (3.1) h as solution then (3.2) and 
(3.4) are equivalent. 

Proof. Note that the optimum objective function 
value of (3.4) is the Euclidean distance between CH(d) 
and the origin, i.e. D+(CH(d), (0)). Since (3.1) has a 
solution we know that 3% such that 

a-?>OQaEA. 

This also implies that 

a.?>OVoECH(d). 

Hence 0 6 CH(d). This means that CH(d) n (0) = #J 
and D+(CH(d),{O}) > 0. We can apply Lemma 3.1 
to find D+(CH(d), (0)). Note that by substituting 
A = CH(d) and B = (0) the h defined above and 
the one used in Lemma 3.1 are same. Hence by part (i) 
of Lemma 3.1 we have, 

D+ (-WV, IOH = max(h(rc) : ~~x~~ = 1, h(x) > 0). 

Since, 3.1 has solution the condition h(x) > 0 is 
superfluous and can be dropped. This proves the 
lemma. 

The following lemma is also easy to establish. 
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LEMMA 3.3. (3.1) has a solution if and only if the 
least objective function value of (3.4) is positive. 

Proof. As shown in the proof of Lemma 3.2 the 
existence of solution for (3.1) implies that 0 @ CH(d). 
Hence D+(CH(d), (0)) > 0 and the optimum objective 
function value of (3.4) is positive. Let us assume that 
the optimum solution of (3.4) is 3. By using part (i) of 
Lemma 3.1 we have, 

(3.5) max{h(z) : ]]z]] = 1) = ]]a]l. 

Let 77 = g/]]g]]. Clearly IIn]] = 1 and 77 . & = ]]g]]. 
Hence, 

(3.6) h(v) I ML 
Combining (3.5) and (3.6) we have, 

h(7) = Ilvll > 0. 
Since, 

h(r]) = inf{q .z : 2 E CH(d)}, 

we have 
q+a>OQaEd. 

Thus q is a solution of (3.1). On the other hand if the 
optimum objective function value of (3.4) is zero then 
it means that 0 E CH(d). But we know that if there 
exists a solution of (3.1) then origin cannot belong to 
the convex hull of A. This proves the lemma. 

4 Algorithms for the proximity problem. 

In this section we will assume that the design problem 
has been represented as (3.1) (or equivalently (3.4)). 
The oracle presented in the previous section is used to 
compute contact and support function. 

4.1 Perceptron AlgorithmThe Perceptron algo- 
rithm [13] is one of the simplest ways to solve (3.1). The 
perceptron algorithm can briefly be described as follows: 
0. Choose x0 randomly and set Ic = 0. 

1. Compute c(zk) and h(xk). If h(l~k) > 0 then stop 
with the conclusion that Zk is a solution to (3.1). 
Else go to 2. 

2. Set 
xk+l = xk + &k), 

k = /c+1, 

and go to 1. 
The perceptron algorithm described above, con- 

verges in a finite number of iterations when the system 
(3.1) has a solution[l3]. However, this algorithm will 
oscillate indefinitely when (3.1) does not have a solu- 
tion. Hence, in this approach it is difficult to choose a 
termination criterion. 

4.2 Gilbert’s AlgorithmGilbert’s algorithm [4] 
is the simplest descent algorithm for solving (3.4). The 
algorithm can be described as follows. 
0. Choose any ye E A and set k = 0. 

1. Compute C(Yk), fbk) and g(yk). If g(yk) = 0 then 
stop with yk as the solution to (3.4). Else go to 2. 

2. Set yk+l = the point on the line segment joining yylc 
and C(yk) with least norm. Also, set k A k + 1 and 
go to 1. 
In general Gilbert’s algorithm requires an infinite 

number of iterations to converge to the solution of (3.4). 
However, if the feasibility of (3.1) suffices, then we can 
replace the termination condition, ‘g(yk) = 0’ in step 
1 of the above algorithm by ‘h(&) > 0’. In that 
case Gilbert’s algorithm converges in a finite number 
of iterations when a solution to (3.4) exists. 

Gilbert’s algorithm is only very slightly more expen- 
sive than the perceptron algorithm. This comparison is 
for one iteration of both the algorithms. These two al- 
gorithms perform very differently. Gilbert’s algorithm 
has a better termination capability. In this algorithm 
lack of existence of solution to (3.1) will cause the se- 
quence { ]]yk I]} to tend to zero. One more significant 
difference between the two algorithms is that the per- 
ceptron algorithm is not a descent algorithm. Hence, 
in the perceptron algorithm we cannot really say that 
the successive iterates are ‘nearing the solution’ in any 
sense. 

4.3 Wolfe’s algorithmThe third algorithm we 
consider is due to Wolfe [15]. This is a simplex-type 
method for solving (3.4). For the case where CH(d) 
is replaced by a convex cone in (3.4), Lawson and 
Hanson [8] gave a similar algorithm slightly before 
Wolfe’s publication. However, Wolfe’s discovery was 
independent of Lawson and Hanson’s work. We will 
refer to this algorithm as Wolfe’s algorithm. It is a 
descent algorithm which does a clever search over the 
set of simplices formed from the points of A. Let us 
define for a convex polyhedron X, 

p(X) = min {]]x]] : x f X},and, 
y(X) = arg min {]]z]] : 5 E X}. 

Now we will briefly describe the algorithm. At each 
iteration the algorithm maintains an affinely indepen- 
dent set of points, dk C A, and a point yk such that 

ylr: = r(AHC.4)) and, 
yk E rel int(CH(dk)), 

where AH(dk) denotes the affine hull of dk. If g(yk) = 
0 then yk solves (3.4). If not then it is easy to show that 
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,o(cH(ii)) < p(CH(Ak)), where ii = Ak U {C(gk)}. 

The algorithm now determines a set Ak+l and yk+l 
that satisfy: &+I C A; Yk+l = r(Aff(Ak+l)); yk+l E 

rel int(CH(Ak+i)); and dCH(Ak+d) < p(CH(Ak)). 
The following is a brief, but reasonably self- 

contained description of the actual algorithm. 
0. Choose any ya E A, set A0 = {yo} and k = 0. 

1. COITIpUte C(yk), h(yk) and &kc). If g(yk) = 0 then 
stop with the conclusion that yk is the solution of 
(3.4). If not then set % = yk, A = AI, U {c(yk)} and 
go to 2. 

2. Compute $ = +y(AH(j)). If e E CH(A) then trim 
A such that c E rel int(CH(d)), set yk+l = 6, 
dk+l = A, k = k + 1, and go to 1. Else go to 3. 

3. Let L be the line segment joining 5 and @. Find 
z = arg min{]]y - G]] : y E L,” CH(A)}. The point 
z lies on F, a face of CH(d) whose dimension is 
smaller than that of CH(A). Trim A by keeping 
only those points corresponding to F, set g = z and 
go to 2. 
It turns out that ]]z]] < I]$]]. It is this fact which 

leads to bk+lII < ((?/k/- B ecause yjk = +y(AH(dk)) and 

bk+lIl < IIYkh we get dj # dk ‘Jj # k. Since the 
number of subsets of A is finite the algorithm converges 
in a finite number of iterations. The computation of 
g in step 2 is achieved by solving the system of linear 
equations: 

B = c Ad% c A, = 1, $a = 6 Va E A. 

c&i ad 

The X,‘s are referredJo as the barycentric co-ordinates 
of 5 with respect to A. In the algorithm, the points yk, 
c, $ and z are all represented using the barycentric co- 
ordinates with respect to appropriate subsets of A, and, 
these co-ordinates play a crucial role in the trimming 
operations in steps 2 and 3 and the determination of z 
in step 3. The main computational cost consists of c(yk) 
and h(yk) in step 1 and the computation of $ in step 2. 
The computation of c(yk) and h(‘&) can be done using 
the oracle described in the previous section. 

5 Computational Experiments 

In this section we will describe our experiences with 
solving the net loading problem on specific examples. 
In all the problems the positivity of the diagonals of 
the weight matrix W was included in (3.1). When 
symmetry is enforced the vector z in (3.-l) consists of 
the elements of upper triangular and diagonal parts of 
the weight matrix together with the thresholds. When 
symmetry is not enforced, then the neural network 
problem is a set of decoupled problems of the form 

(3.1), one for each row of the weight matrix and 
the corresponding threshold. All the algorithms were 
terminated as soon as a feasible solution of (3.1) was 
found. 

The initialization of ~0 or ye was done by setting 
them equal to the a E A corresponding to diagonal 
positivity when symmetry is not enforced. In the cases 
where symmetry was enforced it was set to the centroid 
of the vectors in A corresponding to the positivity 
of all the diagonals. Note that in the former case 
for every decoupled problem only one of the vectors 
in A correspond to the diagonal positivity condition. 
The only motivation for using this initialization was its 
simplicity. All the algorithms were executed on an Intel 
I-860 workstation2 with an optimized Fortran compiler. 

Now we will describe the problems which were tried 
using the 3 algorithms. 
Nl: 

N2: 

N$ 

This problem consists of designing a recur- 
sive neural network for recognizing the patterns 
+, -, x, /, ]. These patterns were taken on a 5 x 5 
grid. The dimension of the neural network is 25. 
Symmetry was enforced. Hence, the number of 
variables in (3.1), iVf = 25 x 13 + 25 = 350. The 
pairwise minimum Hamming distance between pat- 
terns, D was found to be 4. Hence, the maximum 
radius of direct attraction for which the neural net- 
work can be designed is 1. 

This problem is for recognizing the 7 patterns 
which are digits O-6 drawn on a 9 x 7 grid. This 
problem was taken from Tou and Gonzalez [14]. 
(In [14] there are 14 patterns. We have chosen 
the first 7 of them.) The network dimension in 
this case is 63. Symmetry was enforced and hence, 
M = 63 x 32 + 63 = 2079. D was found to 
be 10 and hence the maximum radius of direct 
attraction possible is 4. This problem is also known 
as Banker’s character set. 

This problem is same as Nz except that all 14 
patterns in [14] were included. In this case also D 
was found to be 10 and hence the maximum radius 
of direct attraction possible is 4. 
Table 1 gives the performances of the algorithms 

on the 3 problems. The 2 numbers in the table are 
the number of calls to the support-contact function 
oracle/CPU time in minutes. This CPU time also 
includes time for some I/O operations. In the table 
an entry a means that the algorithm was terminated 
because the number of calls to the oracle exceeded 5000, 
and b means that the algorithm terminated because the 

2The speed of the Intel I-860 workstation is roughly the same 
as that of a SPARC/RS6000. 
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Pb P 

Table 1: The performance of three algorithms 

Problem Radius Hybrid algorithm 
1 18/O. 1 

N2 2 510.03 
3 17/0.1 
4 88/0.5 
1 18/0.15 

N3 2 14/o. 13 
3 27/0.21 
4 156/1.2 

Table 2: Performance of the hybrid algorithm 

bounded above by a reasonably small number. A quick 

size of the linear equation system to be solved exceeded 
look at the oracle for computing the contact and sup- 

500. 
port function gives a good way for choosing this simplex. 

It is interesting to note that the upper bound 
The set A is actually grouped as: 

on the radius of direct attraction (computed using 
the Hamming distance between the nearest pair of 

A = u{f?, : j = 0, 1, . . . ,p}, 

patterns) is achieved. On problem Ns, none of the three where p is the number of patterns, Be corresponds to 

algorithms succeeded. The fact that the upper bound the diagonal positivity, and, for j 2 1, f3j corresponds 

of the radius is achievable was confirmed by using the to the set of constraint vectors for the j-th pattern. 

Hybrid algorithm to be discussed later. In fact this The oracle which we have described computes, for 

upper bound was achieved with some other problems each j = O,I, . . . , P, 
also, which we solved using the Hybrid algorithm. These 
problems will also be discussed later. 

cj (y) = arg min{aty : a E 23,)) 

In the computations, the initialization mentioned and sets, 
earlier was used only for radius = 1. Then the solution 
was obtained for radius = 1. Then this solution was C(Y) = {“j(Y) : j = 071,. . . ,P}, 
used to initialize the algorithm for radius = 2 and so 
on. Thus, the computational cost indicated in the tables and, computes c(y) as, 

are the incremental costs, i.e., the extra effort needed to 
solve the problem for that radius. 

c(y) = arg min{aty : a E C(y)}. 

In table 1, column Pb gives the problem number; The set C(yk) is used to form the simplex in the hybrid 
column R represents Radius and columns P, G and W algorithm. The steps are as follows: 
show the results obtained using Perceptron Algorithm, 0. Choose any ye E d and set k = 0. 
Gilbert’s Algorithm and Wolfe’s Algorithm respectively. 
The column S shows the Simplex Dimension at last 1. Compute c(Yk), hbk) and g(yk). The Set C(yk) 

iteration. comes as a byproduct. If g(yk) = 0 then stop with 
the conclusion that ylc is the solution of (3.4). Else 

6 The Hybrid Algorithm go to 2. 

Wolfe’s algorithm is not suitable for our problem be- 
cause the dimension of the simplex CN(dk) which con- 
tains yk generally grows as the iterations proceed. The 
dimensions become unmanageable above 500, with the 
algorithm spending a very large computational time in 
linear equation solving. Also, it was found that, the im- 
provement in cost at each iteration, i.e., ]]yk]] - ]]&+i I] 
given by Wolfe’s algorithm is not very much bigger than 
that given by Gilbert’s algorithm. The hybrid algorithm 
has been designed to be somewhere in between the two 
algorithms, by using, at each iteration, a carefully cho- 
sen simplex of dimension much greater than two, but 

2. Use Wolfe’s algorithm to compute yk+l, the point 
in CH(C(yk)) with least norm, set k = k + 1 and 
go to 1. 
The hybrid algorithm has convergence properties 

very similar to that of Gilbert’s algorithm. This can 
be proved using similar lines of proof to those used by 
Gilbert’s algorithm [4]. The hybrid algorithm gave a 
vastly improved performance. Results on Nz and Ns 
are given in Table 2. 

We then considered 2 large problems and applied 
the hybrid algorithm on them. These 2 problems are as 
follows. 
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N4: 

N5: 

This problem is that of uppercase English alphabet 
character recognition. This is the same as discussed 
in Example 2. The dimension of the neural network 
is 900. Symmetry of the weight matrix was enforced 
and hence M = 900 x 901/2 + 900 = 406350. D 
was found to be 60. Thus, 29 is an upper bound on 
the maximum radius of direct attraction. 

This problem is the same as N4, except that the 
symmetry of the weight matrix was not enforced. 
So, this problem is equivalent to 900 decoupled 
problems, each with M = 901. 
We found that in such large problems, the cost of 

each call to the oracle that computes the support and 
contact functions is rather large. Originally, in solving 
problems Nl-Ns we did only a crude implementation of 
the oracle. To improve it two important factors were 
taken into consideration. 

l The binary and sparse structure in the elements of 
A. 

l Efficient arrangement of sorting steps. 
The improved implementation gave an excellent 

decrease in the oracle cost. For problem N4, each call 
to the improved oracle implementation needed about 
20 seconds of the CPU time, whereas the original 
implementation took more than a minute. All these 
CPU times are on the Intel I-860 machine. On the same 
problem, the cost of computing the point of minimum 
norm in the convex hull of 28 points (Step 2 of hybrid 
algorithm) takes only about 3 seconds. For problem 
N4, the hybrid algorithm took about 71,000 iterations 
and radius of direct attraction of 29 was possible. This 
took CPU time of about 16 days. A radius of direct 
attraction of 20 was found to be feasible at the end of 
the first day. Radius of 25 was feasible at the end of the 
second day and 28 at the end of the fourth day. 

For problem N5, the hybrid algorithm took about 
45 minutes of CPU time for solving all the 900 decoupled 
problems. The average iteration per problem was found 
to be 125. This problem was solved directly for a radius 
of 29, unlike the previous problems, where the radius 
was incremented by 1 starting with an initial value of 1. 

7 Neural Implementation. 

If the algorithms presented in this paper are to be 
implemented in neural hardware, then it is important 
to avoid global computations that are done by a central 
processor which communicates with all neurons. A 
careful look at the computations, described in section 
2, shows that the calculation of support and contact 
functions required by the algorithms of sections 4 and 6 
can be done locally by the neurons. If weight symmetry 
is not to be enforced then the remaining computational 

steps of these algorithms can also be done locally. But, 
enforcing symmetry requires a central processor and 
global computations. A problem for future work is to 
modify the hybrid algorithm so as to enforce symmetry 
via local computations. 
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