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Molecular dynamics investigations of the mutual diffusion coefficients in an Ar-Kr mixture confined in the
zeolite NaY are reported. Velocity auto- and cross correlations were computed at two different temperatures
共200 and 600 K兲. The importance of the appropriate choice of reference frame while evaluating the time
correlation functions is illustrated for argon in the zeolite NaY. Mutual diffusivities in the mixture were
obtained in the barycentric reference frame. Recently, Zhou and Miller showed that the distinct diffusivity Dd
is zero for the Ar-Kr mixture in bulk. On confinement, it is seen that at 200 K the ratio R⫽D11 /Ds ⫽0.77,
where D11 is the mutual diffusivity and Ds is the mixture self-diffusivity. However, at 600 K, R⫽0.97,
implying that the contribution from distinct diffusion is only slightly negative. The large negative Dd at 200 K
could be attributed to strong localization of Ar and Kr in the physisorption sites within the zeolite cages.
Analysis of error bars and an efficient computational algorithm for evaluation of the velocity cross correlation
function are also presented. The results have implications in biology, chemistry, and other situations where
transport of confined mixtures is encountered.

I. INTRODUCTION

During the past two decades, the study of the properties of
molecularly confined fluids has attracted much attention
关1,2兴, since fluids are often found confined within another
medium. Examples of this kind abound in both the pure and
applied sciences; molecules and ions within membranes and
blood within capillaries being typical examples from the biological sciences, while boundary lubrication and superionic
conductors are examples from engineering and physics.
Catalytic reactions within porous solids and inclusion compounds are instances from chemistry. Due in part to the
strong interaction with the confining host, confined fluids
generally exhibit properties that are different from those of
bulk fluids. Single file diffusion, dependence of selfdiffusivity on concentration, and the levitation effect are a
few examples where confined fluids show interesting behavior 关2兴.
Zeolites are microporous materials whose pore dimensions are comparable to the size of the molecules typically
confined within them 关3兴. They are an important class of
solids used industrially for catalysis, molecular sieving, and
ion exchange. One of the most common uses of zeolites is
for separation of hydrocarbon and other mixtures. Understanding the dynamics of molecular mixtures confined within
the zeolitic pores at a fundamental level is expected to enhance our understanding of the molecular sieving property of
zeolites. Although transport properties of mixtures have been
investigated for bulk fluids, the deviation of these properties
for ideal and nonideal mixtures under confinement has received much less attention. In this work, we focus our atten-

tion on calculating diffusion coefficients for binary mixtures
confined within a zeolite, using molecular dynamics 共MD兲
simulations. Although experimental techniques such as
pulsed field gradient NMR and neutron scattering have
yielded some insight into the dynamics of molecules confined within the zeolite pores, our understanding is still far
from complete 关1兴.
The foundations for the statistical mechanical treatment
and molecular theory of diffusion of multicomponent mixtures were laid by Bearman and Kirkwood 关4,5兴. These as
well as more recent studies on single component and binary
mixtures of bulk fluids compute time correlation functions
such as the velocity autocorrelation function 共VACF兲
C 共 t 兲 ⫽ 具 v i 共  兲 • v i 共  ⫹t 兲 典  ,N

共1兲

and the velocity cross correlation function 共VCCF兲
C c 共 t 兲 ⫽ 具 v i 共  兲 • v j 共  ⫹t 兲 典  ,N ,

共2兲

which are used to calculate the transport properties of fluids
within the framework of equilibrium statistical mechanics.
Here v i is the velocity of the ith particle. The structure of the
VCCF has been analyzed for Lennard-Jones 共LJ兲 liquids, soft
spheres 关6 –9兴, liquid rubidium, and other single component
fluids 关10兴 using MD simulations. In these studies investigations into the contributions from the first, second, and higher
shells to the total VCCF give insight into the mechanism of
momentum transfer in these systems. Unlike selfdiffusivities, which require only the VACF, computations
of the mutual diffusivity (D11) 共also referred to as the
chemical diffusivity兲 in multicomponent mixtures require a

knowledge of the VCCFs as well. The contribution to the
mutual diffusivity D11 from the VCCFs is referred to as the
distinct diffusivity Dd . It has contributions from the VCCFs
of both like and unlike species. The mixture self-diffusivity
Ds is a linear combination of individual self-diffusivities in
the mixture. A knowledge of the mutual diffusivities and
hence the VCCFs is essential for a complete description of
mass transport in mixtures.
The mutual diffusivities for LJ 关11–16兴 and ionic mixtures 关17兴 in the bulk have been obtained from molecular
dynamics simulations. Most of the studies of binary LJ mixtures confirm that it is essential for the mixture to be highly
asymmetric to show any significant contribution from the
VCCFs to mutual diffusion. Studies of LJ mixtures with
varying  ⫽  22 /  11 and  ⫽ ⑀ 22 / ⑀ 11 show a contribution
from the distinct diffusion to mutual diffusion over a certain
range of  and  关12兴. The ratio of mutual diffusivity to the
mixture self-diffusivity, R⫽D11 /Ds , is greater than unity
when  ⫽1.0 and  is varied. When  ⫽1.0 and  is varied,
R does not deviate significantly from unity 关12兴. NonLorentz-Berthelot mixtures have been investigated for the
existence of mutual diffusion 关13兴. When the ratio ⑀ 12 / ⑀ 11 is
greater than 1.0 and  12 /  11⫽1.0, the distinct diffusion is
negative (R⬍1) and retards mutual diffusion. This suggests
that the mixture is associative in nature. On the contrary,
when ⑀ 12 / ⑀ 11 is less than 1.0, the distinct diffusion is positive
(R⬎1), thereby enhancing the mutual diffusivity. This is
indicative of a demixing or dissociative tendency in the mixture. As opposed to LJ mixtures, ionic mixtures show appreciable cross correlations 关18兴. Here the mutual diffusion is
generally retarded due to the long-range attraction between
the unlike ions. Studies on Ar-Kr mixtures show that, although individual VCCFs are nonzero, there is little contribution from distinct diffusion to the mutual diffusion 关16兴.
Thus, an Ar-Kr mixture behaves like an ideal mixture from
this point of view.
Molecular dynamics simulations have been extensively
used to obtain self-diffusivities of fluids confined in zeolites
关19–22兴. In recent times, there have been a few studies of
mixtures confined to the zeolitic pores by MD as well as
experimental methods 关23,24兴. Self-diffusion studies by MD
and pulse field gradient NMR of a mixture of methane and
xenon in silicalite revealed that the self-diffusivity of methane is strongly influenced by the presence of xenon 关23兴. A
mixture of CF4 and methane in silicalite using the same
methods also reports the self-diffusivities of CF4 and methane 关24兴. Even though earlier studies on Ar-Kr mixtures in
the bulk 关16,25兴 suggest that the contribution from the distinct diffusivity to the mutual diffusivity is small, it is not
clear how such a mixture would behave under confinement.
To our knowledge the only study that computed mutual diffusivities in confined geometries using equilibrium MD
simulations is the recent one by Sanborn and Snurr 关26兴. In
this study, time correlation functions were used to obtain the
Onsager coefficients and mutual diffusivities for binary mixtures of CF4 and alkanes in the zeolite faujasite. In all cases
the distinct diffusivity was found to have a positive contribution to the overall diffusivity.

The present study computes the distinct diffusivity in confined fluids. We have chosen Ar-Kr 共guest兲 mixture confined
to zeolite Y 共host兲 since this mixture has recently been extensively studied in the bulk by Zhou and Miller 关16兴. In Sec.
II, we briefly discuss the relevant theory. Section VI reveals
some of the difficulties encountered while computing cross
correlations in confined fluids by investigating a single component fluid in the zeolite NaY. The question of the existence
of the distinct diffusion coefficient as normally interpreted
and the need for use of appropriate reference frames is emphasized. Errors associated with the calculation of the VACF
and VCCF in confined systems are discussed and we present
an efficient computation scheme for evaluating the VCCF.
This is employed in the study of Ar-Kr mixtures, the results
of which are presented in Sec. VI. The reasons for the observed trends in the distinct diffusivity for confined mixtures
of Ar and Kr are discussed.
II. THEORY

In an n-component mixture the phenomenological equations that relate the mass flux of the ith species to the gradients in mass fractions (c k ) are
n⫺1

Ji ⫽⫺ 

兺

k⫽1

D ik “c k ,

共3兲

n
 i ,  i is the mass density of species i, and
where  ⫽ 兺 i⫽1
the D ik ’s are the mutual or chemical diffusivities. The flux of
species i in a barycentric reference frame defined with respect to the center of mass 共COM兲 velocity v M is

Ji ⫽  i 共 v̄ i ⫺ v M 兲 ,

共4兲

where v̄ i is the average velocity of the ith species and v M
⫽ 兺 i c i v̄ i , where c i is the mass fraction. Hence, the fluxes
satisfy
n

兺 Ji ⫽0.

共5兲

i⫽1

In a binary mixture the only independent mutual diffusivity
sufficient to specify the fluxes in the mixture is D 11 关27兴.
Within the framework of equilibrium statistical mechanics, the appropriate Green-Kubo relations for the mutual diffusivity in a binary mixture consisting of N 1 particles of
species 1 and N 2 particles of species 2 is
D 11⫽

Q
3Nx 1 x 2

冕具
⬁

0

j共 t⫹  兲 •j共 t 兲 典 dt,

共6兲

where N⫽N 1 ⫹N 2 is the total number of particles, x 1 and x 2
are the mole fractions of species 1 and 2, respectively, and
the relative velocity vector
N1

j共 t 兲 ⫽x 2

兺

i⫽1

N2

v i ⫺x 1

兺

j⫽1

vj ,

共7兲

where v i is the velocity of particle i. In Eq. 共6兲 the thermodynamic factor
Q⫽ 关 1⫹x 1 x 2  共 ⌫ 11⫹⌫ 22⫺2⌫ 12兲兴 ⫺1 ,

共8兲

where ⌫ i j is related to the radial distribution function g i j by
⌫ i j ⫽4 

冕

⬁

0

r 2 关 g i j 共 r 兲 ⫺1 兴 dr.

共9兲

For ideal binary mixtures, ⌫ i j are nearly identical and Q
⫽1. Substituting Eq. 共7兲 into Eq. 共6兲, the expression for the
mutual diffusivity reduces to

冉

D 11⫽Q x 2 D 1 ⫹x 1 D 2 ⫹x 1 x 2

冋

f 11
x 21

⫹

f 22
x 22

⫺2

f 12
x 1x 2

册冊

.
共10兲

The above expression for the mutual diffusivity can be
grouped into two main contributions:
D s ⫽Q 共 x 2 D 1 ⫹x 1 D 2 兲 ,

共11兲

which depends on the self-diffusivities, given by
1
D i⫽
3N

兺 冕0 具 v j 共 t⫹  兲 • v j 共 t 兲 典 dt,
j⫽1
N

⬁

i⫽1,2,

共12兲

where the integral on the right-hand side is the VACF. The
distinct diffusion

冉 冋

D d ⫽Q x 1 x 2

f 11
x 21

⫹

f 22
x 22

⫺2

f 12
x 1x 2

册冊

,

共13兲

where
1
f 11⫽
3N
f 22⫽

1
3N

冕具

v i 共 t⫹  兲 • v j 共 t 兲 典 dt,

共14a兲

兺兺冕具

v i 共 t⫹  兲 • v j 共 t 兲 典 dt,

共14b兲

兺 兺 冕0 具 v i共 t⫹  兲 • v j 共 t 兲 典 dt
i⫽1 j⫽1

共14c兲

N1

N1

兺 兺” i
i⫽1 j⫽
N2

N2

⬁

0

⬁

i⫽1 j⫽
”i

0

1
3N

N1

N2

⬁

are the various VCCFs and D 11⫽D s ⫹D d .
In the Darken model for the mutual diffusivity, contributions from D d are assumed to be negligible and D 11⫽D s .
This is applicable for dilute 关28兴 binary mixtures of rare
gases where the thermodynamic factor is nearly unity. The
contributions from the distinct diffusion D d can increase or
decrease the overall mutual diffusivity. In order to evaluate
this effect we define a ratio
R⫽

Ds ⫽D s /Q

D11
.
Ds

共15兲

and

Dd ⫽D d /Q.

共16兲

III. STRUCTURE OF ZEOLITE NaY

The zeolite NaY chosen for the study is the sodium form
with Si/Al ⫽ 3.0 and unit cell composition Na48Si144Al48O384
关29兴. Each unit cell has eight large cages known as supercages or ␣ -cages of approximately 11.8 Å diameter interconnected with each other in a tetrahedral manner through
12-membered rings of about 7.8 Å free diameter. The voids
form a three-dimensional network through which sorbates
can diffuse. Figure 1 shows two ␣ cages of zeolite NaY and
eight ␣ cages that are present in one crystallographic unit
cell.
IV. INTERACTION POTENTIAL

Guest-guest and guest-host interactions were modeled in
terms of the 共6-12兲 LJ potential. The latter was confined to
interactions between the oxygen and sodium atoms of the
zeolite framework. Short-range interactions between the
guest and Si/Al are not considered since the close approach
of the guest toward Si or Al is prevented by the bulkier
oxygen atoms. The zeolite framework itself is assumed to be
rigid and is not included in the molecular dynamics integration, unless stated otherwise. In the rigid framework simulations, the total potential energy is the sum of the guest-guest
and the guest-host interactions. The potential parameters for
unlike particles were obtained using Lorentz-Berthelot combination rules. The LJ parameters for the guest and host atoms are given in Table I:
N

and
f 12⫽

R⬎1 indicates that D d enhances the mutual diffusivity and
R⬍1 indicates a retarding effect. The diffusivities in Eq.
共15兲 and later reported in this work are

LJ
⫽
U tot

N

兺i 兺
j⬍i

N

U gg 共 r i j 兲 ⫹

Nz

兺i 兺j U gh共 r i j 兲 ,

U 共 r i j 兲 ⫽4 ⑀ 关共  /r i j 兲 12⫺ 共  /r i j 兲 6 兴 ,

共17兲
共18兲

where N and N z are the number of guest and zeolite atoms,
respectively.
When the zeolite cage was not assumed to be rigid, the
framework atoms were allowed to move using a harmonic
potential 关30兴
1
U⫽ k 共 r⫺r 0 兲 2 ,
2

共19兲

where the values of the spring constant k and equilibrium
bond length r 0 are given in Ref. 关30兴.
V. SIMULATION DETAILS

All simulations have been carried out in the microcanonical (N-V-E) ensemble with cubic periodic boundary conditions 关31兴. The number of guest particles N is 512 at a concentration of 8 atoms/␣ cage. A neutron diffraction study by

TABLE I. Lennard-Jones parameters.

Ar-Ar
Kr-Kr
O-O
Na-Na


(Å)

⑀
共kJ/mol兲

3.405
3.633
2.545
3.369

0.998
1.388
1.289
0.0392

were carried out to obtain more accurate estimates. Equations of motion were integrated with the velocity Verlet algorithm 关31兴. The equilibration period was 300 and 500 ps
for single component and mixture studies, respectively. An
integration time of 10 fs has been found to yield adequate
energy conservation. Positions and velocities were stored every 20 fs for calculating properties of interest.
VI. RESULTS AND DISCUSSION

Calculations of time correlation functions 共TCFs兲 and, in
particular, the VCCFs of confined fluids provide certain additional difficulties not generally encountered in bulk fluids.
In order to understand these, we first report here the single
component studies of Ar in the zeolite NaY.
A. Single component studies

The VACFs and VCCFs were computed for Ar confined
to the pores of the zeolite NaY at a loading of 8 atoms/␣ cage
at 300 K. The VCCFs are shown in Fig. 2共a兲 for 40 ps. Large
amplitude oscillations persist. Earlier MD simulations by
Balucani and co-workers and others 关8,9兴 on bulk fluids
found that the decay of VCCFs occurs in 1–2 ps. In order to
understand these undecaying oscillations, we computed the
velocity of the COM of the system:
vM⫽
FIG. 1. Structure of the zeolite NaY. 共a兲 Two ␣ cages of zeolite
NaY where the crosses represent the extra framework cations 共Na兲.
共b兲 Eight ␣ cages of zeolite NaY connected tetrahedrally to each
other via 12-ring windows. The smaller cages such as the sodalite
are not shown for clarity. Guest molecules diffuse through the ␣
cages since the smaller sodalite cages are inaccessible. 共c兲 A single
␣ cage showing the six physisorption sites of Ar/Kr.

Fitch et al. indicated that NaY crystallizes in the Fd3̄m
space group with the lattice parameter a⫽24.85 Å. In the
present study, we have employed 2⫻2⫻2 unit cells leading
to a simulation cell with an edge length of 49.70 Å. A potential cutoff of r c ⫽12 Å has been employed for guestguest and guest-host interactions. Each ␣ cage has eight
guest atoms, which corresponds to a number density of
0.0124 Å ⫺3 . The cage volume was calculated by considering that the cage is a spherical cavity of radius 5.36 Å. In
single component studies all eight atoms were Ar, and in
mixture studies there were four each of argon and krypton.
Each MD run was 300 ps long for single component studies and 1.5 ns for mixture studies. Typically eight such runs

1
N

N

兺 vi .

i⫽1

共20兲

We computed the VACF of the COM velocities:
C M 共 t 兲 ⫽ 具 v M 共  ⫹t 兲 • v M 共  兲 典  ,

共21兲

which is shown in Fig. 2共b兲 for 10 ps. We found that the total
momentum of the system was not conserved and this is evident from the presence of oscillations in the COM VACF.
This is an inherent problem in confined systems. In the
present case, the zeolite, which is treated as a rigid framework, provides an external force. We also carried out simulations in a flexible framework by including the zeolite atoms
in the MD integration. A harmonic potential proposed by
Demontis and co-workers 关30兴 was used for integrating the
zeolite atoms 关see Eq. 共19兲兴. The oscillations in the
VCCFs are shown as an inset to Fig. 2共a兲. Note that the
oscillations still persist with slightly lower amplitudes. When
the MD integration includes both the guest and zeolite atoms, the total momentum of the system consisting of guest
and zeolite atoms is conserved. However, the total momentum of the guest subsystem is still not conserved.

particular and TCFs in general. The diffusion fluxes of various components in a binary or multicomponent mixture and
the thermodynamic forces are related via the mutual diffusivity. The diffusion fluxes are usually defined relative to a
suitable reference frame. Therefore, the chemical or mutual
diffusivities are known to be dependent on the reference
frame used. In the microscopic equations relating the chemical diffusivity to the self-diffusivity and the distinct diffusivity, we know that the self-diffusion coefficients are independent of the reference frame used. The reference frame
dependence of the mutual diffusivity therefore arises solely
due to the reference dependence of the distinct diffusivity. In
order to guarantee the existence of the TCFs, the dynamical
variables used in deriving the TCFs should be orthogonal to
the constants of motion relevant to the problem at hand. Here
the velocities of the atoms should be orthogonal to the total
linear momentum of the system. There are several internal
reference frames in which this can be achieved. We have
chosen the barycentric reference frame, in which the reference frame velocity is defined as
N

v ⫽
M

兺 m iv i

i⫽1

N

.

兺 mi

共22兲

i⫽1

In order to evaluate quantities in the barycentric reference
frame we transform the velocities v i (t) using
v iM 共 t 兲 ⫽ v i 共 t 兲 ⫺ v M 共 t 兲 ,

FIG. 2. Velocity auto- and cross correlation functions of single
component argon in NaY at 300 K. 共a兲 C c (t)/ 兩 C c (0) 兩 without COM
corrections with zeolite atoms held rigid. C c (t)/ 兩 C c (0) 兩 without
COM corrections for a flexible framework is shown in the inset. 共b兲
COM autocorrelation function. 共c兲 The auto- and cross correlations
in the barycentric reference frame in the rigid framework approximation; inset shows auto- and cross correlations for a flexible
framework.

The presence of large amplitude, long-time oscillations
raises doubts about the very existence of the integrals 关Eq.
共14兲兴 that are required to obtain D 11 or D d . In relation to this
problem, Raineri and Friedman 关32,33兴 have discussed the
importance of reference frames while calculating VCCFs in

共23兲

where v iM (t) are the velocities in the barycentric reference
frame. For single component fluids, Eq. 共22兲 reduces to Eq.
共20兲. Time correlation functions and diffusivities computed
in the barycentric reference frame are expected to be well
behaved. Figure 2共c兲 illustrates the VCCF computed in the
barycentric reference frame. When compared with the VCCF
computed using the original trajectories 关Fig. 2共a兲兴, without
attention to the reference frame 关26兴, we find that the longtime oscillations and the large positive regions at initial times
are absent. Since all properties reported in this paper are
computed in the barycentric reference frame, the superscript
M will be dropped henceforth.
Although the appropriate choice of reference frames is
crucial while evaluating cross correlations, the influence of
the COM motion on the VACF is negligible and is usually
ignored 关32兴 while computing self-diffusivities of confined
fluids. We analyzed this by relating the VCCF and VACF
computed in the barycentric reference frame to those computed using the original trajectories. This is analyzed in Appendixes A and B, where it is shown that the contributions to
the VCCF from the COM VACF are of the same order of
magnitude (1/N) as those arising from the cross correlations.
However, the contributions from the COM VACF toward the
VACF is O(1/N 2 ) and hence can be neglected. For the system size used in this study, VACFs computed using v iM (t)
and v i (t) were identical. The analysis in Appendix B also

illustrates that the property VCCF⫽–VACF 关32兴 is recovered in the barycentric reference frame as observed in Fig.
2共c兲.
We also provide in Appendix C an efficient method for
the computation of VCCFs, which is a simplification of
methods that are currently in use. This reduces an O(N 2 )
problem to O(N) in the case of the calculation of VCCFs
22
between like species 关 C 11
c (t) and C c (t)] and O(1) in the
case of VCCFs between unlike species 关 C 12
c (t) 兴 . Once the
VACFs have been computed, all the VCCFs can be computed with an O(1) algorithm. As a result, the computational
effort required is drastically reduced, enabling the computation of the VCCFs to be performed on relatively small computing platforms. The expressions listed in Appendix C also
bring out the fact that the VCCFs are collective properties.
B. Binary mixture studies

To begin, we note that the Ar-Kr mixture shows no contribution from distinct diffusivities Dd to the mutual diffusion coefficient D11 in the bulk 关16兴. Velocity auto- and cross
correlation functions for the Ar-Kr mixture confined to a
NaY zeolite were computed at 200 and 600 K at a loading of
eight atoms per ␣ cage and are shown in Fig. 3. For clarity
the VCCFs at 200 K have been shifted by 0.2 units and the
negative regions at short times have not been shown. The
VCCFs shown in Fig. 3 were obtained by averaging over
eight runs of 1.5 ns each. The inset in Fig. 3共b兲 shows the
VCCF obtained from a single 1.5 ns run. Large fluctuations
are evident, which are considerably reduced on averaging
over the eight runs. Further, it is seen that the VCCFs show
significant oscillations up to 120 ps, with greater oscillations
for Ar-Ar VCCF 关Fig. 3共b兲兴 due to the lower mass of Ar,
when compared with the Ar-Kr or Kr-Kr VCCF. The magnitudes of fluctuations at both 200 and 600 K are comparable.
Note that, although oscillations persist, the magnitude of oscillations is significantly lower than those seen in Fig. 2共a兲.
The reason for these oscillations is twofold. As pointed out
by Zhou and Miller and shown in Appendix C, VCCFs are
collective quantities and therefore show larger fluctuations in
comparison to the VACFs, which are averaged over N particles of the system. The accuracy with which the VCCFs can
be obtained is therefore significantly lower. Secondly, unlike
in the bulk, the potential energy surface within the zeolite is
highly undulating with deep minima and maxima. These lead
to larger errors even in the calculation of VACFs as was
shown recently 关34兴.
Figures 4共a兲 and 4共b兲 show f i j 关Eq. 共14兲兴 for 200 and 600
K. These curves have been averaged over eight runs after
carrying out integrations on the individual VCCFs. The integral converges to a well defined value by about 20 ps. Beyond 20 ps, the curves fluctuate around a mean value. While
estimating the integrals in Eq. 共14兲, we discarded values below 20 ps. Further, this suggests that there may be low frequency modes that have a relaxation time up to around 20 ps.
Such modes are clearly absent in bulk 关16兴, where all three
f i j typically decay within 2ps. Usually, f 12 lies between
those of f 11 and f 22 as seen in Fig. 4共b兲 at 600 K. In Fig. 5共a兲,
which shows the behavior at 200 K, it is seen that this is not

FIG. 3. 共a兲 Normalized velocity autocorrelation function for argon and krypton in NaY at 200 K. Normalized cross correlation
functions averaged over eight runs each of 1.5 ns are shown
in 共b兲–共d兲 at 200 共dashed兲 and 600 K 共continuous兲. 共b兲
11
C 11
c (t)/ 兩 C c (0) 兩 . Inset shows VCCF for Ar calculated using a single
22
12
12
run. 共c兲 C 22
c (t)/ 兩 C c (0) 兩 . 共d兲 C c (t)/ 兩 C c (0) 兩 . Label 1 represents
argon and label 2 represents krypton. The cross correlations at 200
K are shifted by 0.2 units.

ciated with the computed values of Dd , we computed its
mean and variance. The mean value of Dd for each of the
eight runs, (D̄d ) i , i⫽1,2, . . . ,8, was calculated by averaging over all time steps between 20 and 120 ps. The variance
for D̄d was obtained using 关35兴
p
s ⫽
m⫺1
2

FIG. 4. Running integrals of cross correlation functions averaged over eight runs 共a兲 at 200 K and 共b兲 at 600 K.

the case: f 12 has a higher value than f 11 and f 22 . Later, we
show that this leads to a negative value for Dd .
Figures 5共a兲 and 5共b兲 show Dd 关Eq. 共13兲兴 calculated from
individual runs 共dashed lines兲 and Dd averaged over eight
runs 共solid lines兲 at 200 and 600 K, respectively. Even after
averaging over eight runs, it is seen that there are slight
variations in Dd with time. In order to assess the error asso-

m⫺1

兺

i⫽1

关共 D̄d 兲 i ⫺D̄d 兴 2 ,

共24兲

where D̄d was obtained from the VCCF by averaging over all
the eight runs 关shown in Figs. 5共a兲 and 5共b兲 as solid lines兴
again using data in the 20–120 ps range. Here m⫽8 and p
2
⫽s 2 /L, where
⫽1.5 ns. The variance of D̄d is given by  D
L⫽mp. The value of Dd averaged over the eight runs and
the standard deviations is shown in Table II. As previously
pointed out, the errors in the Dd are quite large. In the case of
600 K, the errors are comparable to the magnitude of Dd .
Figure 6 shows the time-dependent self-diffusivities
D 1 (t), D 2 (t) obtained by integrating the VACFs for argon
and krypton along with Ds 关Eq. 共11兲兴. These converge within
5– 8 ps as compared with 20 ps found for the VCCFs. Due to
the small fluctuation in the VACFs, Ds was obtained from a
single 1.5 ns run. Table II lists the values of D 1 , D 2 , the
self-diffusivities of argon and krypton, respectively, Ds , and
Dd for 200 and 600 K. At both 200 and 600 K, Dd values are
negative, with the value at 200 K significantly more negative
than the value at 600 K. The ratio R⫽D11 /Ds given in Table
II is indicative of the relative contribution of the distinct
diffusion to the mutual diffusivity. R⬍1 signifies negative
contributions and R⬎1 signifies positive contributions from
the distinct diffusivity to the mutual diffusivity. The value of
Dd at 200 K is significant with D11 /Ds ⫽0.769, indicating
that the ratio of the distinct diffusivity to self-diffusivity (1
⫺R) is about 23%. At 600 K a value of D11 /Ds ⫽0.966
implies that the distinct diffusion, although weak, has a small
negative contribution to the overall mutual diffusivity.
Earlier studies on Lorentz-Berthelot mixtures found only
a positive contribution from Dd (R⬎1) to mutual diffusion
关12兴. For non-Lorentz-Berthelot mixtures, R values as low as
0.827 have been reported 关13兴. The only systems to show a
negative contribution from Dd other than non-LorentzBerthelot mixtures are ionic systems. The value of R observed here for confined Ar-Kr mixtures at 200 K is significantly smaller than unity, even though they behave as ideal
mixtures in the bulk with zero contribution from Dd 关16兴.
These results suggest that confinement or the presence of an
external field affects not only the self-diffusivity known, but
also the distinct diffusivity.
TABLE II. The self-diffusion coefficients (D 1 and D 2 ) of Ar
and Kr, Ds and distinct diffusion coefficient Dd , and variance in
distinct diffusion coefficient in 10⫺8 m2 /s.
T(K)

FIG. 5. Distinct diffusion Dd from individual runs 共dashed lines兲
and Dd 共solid line兲 averaged over eight simulation runs at 共a兲 200 K
and 共b兲 600 K.

200
600

D1

D2

Ds

Dd

D

R⫽D11 /Ds

0.536
1.447

0.3042
0.911

0.4201
1.179

⫺0.0969
⫺0.0405

0.0158
0.0407

0.7693
0.966

FIG. 6. Self-diffusivities D 1 , D 2 , and Ds at 共a兲 200 and 共b兲 600
K. Labels 1 and 2 represent Ar and Kr, respectively.

Figures 7共a兲 and 7共b兲 display plots of the radial distribution functions between Ar-Ar(g 11), Ar-Kr(g 12), and
Kr-Kr(g 22). The radial distribution functions show no noticeable deviation from normal bulk liquid structures. g 12 lies
between g 11 and g 22 as one would expect for a LorentzBerthelot mixture. The increased negative correlation in Dd
seems to leave no signature in the equilibrium structure of
the fluid. In contrast, our recent studies on slit pores show
that negative values in Dd are associated with increased intensity in g 12(r). Since distinct diffusivity is a TCF, characteristics of the f i j need not necessarily be reflected in the
g(r). Alternatively, the dynamic structure factor may provide
greater insight into the trends observed in the f i j reported
here. However, since Dd is significant at 200 K and small at
600 K we looked at typical trajectories of Ar and Kr in the
zeolite at these temperatures. Figure 8 shows the single particle trajectories of krypton and argon at 200 and 600 K. At
600 K both Ar and Kr spend hardly any time at the physisorption site, as is evident from the highly delocalized trajectory. In contrast, at 200 K the guest particles spend a
significant amount of time in the physisorption sites. There
are six such physisorption sites in each cage as illustrated in
Fig. 1共c兲.
The relative magnitudes of f i j 共Fig. 4兲 determine whether
the distinct diffusion is negative or positive. At 200 K 关Fig.
4共a兲兴 the relative behavior in f i j below 20 ps is typical of the
trend observed in an ideal mixture with f 12 lying between f 11
and f 22 . However, a crossover between f 11 and f 12 is seen at
around 30 ps 关Fig. 4共a兲兴: the magnitude of f 11 increases
while that of f 12 decreases. In addition, we notice a change in
f 11 and f 12 around 70 ps. The fact that the magnitude of f 12
has decreased relative to f 11 and f 22 关Fig. 4共a兲兴 is responsible

FIG. 7. Radial distribution functions 共a兲 at 200 K and 共b兲 at 600
K. Label 1 represents Ar and label 2 represents Kr.

for the negative value of Dd 共Table II兲. These changes that
occur at large time scales could arise from the large residence times of the guest atoms in the physisorption sites
which alter the dynamic correlation between particles. At
600 K 关Fig. 4共b兲兴 f 12 lies between f 11 and f 22 for the entire
duration of 120 ps.
From Eq. 共10兲 it is clear that the mixture is dissociative if
兩 f 11⫹ f 22兩 ⬍ 兩 2 f 12兩 and is associative if 兩 f 11⫹ f 22兩 ⬎ 兩 2 f 12兩
共Table III兲. This leads to Dd ⬎1 for dissociative mixtures and
Dd ⬍1 for associative mixtures. At 600 K, the mixture does
not show any appreciable associative tendency and the contribution from the cross correlations to the mutual diffusion
is small. Although the net contribution from the cross correlations ( f 11⫹ f 22⫺2 f 12) to the distinct diffusion is nearly
zero, strong individual cross correlations ( f i j ) are present as
seen in Table III. This is similar to what was found in the
bulk mixture 关16兴.
The Darken and common force models are two models
that attempt to predict the mutual diffusivities. The Darken
model assumes the distinct diffusivity to be zero and in the
case of the common force model the distinct diffusivity is
always negative. The common force model therefore appears
more appropriate to the present problem. The values of mutual diffusivity obtained from these two models and MD are
listed in Table IV. It is seen that at 200 K both models predict a value of mutual diffusivity that is higher than that
obtained from MD simulations. At 200 K, when particles
spend a considerable fraction of time at the adsorption sites,

TABLE III. Integrals of the VCCFs in 10⫺8 m2 /s.
f 11

f 22

f 12

兩 f 11⫹ f 22兩

兩 2 f 12兩

⫺0.1956
⫺0.4042

⫺0.2197
⫺0.7128

⫺0.159 24
⫺0.5383

0.4153
1.117

0.318 48
1.0766

T(K)
200
600

fluid, where g(r) converges to unity within 共2–3)  , under
confinement g(r) shows peaks beyond 2  or 3  and therefore the integrals ⌫ i j in Eq. 共8兲 do not converge. The presence of structure in Ar-Ar 共or Ar-Kr or Kr-Kr兲 radial distribution functions at large r is due to the crystalline structure
of the host. Simulations of larger systems are required to
estimate Q.
VII. CONCLUSION

FIG. 8. The trajectories of a single representative particle in the
binary NaY-Ar-Kr system. 共a兲 Trajectory of Ar at 200 K, 共b兲 trajectory of Kr at 200 K, 共c兲 trajectory of Ar at 600 K, and 共d兲 trajectory
of Kr at 600 K.

resulting in noticeable cross correlations (R⬍1), the common force model provides a closer estimate of the mutual
diffusivity. At 600 K, where Dd is small, both models predict
values that are close to the MD value.
Our results and discussion are based on the ratios of D11/
Ds . In order to use the mutual diffusivity in evaluating the
fluxes of various species in the mixture, a knowledge of the
thermodynamic factor Q is necessary. The calculation of the
thermodynamic factor Q requires a knowledge of the radial
distribution functions g(r). Unlike the situation in a bulk

The Ar-Kr mixture, which shows zero distinct diffusivity
in the bulk, exhibits significant negative values when confined to the zeolite NaY. Earlier work by several groups
found that only mixtures that have high asymmetry in the
potential parameters can exhibit noticeable nonzero distinct
diffusivity in bulk. In contrast, the present work shows that
even mixtures with little asymmetry in their interaction potentials can show significant distinct diffusivity when confined. We attribute this to the presence of adsorption sites,
which alter the dynamics and therefore the transport properties.
We also show that appropriate choice of the reference
frame is important for evaluating the velocity cross correlation functions. The existence of f i j is not guaranteed unless
the VCCFs are calculated in the correct reference frame 关32兴.
This dependence of the VCCF on the reference frame arises
from the dependence of flux on the choice of the reference
frame. Since in the bulk the total momentum is conserved,
the evaluation of the VCCF from an N-V-E MD simulation
ensures that the reference frame is barycentric. Under confinement the diffusing species forms only a part of the total
system where the total momentum is not conserved. In such
a situation, choice of the reference frame is crucial. The reference frame dependence of the VACFs and VCCFs are discussed in the Appendixes along with an efficient method for
the calculation of the latter.
Zeolites are well known for their molecular sieving property. They are used extensively for separation of hydrocarbons and other mixtures. The nonzero distinct diffusivity of
even ideal mixtures when confined to zeolites such as NaY
TABLE IV. The mutual diffusivity D11 in 10⫺8 m2 /s calculated
from Eq. 共10兲 compared with the values predicted using the Darken
and common force models.
T(K)

D11
Darken

D11
common
force

D11

200
600

0.4201
1.179

0.388 12
1.1180

0.323
1.1385

does have implications for separation properties displayed by
the zeolites for a given mixture. This study also shows that
transport coefficients normally obtained from rather timeconsuming nonequilibrium MD simulations may be obtained
from equilibrium MD simulations. A number of factors influence the distinct diffusivity in a confined system, one of
which is the geometry of the pore. We are presently investigating this aspect.

Since SM (  )⫽0, the second and third terms in Eq. 共A5兲 are
identically zero. Hence
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where v M (  ), the velocity of the COM, is defined in Eq. 共22兲
of the text. Substituting v i (  ) from Eq. 共A3兲 into Eq. 共A2兲
and simplifying,
C共 t 兲⫽

冓

1
N

冔

共A4兲

.

冓兺

冓兺

1
N

i

⫹

⫹

⫹

1
N2
1
N2
1
N

2

v iM 共  兲 • v iM 共  ⫹t 兲

冔



具 SM 共  兲 •S共  ⫹t 兲 典 

where

兺i v i共  兲

and
SM 共  兲 ⫽

兺i v iM 共  兲 .

冔

.


APPENDIX B: VCCF

The velocity cross correlation function for a singlecomponent system consisting of N particles,
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Since SM (  )⫽0, the second and third terms in Eq. 共B2兲 are
identically zero and Eq. 共B2兲 reduces to
共A5兲
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i

Since the last term in Eq. 共A6兲, which is the COM autocorrelation function, scales as N ⫺2 , the contributions to the
VACF from the COM velocity are negligible for sufficiently
large systems and C(t)⫽C M (t).
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In a single-component system,
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Substituting for v i (  ) from Eq. 共A3兲,
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where the summation runs over N particles. The velocities in
the barycentric reference frame are
v iM 共  兲 ⫽ v i 共  兲 ⫺ v M 共  兲 ,

N2

where
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The velocity autocorrelation function for a single component system consisting of N particles,
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where the expression for C cM (t) is similar to that in Eq. 共B1兲,
with the velocities v i replaced by v iM . For large N, Eq. 共B3兲
can be simplified to
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Equation 共B4兲 indicates that the COM autocorrelation function is O(N ⫺1 ), which is similar to that of the VCCF. Noting
that the VCCF can be rewritten as
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1
where S1 (  )⫽ 兺 i⫽1
v i (  ) and C i (t) is the autocorrelation
function 关Eq. 共A1兲兴 of the ith component. Similarly,

N1

In a binary mixture with N 1 particles of type 1 and N 2
22
particles of type 2, there are three VCCFs C 11
c (t), C c (t),
12
and C c (t). Consider
N1

冔

共B6兲

This relationship is observed in Fig. 2共c兲 where the TCFs are
computed in the barycentric reference frame. Our analysis
关Eq. 共B4兲兴 also reveals that the VCCF computed with the
original velocities 关 C c (t) 兴 without using a proper reference
frame will have positive contributions at initial times as seen
in Fig. 2共a兲.
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共C6兲
共C7兲

N

where the factor 1/(3N) has been omitted for convenience.
Computation of Eq. 共C1兲 requires evaluation of O(N 2 )
terms. We rewrite Eq. 共C1兲 as

2
where S2 (  )⫽ 兺 i⫽1
v i (  ). Equations 共C4兲, 共C5兲, and 共C7兲
require a computational effort of O(1) once the VACFs have
been computed. These expressions also suggest that, unlike
VACFs, VCCFs are collective properties.
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