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ABSTRACT

Disdrometer data collected during three spring days, with moderate to heavy rain in the Norman, Oklahoma
region are used with various polarimetric radar algorithms to simulate rain rates. It is assumed that available
measurables are 1) reflectivity at horizontal polarization, Zy, 2) differential reflectivity, Zp (ratio of horizontal
to vertical reflectivity factors in dB), and 3) differential propagation constant, Kpp. The accuracies of the
simulated rain rates from Z, Z,z, and Kpp are evaluated and compared. A new algorithm that utilizes both
reflectivity factor and differential propagation constant is also examined. In comparing the relative accuracies,
the disdrometer-derived rain rates are assumed to be the “truth” measurements.

1. Introduction

Single-parameter radar systems are capable of mea-
suring the radar backscattered power (hence the re-
flectivity factor Z) and estimating the rain rate R
through the use of empirical means. Inherent in these
estimators is the assumed form of the drop-size distri-
bution (DSD) and its characterization through a single
parameter. Since the DSD is often highly variable, being
dependent on the type of precipitation (i.e., convective
or stratiform ), many empirical rain-rate—radar-reflec-
tivity R(Z) relationships have evolved (Battan 1973;
Doviak and Zrni¢ 1984). The estimation of rain from
Z measurements are often plagued by large uncertain-
ties. A radar with linear polarization diversity provides
estimates of two parameters, namely, Zy and Zy, the
reflectivity factors of the hydrometeors for horizontally
and vertically polarized illuminations. Seliga and Bringi
(1976) demonstrated the use of differential reflectivity
Zpr and either the reflectivity factor or Kpp(Seliga and
Bringi 1978) to estimate two parameters of the DSD.
Assuming sufficiently small measurement uncertain-
ties, this technique may lead to more accurate estimates
of rain rates (Ulbrich and Atlas 1984).

In addition to reflectivity and differential reflectivity,
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the differential propagation constant (Kpp) has been
recently demonstrated to be potentially useful in esti-
mating rainfall rate (Jameson 1985; Mueller 1984;
Sachidananda and Zrnié 1986). Because of its relative
insensitivity to DSD variations, it has become possible
to obtain a more accurate single-parameter estimate of
rain rate through an R(Kpp) empirical relationship
(Sachidananda and Zrnié 1987) without calibration
worries. This empirical R(Kpp) relationship, which is
based on a Marshall-Palmer distribution, has been
found to be useful within acceptable accuracies for
simulated gamma DSDs.

The majority of radar algorithms to estimate rain
rates are influenced by the variability of DSDs. In order
to quantify such effects, one may resort to simulations
using artificially contrived DSDs or to disdrometer
measurements in natural rain. In the past, disdrometer
data have been used to characterize the rain types and
to develop theoretical models for the drop-size distri-
bution. In conjunction with a radar and /or raingauge,
the disdrometer has been used to validate the rain rate
predictions based on R(Zy) and Rzpr(Zy, Zpr) al-
gorithms. This has also aided in drawing up several
useful empirical relationships between the rain rate and
the radar observables (Seliga, Aydin and Direskeneli
1986).

But, as pointed out by Chandrasekar and Bringi
(1986), caution must be exercised when extrapolating
disdrometer measurements to multiparameter radar
estimates. Statistical relationships between variables
(e.g., Zy and Z,R) obtained from disdrometer DSDs
and radar measurements are different. Zy and Zpg,
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calculated from the disdrometer, are highly correlated
and hence, simulated rain-rate errors do not account
for these types of statistical uncertainties. We examine
the effects of the statistical measurement errors on var-
ious rain-rate algorithms, and show that statistical er-
rors due to the Poisson-distributed fluctuations in the
particle concentration measured by the disdrometer
do not affect our comparisons, if a sufficiently large
number of measurements are considered. Simulation
with disdrometer data is useful to gauge biases in ex-
pected radar measurements, to verify theoretical (or
empirical ) relationships between derived and measured
quantities, to establish relative sensitivities of algo-
rithms to DSD variations, as well as to establish lower
bounds on errors.

Although other investigators have examined R(Zy)
and Rzpr(Zy, Zpr) algorithms through disdrometer
measurements, no attempt has so far been made to
validate the Kpp-based rain rate prediction and com-
pare its performance with other techniques, which is
an objective of this paper. Our results are based on
simulating and analyzing the radar observables from
the disdrometer data collected over three rain days in
1986. The disdrometer data are first compared with
the rain rate measured by a tipping-bucket raingauge,
located nearby (about 5 m), for the purpose of verifying
the calibration of the disdrometer. The disdrometer
data is subsequently used to compute the relevant dual
polarized radar observables such as Zy, Zpg and Kpp.
These in turn lead to rainfall rates based on R(Zy),
Rzpr(Zy, Zpr) and R(Kpp) algorithms. Comparison
of these estimates, with the rain rate computed from
DSD measured by the disdrometer, has shown that
R(Kpp) is more accurate in its prediction than the other
estimators. The statistical measurement errors in the
disdrometer estimates and their effect on the compar-
ison of the algorithms are also studied.

Finally, a new method that uses both reflectivity and
differential propagation constant is proposed to esti-
mate two parameters of the DSD. The rain-rate esti-
mate based on this technique has been shown to yield
marginally improved accuracies compared to the
R(KDP) algonthm

2. Simulation method

In the analysis presented here the drop-size distri-
bution N(D;), as measured by the disdrometer, has
been employed to infer Zy, Zy, and Zpg. The axis
ratio (b/a) was obtained from the data of Pruppacher
and Beard (1970). The terminal velocity of the drops
v is related to the drop diameter D (in mm) through
the empirical relationship (Atlas and Ulbrich 1977):

v(D) = 3.778(D)* m s, (1)

which produced indistinguishable polarization vari-
ables from the ones that are obtained using tabulations
by Gunn and Kinzer (1949).
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The refractive index of water at 10-cm wavelength
and 0°C has been taken as (Ray 1972)

m = 9.035 + j1.394. (2)

The axis ratio and the refractive index were used to
compute the radar cross sections oy and oy (Seliga and
Bringi 1976) for horizontally and vertically polarized
waves. The differential propagation constant for each
drop size has been computed based on the techniques
of Oguchi 1983. Using these parameters, the radar ob-
servables have been computed for each of the disdro-
meter distributions. The disdrometer-derived rain rate
has been calculated using the relationship

M
Rdis = 0.6m X 10—3 2 U(Di)Di3N(Di)ADi mm h—l,

i=1

(3)
where M is the number of categories of drop diameters
measured by the disdrometer, N(D;) is the number of
drops in m > mm ™! between diameters D; — AD;/2
and D; + AD;/2 and terminal velocity visinms™'. In
the case of the disdrometer used, D;’s are spaced 0.1
mm apart between 0.2 mm and 5.8 mm, therefore, M
is equal to 57.

3. Rainfall rate estimation from dual polarization radar
algorithms

Seliga and Bringi (1976) proposed a technique to
estimate the parameters Ny and D, that describe an
exponential raindrop size distribution

N(D) = Ny exp(—3.67D/Dg) 0 <D < Dnay. (4a)

This form of distribution is a special case of the more
general gamma drop-size distribution (DSD) defined
as

N(D) = NyD* exp(—AD) 0 <D < Dy, (4b)

where No(m ™3 mm ~'"#), u and \(mm ") are the pa-

.rameters of the DSD. The technique requires an as-

sumption for the maximum drop diameter Dyx. Pre-
viously employed values are in the range of 6 to 8 mm,
and we have used 7 mm in one set of calculations.
Because our disdrometer data did not contain sizes
larger than 5 mm, we also used this more realistic value
in various algorithms. Since Zpr is independent of Ny,
it can be used to estimate directly Dy, the median vol-
ume diameter when D, = 00; Dy in conjunction with
either the reflectivity factor Zy or the differential prop-
agation constant Kpp, yields Ny. Once Ny and D, are
known, it is straightforward to obtain the rain rate.
This technique uses tabulations (Seliga and Bringi
1976) depicting the variations of Zpg and either Zy/
N, or Kpp/ Ny with Dy. The rain rate estimated from
this algorithm is denoted as Rzpr(Zy, Zpr) in this pa-
per. Goldhirsh et al. (1987) have been. successful in
comparing lower rain rates using such a technique on
data from a multiple-polarization radar and rain gauge.
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Subsequently, several empirical relationships have
been developed to estimate directly the rain rate from
Zy and Zpg. Notable amongst them are (Ulbrich and
Atlas 1984; Seliga et al. 1986):

Rexo(Zr, Zpr) = 1.93 X 1073Z 55°(10%12#)  (5a)
for exponential DSD, and
Rea(Zh, Zpr) = 1.70 X 1073Z 5> (10%12#)  (5b)

for gamma DSD with p = 2, where the rainfall rates
are in mm h™!, Zpr in dB, Z in dBZ, and the max-
imum drop diameter is about 8§ mm.

Both empirical relationships are based on the as-
sumption that ADy,, is large, so that the integrals in-
volving DSD and its moments can be taken to extend
to infinity and hence are independent of D,,.,. In the
case of Zpg, Ulbrich and Atlas (1984) show that the
Zpr—D, relationship is independent of D,y variations
when Dp../Dy > 2.5 for Eq. (52) and =2.0 for
Eq. (5b).

Because the differential propagation constant has
been found to be relatively insensitive to DSD varia-
tions, Sachidananda and Zrnié (1987) proposed the
following direct empirical relationship between Kpp
and R:

R(Kpp) = 20.35(Kpp)°866. (6)

This relationship is based on an assumed Marshall-
Palmer distribution, wherein N, is taken as constant
(8000 m™ mm ™), Dy is large and hence for all
practical purposes, infinite, and Kpp is in deg km .

Seliga and Bringi (1978) proposed use of Zpx and
K)ppto obtain two parameters of the DSD, in a manner
similar to that from Zpg and Z. Of these dual polar-
ization measurables, Zpr and Zj are affected by both
anisotropic hydrometeors like rain, as well as isotropic
hydrometeors such as tumbling or spherical hail. Kpp
is not affected by isotropic scatterers; but, the param-
eters of the drops distribution in the mixture cannot
be obtained from K)pp alone. The parameters N, and
Dy are required for studies of the evolution of the DSD
and they should provide a better estimate of rain water
in the mixture. This has motivated us to examine the
descriptor:

_ ZH‘— ZV
Kpp

where Zy and Zy are in mm® m™3 and K,,p is in deg
km™'. Statistically, isotropic scatterers contribute
equally to Zy and Zy but Kpp is independent of such
scatterers. Hence, Q depends only on the anisotropy
of the hydrometeors (e.g., rain). It must not be con-
strued that Q will only be useful for mixed-phase hy-
drometeors; it may be applied to pure rain as well and
this is examined in the following paragraphs.

For an exponential or gamma type of DSD such as
given by (4a) or (4b), Q is independent of Nj. Figure

Q (7)

1 shows the variations of Q with D, for a D,,,, of 7
mm. The measured value of Q could be used to obtain
Dy, whereas N, could be obtained from Kpp and Dy.

For equal-size scatterers, it can be shown in the Ray-
leigh limit that

1Sun|® = 1Syl

~ C|Syy + S
R.(Sux — Swv) |Sstr + Sy

o=c

~ CR,(Suu + Swv), (8)

where Sy and Syy are the diagonal terms of the scat-
tering matrix and C'is a proportionality constant. Other
assumptions used in deriving (8) are: 1) phase shifts
upon scattering are small so that imaginary contribu-

- tions to the magnitudes in the numerator are negligible,

and 2) attenuation is negligible so that Sy and Sy
are real, and 3) the precipitation is constant in the
propagation path over which Kpp is measured.

The magnitude and hence the real part of Sy + Sy
are independent of canting angles (McCormick and
Henry 1975). Jameson (1986) has obtained the fol-
lowing relationship:

Re(Surr + Svv) = (8.760 X 1072) D394 (9)

Because (9) is almost proportional to D3, the liquid
water content is linearly related to Sy + Syy regardless
of the DSD; it is also independent of canting angle
distributions. It should be pointed out that for real dis-
tributions @ would not be independent of DSD vari-
ations. It has the advantage that it could be estimated
readily from dual-polarized radar data, however. This
is particularly attractive since a direct measurement of
| Sgr + Syy| is difficult in practice.

Using Eq. (9) and the fact that Kj» [and hence (Sgx
— Syy)] is proportional to D*?* (Sachidananda and
Zrni¢ 1986), it can be shown that for a gamma DSD
[Eq. (4b)],
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FIG. 1. Variations of (Zy — Zy)/Kpp with D,. The exponential
DSD [Eg. (4a)] is used.
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Dmax
Cfo (Sur + Syy) NoD*241) =20 gy
Q= . (10)

dimax

NOD(4.24+y)e—)\DdD

The denominator represents the total number of par-
ticles in the DSD weighted by D*?*_ It is then apparent
that Q is indeed the average value of (Syy + Syy) over
the DSD that is modified by the weight (Syy — Syv).
For AD.x = o0, O reduces to

I'(8.24 + u) Dy’
I(524 + )~ (3.67 + )3’

where cis a constant, I'(x) is the gamma function, and
D, is the median volume diameter.

The fact that O, expressed in terms of Z, Z, and
Kpp, is proportional to | Syy + Syy| and that it can
be measured and used to estimate anisotropic precip-
itation has prompted us to explore its applicability for
realistic drop-size distributions. The rainfall rate de-
rived from Q, Ro(Zy, Zy, Kpp), is depicted in Fig. 2
for a few gamma drop-size distributions. Note that rain
rates in the range of 30-50 mm h~' are minimally
sensitive to variations in u.

0=cX (11)

4. Disdrometer and raingauge measurements

An impact-type disdrometer developed by Rowland,
(1976), has been used for measuring drop-size distri-
butions. Such a disdrometer has been successfully em-
ployed in establishing empirical relations between radar
attenuation coefficient and reflectivity (k — Z) for es-
timating slant path attenuation above 10 GHz using
S-band radar measurements (Goldhirsh 1979, 1980),
and also to study rain cell sizes of various rain rates
(Goldhirsh and Musiani 1986). This disdrometer is
capable of measuring drop sizes from 0.2 mm through
5.8 mm with a resolution of 0.1 mm.

The disdrometer diameter is two inches. Each dis-
tribution is obtained after the disdrometer has sampled
2000 drops. Hence the sampling time and the sampling

30 y—r— —————r—r

DSD: N(D) = N,Dre—>D
Ny = 8000 m=3 mm~—1

20

x 10—3mmém—3{(°km—1

Zu—2y
Kop
3
T

0 20 40 60 80 100
RAIN RATE (mm h=1)

FIG. 2. Plots of (Zy — Zy)/ Kpp with rain rate for various gamma
raindrop-size distributions.
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TABLE 1. Overview of the disdrometer data.
Time (CST)
Total Average Max.
From To number of rain rate rain rate

Day (h-min-s) (h-min-s) distributions (mmh™) (mm h™)

134 16-51-02 18-54-05 308 26.76 79.09
136 21-35-39 22-52-12 136 9.52 16.73
155 14-52-18 16-18-58 218 12.62 39.24

volume are dependent on the rainfall rate. The sam-
pling time is larger for lower rain rates. It is typically
25 s when the rain rate is 20 mm h™'. The sampling
volume depends also on the fall velocity of the drops
and is equal to 4 X v(D) X ¢t where A4 is the area of
the disdrometer in m?, v(D) is the drop velocity in m
s”!, and ¢ is the sampling time in s.

The database examined consisted of a total of 662
distributions obtained at the National Severe Storms
Laboratory in Norman, Oklahoma, during three rain
days in 1986; namely, days 134 (14 May 1986), 136
(16 May 1986) and 155 (4 June 1986). A tipping-
bucket raingauge located nearby was also used to collect
rain rate information and to verify the disdrometer
calibration. Table 1 gives a broad overview of the da-
taset analyzed."

Samples of the measured distributions are given in
Fig. 3a for rain rates between 40 mm h~! and 50 mm
h~' and in Fig. 3b for rain rates less than 10 mm h~".
At rain rates between 40 and 50 mm h~!, it can be
seen that there are no drops recorded beyond 4 mm,
while for rain rates less than 10 mm h ™}, the maximum

*drop size is 2.3 mm. In the entire data set of 662 dis-

tributions, the maximum drop size recorded with the
disdrometer was 5.2 mm, even though the disdrometer
was able to measure up to 5.8 mm.

The rain rate Ry; given by (3) is compared with that
measured by the raingauge, R, in Figs. 4a and 4b. These
curves are derived using a two-minute average of both
Rgis and R, for 14 May 1986 and 4 June 1986, respec-
tively. The averaging was performed to coalesce the
integration times of the disdrometer and the raingauge,
and hence it reduces the standard errors in rain rates
measured by both these devices. It can be seen from
the figures that the two rain rates show generally good
comparison. There are deviations, however, between
the rain gauge and the disdrometer rain rates at higher
rainfall rates, most likely because the sampling volume
of the disdrometer is very limited, especially for large
drops. This does not influence our simulations what-
soever.

5. Comparisons of different algorithms for rainfall es-
timation

The rainfall rate estimates from the algorithms
R(Zy), Rzpr(Zu, Zpr), Rexp(Zu, Zpr), Ream(Zy,
Zpr), R(Kpp) and Rp(Zy, Zy, Kpp) are computed for
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FIG. 3. (a) Samples of four raindrop-size distributions measured
by the disdrometer for typical rain rates between 40 mm h~! and 50
mm h~'. (b) Same as (a) but for typical rain rates below 10
mm h~'.

all 652 distributions measured by the disdrometer.
They are compared with Rg;, obtained from the dis-
drometer, and the results are presented in the following
paragraphs. In our analysis the R — Z relationship has
been obtained by the least-squares-fitting Ry;s to aZ®.
The Marshall-Palmer relationship Z = 200 R ' (Battan
1973) and Z = 367 R'*? (Ulbrich and Atlas 1984 ) have
also been compared.

Figure 5 shows the scatter plot of Zy and Zpg for
all the distributions considered. From the figure it can
be seen that there is a clear boundary defining a pref-
erential set of Zy, Zpr values for rain. This fact was
originally observed in radar data by Leitao and Watson
(1984) and deduced from disdrometers by Aydin et
al. (1986). The latter used departures from this
boundary for pure rain to derive a new hail signal. Qur
data are, by a good margin, on the correct side of the
boundary.

The scatter plot of Kpp and Zy is shown in Fig. 6.
The tight clustering of points in this figure suggests that
Zy versus Kpp could be used as a better discriminator
of rain and nonrain hydrometeors.

Results of the comparison of various rainfall esti-
mates with the rain rate Ry;s obtained from the disdro-
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meter data are presented in Table 2. In calculations
leading to these results, values of Dy, suggested by
investigators that developed the algorithm were used;
these were 7 mm and greater. The table includes the
maximum (Max. %) and average absolute values (AAD
%) of the deviation | R, — Ryis|/Rais X 100%, where
R, is the rain rate estimated from the radar observables.
The rms values of the deviation are given only for the
combined dataset because they are very similar to AAD
values on individual days.

Note that for a fixed R — Zy relationship the AAD
is high in the range of 32%-52%, which agrees in general
with the findings of Ulbrich and Atlas (1984). How-
ever, if the R — Zj relationship is adjusted using dis-
drometer measurements so that the squared deviation
is minimized, the AAD is reduced to a range of 12%-
23%. The rain rates predicted using Zx and Zpy for
the combined set give AAD and rms deviations in the
neighborhood of 19% and 23%, respectively. Ulbrich
and Atlas (1984 ) found an AAD of 27% in R(Zy, Zpr).
The errors in R(Kpp) and Ry are markedly lower at
12.5% and 7.4% for AAD, respectively. There are two
aspects that are worth noting. First, the R(Kpp) per-
forms relatively better than the algorithms based on
Zy and Zpg. Second, when a second parameter of DSD

100
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FIG. 4. (a) Rainfall rates measured by rain gauge and disdrometer
on 14 May 1986 (two-minute averages). (b) Same as in (a) but on
4 June 1986.
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FIG. 5. Scattergram of Zy and Zp, simulated from the distributions
measured by the disdrometer (three days).

is estimated through the use of Zy and Zpg, the AAD
is, at best, reduced to 17.5% compared to M — P R(Zy)
relationship, which gave a combined AAD of 35.6%.
Improvements of such magnitude are not seen between
R(Kpp) and Ro(Zy, Zy, Kpp), however. This is con-
sistent with the fact that R(Kpp) is relatively indepen-
dent of DSD variations as previously noted. The scatter
plots of the deviations for the entire data set are given
in Flg 710 Flg 10, for R(ZH), RZDR(ZHa ZDR), R(KDP)
and Rp(Zy, Zy, Kpp), respectively. The scatter plot of
R(Zy) is based on Z = 367 R'*? given by Ulbrich and
Atlas (1984).

The performance of R(Zy, Zpr) algorithm warrants
further consideration. For the data on 4 June 1986,
R(Zy, Zpr) gives larger AAD than the best fit R(Zy),
though much less than fixed R(Zy) estimators. The
scatter plot presented in Fig. 8a for R(Zy, Zpr) shows
that there is a systematic offset of the estimate above
the actual rain rate calculated from the disdrometer
distributions. This observation is similar to that re-
ported by Atlas and Ulbrich (1977) and Ulbrich and
Atlas (1984). They attributed these effects, due to the
inadequacy of the exponential distribution [Eq. (4a)],
to represent the shape variations in the measured DSD.
Using the theoretical Zpgr — D, relationship for a
gamma distribution [Eq. (4b)] with u = 2 and large
Dpax/ Do, Ulbrich and Atlas (1984) showed that AAD
for their dataset reduced (from 27%) to 14%. This is
represented by Ream (Zr, Zpr) given by Eq. (5b). For
our dataset, however, we find that Ryam(Zg, Zpg) with
u = 2, (Table 2) gives no such improvement. In fact,
the AAD for the gamma distribution with g = 2 is
larger (21.2%) than that of Re,(Zx, Zpr) (19.1%).
Ulbrich and Atlas (1984) observe that the better per-
formance of Ream(Zn, Zpr), in their case, is due and
consistent with their observation that “the particular
dataset of drop size spectra used in their work shows
a tendency toward downward concavity and is con-
sequently better described by a DSD like Eq. (4b) with
u > 0" (Ulbrich and Atlas 1984).
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In contrast, the DSD presented in Figs. 3a and 3b
are almost linear, particularly in the medium drop-size
regions. All the DSD’s measured are similar to those
in Figs. 3a and 3b. They exhibit a small tendency to-
ward upward concavity and a reduced maximum drop
diameter. The latter is more pronounced. The shape
parameter S(Zo), where Z is the reflectivity factor and
o is the optical extinction, defined by Joss and Gori
(1978), is found to be >1 for the majority of the dis-
tributions. This is in conformity with the small upward
concavity seen in Figs. 3a and 3b. The upward con-
cavity can be satisfied by a gamma distribution with u
< 0. Such a distribution, however, is characterized by
broader drop-size spectrum and larger Dy, than the
exponential distribution. Such a distribution, further-
more, cannot account for the positive offset observed
in Fig. 8a.

Analysis of all 662 distributions showed that for
nearly 50% of the distributions D,/ D, was less than
2.5. It is probable that inadequate sampling by the dis-
drometer contributed to the failure to detect larger
drops. Alternately, physical mechanisms may be re-
sponsible in restricting the maximum drop diameter.
Whatever the actual reason, such effects explain the
offset observed in Fig. 8a for the dataset used in this
study.

The effects of DSD truncation due either to physical
or instrument dependent causes, are studied in detail
by Ulbrich (1985) and Ulbrich and Atlas (1984). They
establish the limits on Dg../Dy beyond which the
truncation effects are negligible. Ulbrich (1985) fur-
thermore shows that a precipitation parameter deduced
from a pair of remote measurables like Zz and Zpg,
depends on DSD shape and DSD truncation through
a multiplicative factor only. These prompted us to ex-
plore the use of a realistic D,,., based on the observed
DSD, to improve the performance of R(Zy, Zpr).

It should be pointed out that Rzpr(Zy, Zpr) has
been obtained using the Zpgr(Dy) and Zy(Ny, Do)
curves computed with a Dp,, of 7 mm, whereas for
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measured by the disdrometer (three days).
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TABLE 2. Comparison of algorithms for rainfall estimation (D, ® 7 mm).

14 May 1986 16 May 1986 4 June 1986 Combined

Max AAD Max AAD Max AAD Max AAD Rms

No. Rainfall estimator (%) (%) (%) (%) (%) (%) (%) (%) (%)
1 R(Z)M—-PZ=200R"* -237.8 31.5 -204.7 28.3 56.0 444 —237.8 35.6 39.7
2 R(Zy) Z = 367 R'* —226.0 35.0 —184.1 324 63.0 51.9 —226.0 42.1 45.0
3 R (Z,)) (best fit) -319.4 21.8 —279.8 22.9 —106.5 12.1 -351.0 19.1 33.7
4 Rex (Z11, Zppr) 79.9 17.4 85.0 21.0 69.1 14.8 85.0 17.5 21.8
5 Reum (Z11, Zpi) 82.3 21.4 83.8 20.9 76.8 20.0 83.8 21.2 26.3
6 Rynr (Zy, Zpg) —42.1 17.2 -324 13.8 -39.7 24.0 —42.1 19.0 23.6
7 R(Kpp) -75.3 10.4 -78.7 9.4 24.8 16.9 -78.7 12.5 14.6
8 Ry (Zy, Zy, Kpp) -29.0 6.2 20.8 3.8 —23.4 10.9 -29.0 7.4 9.1

the R(Kpp) relationship Dy, was 10 mm (practically
infinite). The effect of Dy.x on Kpp and Zz would be
pronounced at higher rain rates (e.g., R > 40 mm h™!).
When the measured distribution has a smaller D,,,
the computed Kpp would be less, and the R(Kpp) al-
gorithm [Eq. (6)] would consistently underestimate
the rain rate. This is also in conformity with what is
seen in Fig. 9. The change in Kpp for a Dy, variation
from 7 mm to 5 mm would be of the order of 5%,
producing a 4.3% change in rain rate (Sachidananda
and Zrni¢ 1986). Since the offsets in R(Kpp) (Fig. 9)
and R, (Fig. 10) are small (Figs. 11 and 12), no ad-
justments are necessary when employing the corre-
sponding algorithms.

These considerations point out that a proper choice
Of Dpnax could reduce the systematic errors in Rzpr(Zy,
Zpr) and if desired, in R(Kpp). The Zpr(D,) and
Z1(Ny, Do) values were modified using the values ob-
tained for truncated exponential distributions with
Drnax 0of 5 mm. The scatter plot of Rzpr(Zy, Zpr) and
Rg;s for the reduced Dppay of 5 mm is shown in Fig. 8b.
Note that the offset is substantially reduced. The
R(Kpp) algorithm (Fig. 11) is also modified with the
above choice of D, to

R(KDP) = 22.72(KD}>)0'867. (12)
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FIG. 7. Comparison of rainfall rates calculated from simulated
measurements of Zy with the actual rate Ry (three days). The R
— Zy relationship Z = 367R'*? is used.

Employing the more realistic Dyqx Of 5 mm, it was
observed ( Table 3 ) for the combined dataset that AAD
for Rzpr(Zy, Zpr) reduced to 10.3% and the rms de-
viation to 14.5%. The corresponding performance
measures for Ry are 7.4% and 8.4%, respectively. The
R(Kpp) estimates are nearly as good as the ones ob-
tained from R, (Fig. 12) showing the AAD and rms
deviations to be 7.9% and 10.4%, respectively.

6. Measurement error and its contribution to AAD

The AAD’s given in Tables 2 and 3 are comprised
of two quantities. They are (i) the contribution due to
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FIG. 8. (a) Comparison of rainfall rates estimated from simulated
measurements of Zy; and Zpg with the actual rain rates Ry (Dmax
= 7 mm; three days). (b) Same as in (a) but Dy = 5 mm.
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FIG. 9. Comparison of rainfall rates estimated from simulated
measurements of Kpp with the actual rain rates Rgis (Dmax = 7 mm).

natural DSD variations (opsp/R) and (ii) the contri-
bution due to statistical measurement error in the dis-
drometer (o,/R). It is difficult to separate these con-
tributions from one another. In order to ensure that
the comparison of various rain rate algorithms truly
reflect their sensitivity to natural DSD variations, how-
ever, it is necessary that the dataset used is such that
os/R is relatively small for all the algorithms. o,/R
depends on the sampling volume of the disdrometer,
rain rate, number of DSDs averaged in computing the
AAD and also the algorithm itself. In this section, it is
shown that for the combined dataset used in the present
study (Tables 2 and 3), o,/R is negligible in the case
of R(Kpp) and Rp(Zy, Zv, Kpp) and is approximately
2% in the case of R(Zy) and R(Zy, Zpr)-

The statistical measurement errors are due to Pois-
son-distributed fluctuations of the number of particles
sampled by the disdrometer (Gertzman and Atlas
1977). The results in this section assume that the DSD
is exponential [Eq. (4a)] with Dy.x = oo. The dis-
drometer specifications (2-in diameter and 25 s sam-
pling time) are taken to match closely those of the
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FIG. 10. Comparison of rainfall rates estimated from simulated
measurements of (Zy — Zy) / Kpp and Kpp with the actual rain rates
Ryis (Dmax = 7 mm).
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FIG. 11. Same as Fig. 9 (Dmu = 5 mm).

actual disdrometer used. The fractional standard de-
viation (FSD) is used as a measure of the statistical
errors. The FSD of a variable x is defined as

Ox
FSD(x) = Zx_> " (13a)
and FSD in dB as
oan(x) = 10 log(l +-= ) , (13b)
(x)

where o, is the standard deviation of x and { ) rep-
resents the expected value. The FSD of a single param-
eter like R or Z estimated from disdrometer measure-
ment is well studied in Joss and Waldvogel (1969) and
Gertzman and Atlas (1977) who used the exponential
DSD. Wong and Chidambaram (1985) considered the
statistical errors incorporating the gamma DSD.
Chandrasekar and Bringi (1986, 1988) showed that
the statistical errors in disdrometer derived Z and R
are correlated. In this section, we extend these for-
mulations to compute the statistical errors in various
rain rate algorithms and their contribution (o,/R) to
the AADs presented in Tables 2 and 3.

The general form of the rain-rate algorithm is taken
as
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FIG. 12. Same as Fig. 10 (D = 5 mm).
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TABLE 3. Comparison of rainfall estimation with Dy, = 5 mm.
14 May 1986 16 May 1986 4 June 1986 Combined
AAD AAD AAD AAD Rms
No. Rainfall estimator (%) (%) (%) (%) (%)
1 Rypr(Zy1, Zpr) 11.8 8.3 9.0 10.3 14.5
2 R(Kpr) 6.4 10.6 8.1 79 10.4
3 Ry(Zy, Zy, Kpp) 6.3 4.2 10.6 7.4 8.4
R, = aP,%(10 log P>)¢, (14) retically possible for a single measurement (256 sam-

where a is the coefficient, and b and ¢ are the exponents
in the empirical relationship. P, and P, are the polar-
imetric estimates obtained from the disdrometer mea-
sured DSD. Equation ( 14) reduces to single parameter
algorithms like R(Kpp) and R(Zy) when ¢ = 0. For
R(Zy, Zpr), it is seen from Egs. (5a) and (5b) that b
= 1and ¢ = —1.5 when P, is Zyin mm® m~3 and P,
is Zpg expressed as the ratio Zy/Zy. The absolute de-
viation is then written as

_ IR = a(P1)’(10 logh,)‘|
R ’
where ~ represents direct or simulated estimate from
the disdrometer. Using perturbation analysis, it can be
shown that the normalized contributions in AD due to

statistical measurement errors alone [i.e. E(R) equals
(14)] is

AD (15)

2 - - R
o,° _ varR 42 vaErPl e varP,

+bXc

R B? " BA(np,)?
cov(P,, P) _ cov(R, Py) _ cov(R, P,)
P,P,(InP,) RB, R(P,InPy) "
(16)

_ It is apparent from Eq. (16) that if estimates of
R, P;, and P, are obtained from independent mea-
surements using individual disdrometers sampling the
same rain medium, the covariance terms would be zero,
and hence o,/ R would be larger.

The disdrometer estimates of R, Zy, Kpp of a single
particle of diameter D can be expressed as a power of
D. This facilitates the use of simple expressions in-
volving gamma function to calculate the variance terms
(Gertzman and Atlas 1977) and the covariance terms
(Chandrasekar and Bringi 1986) in Eq. (16). Numer-
ical integration over the exponential DSD is used to
obtain the variance of Zpg and its covariance with R
and Zy (Chandrasekar and Bringi 1988).

{ The FSDs of R, Kpp, Zy and Zpg derived from our
disdrometer at 18.56 mm h™! rain rate. (the average
rainfall of our dataset), are found to be 0.22, 0.32, 0.98
and 0.84, respectively. The FSD, in general, decreases
with increasing rain rate (Gertzman and Atlas 1977).
From Eq. (13b), it is seen that opp(Zy) is 2.97 dB and
o4s(Zpr) is 2.65 dB. These values are larger than
o4s(Zy) of 1 dB o4p(Zpr) of 0.1 dB, and that are theo-

ples) from a typical 10-cm radar (Sachidananda and
Zmié 1986). However, the effect of larger statistical
errors on the rain-rate algorithm given by Eq. (14) is
offset to an extent by the correlations among the dis-
drometer estimates. For the disdrometer, the statistical
error in R at 18.56 mm h ™! is found to have correlation
of 0.76, 0.98 and 0.33 with that of Zy, Kpp and Zppg.
The correlation between the statistical errors in Z; and
Zpr from the disdrometer is found to be 0.89, while it
is nearly zero when Zy and Zpp are obtained from a
radar.

In the case of Kpp, the disdrometer estimate has
smaller FSD (0.32) than is possible with a typical radar
(=1 at 18.56 mm h™'). Further, in a disdrometer,
there is a high correlation between the statistical errors
in R and Kpp. Hence, o,/ R is smaller for R(Kpp) ob-
tained from a disdrometer. This is also true of Rp(Zy,
Zy, Kpp).

The statistical errors in radar estimates of Q can be
shown to be

var(Q) _ var(Zy — Zy) | var(Kpr)
Q? (Zy — Zv)? Kbp

where it is assumed that the radar estimates of (Zy
— Zy) and Kpp are uncorrelated. It is easy to see that
the dominant contribution to var(Q) is from the
var(Kpp). This is because var(Zg — Zy) is very small
in a radar. Hence the performance of Ro(Zx, Zy, Kpp)
estimated from a radar, would be poor at low rain rates
where the fractional error of Kpp is large. In brief, we
see that at 18.56 mm h ™! rain rate, the statistical errors
of radar-derived and disdrometer-simulated rain rates
are comparable in the case of R(Zy) and R(Zy, Zpr)
algorithms. The statistical error in disdrometer is less
than that of radar measured R(Kpp) and Ryp(Zy,
Zy, Kpp).

The contribution ¢,/ R of disdrometer statistical er-
ror to AAD, as given by Eq. (16) (for a single DSD
measurement ) is depicted in Fig. 13 for R(Zy), R(Kpp)
and R(Zy, Zpr). The variations of o,/R for Ry(Zy,
Zy, Kpp) is lower than that of R(Kpp). The response
of the algorithms to statistical fluctuation is similar to
their basic ability to track variations in the DSD. It is
evident from Fig. 13 that at rain rates less than 20 mm
h~!, the AAD of R(Zy, Zpgr) has larger o,/ R than the
AAD of other algorithms. This is due to the fact that
the additional parameter Zpy introduces its own sta-
tistical uncertainties which more than offset the ability

+ (17)
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of Zy and Zpg to track DSD variations. This aspect
also explains the performance of R(Zy, Zpg) for 4
June 1986 which has many more distributions with
low rain rates (Fig. 4b) than that on 14 May 1986 (Fig.
4a). Also seen from Table 2 is that on 16 May 1986,
which has the lowest number of distributions and also
the lowest average rain rate, the difference between
performance of R(Zy) and R(Zy, Zpr) is marginal.
The AAD of R(Zy, Zpg) for this day includes larger
contributions due to statistical measurement error than
that included in the AAD of R(Zy).

The average rain rate and the number of DSDs con-
sidered for each day and the combined dataset are given
in Table 1. From these and from Fig. 13 the o,/R for
the results presented in Tables 2 and 3 are obtained.
These are given in Table 4. o,/R in Table 4 would
differ marginally if the rain rates for individual distri-
butions are used instead of the average rain rate. From
Table 4 it is apparent that for the combined dataset of
662 distributions, the statistical disdrometer measure-
ment error contributes little to the AAD computed us
ing R(Kpp). Hence we contend that the results of Ta-
bles 2 and 3 reflect its true DSD variability. However,
in the case of R(Zy) and R(Zy, Zpr), the results in
Tables 2 and 3 for the combined dataset includes o,/
R of approximately 2% in addition to the DSD vari-
ability. Hence we contend that our comparisons are
not unduly affected by the statistical measurement er-
rors when the combined dataset is considered. This is
further substantiated by the AAD of the combined da-
taset that is not significantly different from the dataset
of day 134, which has 308 drop size distributions.

The variability due to DSD and the measurement
error are statistically independent. Hence, from the
knowledge of the statistical errors in polarimetric radar
estimates and AAD due to DSD variation (Tables 2
and 3), it is possible to infer the variances in radar
rainfall estimation. Using the formulation discussed in
this section, it is also possible to estimate the expected
scatter in the comparison of surface and radar mea-
surements. :
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7. Summary and conclusions

Employing drop-size distributions obtained with a
disdrometer, we have simulated rain rates derived from
various polarimetric radar algorithms. These distri-
butions gave rain rates that agreed very well with those
obtained from a nearby rain gauge (Fig. 4). Simulated
rain rates were derived based on R(Zy), Rzpr(Zy,
Zpr), R(Kpp) algorithms, and a new algorithm Ry(Z,
Zy, Kpp). Comparisons of these radar algorithms were
made under the same idealized conditions.

Using disdrometer measurements, we have dem-
onstrated that serious biases dependent on the assumed
maximum drop diameter, Dy.,, may exist in the
Rzpr(Zy, Zpr) method. Two maximum drop sizes in
the polarimetric radar algorithms were tested; namely,
Dpax = 7 mm and Dy, = 5 mm. Consistent offsets
were found in simulated rain rates with respect to the
disdrometer-derived rain rates for Dp,,, = 7 mm (Fig.
8a). The smaller, more realistic D,,,, reduced this offset
markedly (Fig. 8b) and produced better accuracies
(AAD of 10.3%) in the Rzpg method. This change in
Dp.x caused a slight but insignificant revision in an
empirical R(Kpp) relationship.

We stress that statistical errors and drop size distri-
bution variations affect both radar-derived measure-
ments and disdrometer-simulated rain measurements.
Drop size distribution variations have the same effects
on a given algorithm, but statistical variations are in-
strument dependent. These two errors cannot be easily
separated from observations. The main thrust of sim-
ulations with disdrometer data is to reveal the sensi-
tivities of algorithms to DSD variations. Therefore we
have examined the statistics of instrumental errors in
order to gauge their contribution to the total variability.
We show that in the case of R(Zy, Zpgr) at moderate
rainfall rates (~20 mm h™!) statistical errors of radar-
derived and simulated measurements are comparable.
This is in spite of the fact that variances of Zy and Zpg
are larger in disdrometer simulations; these two vari-
ables are correlated and help reduce the total variance.

Rms errors in simulated rain rates for disdrometer
derived R(Zy) and Rzpr(Zy, Zpr) were 34% and 14%
(Tables 2 and 3) in agreement with similar simulations
by other investigators. The rms error in rain rate for
R(Kpp) was found to be '10.4% (Table 3). A new re-
lationship Ro(Zy, Zy, Kpp) showed even a smaller
error of 8% (Table 3). Because statistical errors of our

TABLE 4. The contribution of the statistical measurement errors,
a,s/R, to the AAD. The disdrometer diameter is 2 inand the sampling
time is 25 s. ’

R(Z1)

R(Zy, Zpy) R(Kpr)

Day o5/R (%) as/R (%) s/R (%)
134 . 2.52 2.35 0.39
136 . 4.55 6.14 0.70
155 3.42 4.26 0.53
- 1.83 2.0 0.28

Combined
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disdrometer are such that the resulting rms errors in
R(Kpp) is negligible, we conclude that the 10.4% error
is caused by the DSD variability. It should not be con-
strued that the R; algorithm would perform best in
actual radar measurements. That is, because our sim-
ulations of Ry was based on disdrometer data and does
take into account such effects as statistical correlations
among variables measured by the radar, calibration
uncertainties, and statistical uncertainties associated
with radar signals. Only single parameter measure-
ments such as R(Z) and R(Kpp) are unaffected by
correlation effects. It turns out that the correlation ef-
fects on the variance of Ry are small, and that it is
mainly proportional to the variance of Kpp. If only
DSD variations and statistical errors were significant,
we predict that depending on rain rate, there is an op-
timum region for each algorithm. At less than 20 mm
h™! R(Z;;) is expected to be optimum, between 20 and
40 mm h~! R(Zy, Zpr) is optimum, and above 40
mm h™! R(Kpp) is superior.

As a by-product, our study demonstrates that a dis-
drometer might be used instead of a rain gauge to de-
termine needed adjustments, particularly in single-pa-
rameter radar algorithms. Where fixed polarization ra-
dars are measuring rain rates, a possible technique is
to establish the least-squares-fit R — Z, using disdro-
meter measurements and applying this to the radar
measured Z value to extract R. A separate R — Z re-
lationship may be realized for each rain type.
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